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Abstract. Sufficient conditions are obtained for all positive solutions of

dx(t)

dt
= [f(x(t), x(t− τ))]x(t)

to converges as t→∞ to a positive equilibrium solution.

1. Introduction

Trade cycles, business cycles, and fluctuations in the price and supply of

various commodities have attracted the attention of economists for well over 100

years and possible more than thousands of years. Early authors often attribute these

fluctuations to random factors, e.g. the weather for agricultural commodities, see for

instance Slutzky [17] and Kalecki [11].

Other workers speculated that economic cycling of fluctuations might be an

inherent endogenous dynamical behavior characteristic of instable economic systems,

(Ezekiel [3] and the references therein). A number of business cycle models postulat-

ing the existence of nonlinearities to account for limit cycle behavior have played a

fundamental role in sharpening the debate between the proponent of the exogenous

versus endogenous (or stochastic versus deterministic) school (cf. Zarnowitz [19]).

The development of modern dynamical system theory (Guckenheimer and

Holmes [10], Lasota and Mackey [12], Glass and Mackey [6]) have shed new light

on this debate. The possibility that economic fluctuations may reflect underlying
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periodic or chaotic dynamics in nonlinear economics systems have been explored in

various context, se for instance Goodwin at all [7] , Grandomnd and Malgrange [9],

Gabisch and Lorenz [5] and references therein.

Mackey [13] developed a price adjustment model for a single commodity mar-

ket with state dependent production and storage delays. Conditions for the equilib-

rium price to be stable are derived in terms of a variety of economic parameters.

Also Blaire and Mackey [2] developed a model for the dynamics of price adjustment

model in a single commodity market where nonlinearities in both supply and demand

functions are considered explicitly. Farahani and Grove [4] have studied a special case

of a general model studied of Blaire and Mackey [2] which it calls the case of naive

consumer.

Our purpose here is to study the following model.

x′(t) = [f(x(t), x(t− τ))]x(t), t ∈ R+ (1)

x(t) = ϕ(t), t ∈ [−τ, 0] (2)

where τ > 0, f, g ∈ C(R+, R+) and ϕ ∈ C([−τ, 0], R∗+). Sufficient conditions are ob-

tained for all positive solutions of (1) to converges as t →∞ to a positive equilibrium

solution. We say that the function x∗(t) oscillate about r∗ if x∗(t)−r∗ has arbitrarily

large zeros. If is not the case that x∗(t) oscillate about r∗, then we say that x∗(t) is

nonoscillatory about r∗.

2. The main result

Consider the problem (1)+(2). The following theorem establish sufficient

conditions that x∗(t) oscillate about r∗ where x∗ is the unique positive solution of

problem (1)+(2) and r∗ is the unique positive equilibrium solution of (1).

Theorem 1. Suppose that

(i) f ∈ C1(R+ × R+, R+), ϕ ∈ C([−τ, 0], R∗+),

(ii) f( · , y) is locally Lipschitz,

(iii) There exists Mf > 0 such that |f(u, v)| ≤ Mf for all u, v ∈ R+,
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(iv)

∂f(u, v)
∂x

M + Mf ≤ 0,
∂f(u, v)

∂y
≤ 0 for all (u, v) ∈ R+ × R+

and M > 0 such that x∗(t) ≤ M for all t ∈ R+,

(v) 1 + λ
∂f(u, u)

∂x
+ λ

∂f(u, u)
∂y

≤ M1 < 1 for all u ∈ R+.

Then

(a) Problem (1)+(2) has an unique positive solution x∗(t).

(b) There exists m,M ∈ R+, 0 < m < M such that m ≤ x∗(t) ≤ M for all

t ∈ R+.

(c) Equation (1) has a unique positive equilibrium solution r∗.

(d) if x∗ is r∗ -nonoscillatory then

lim
t→∞

x∗(t) = r∗.

Proof:

(a) Let x∗ ∈ C([−τ, t+), R+) ∩ C1([0, t+), R+) be a maximal solution of

(1)+(2). We can rewrite the equation (1) in the form

x′(t)
x(t)

= f(x(t), x(t− τ)). (3)

Integrating the equation (3) from 0 to t we obtain

lnx(t)− lnx(0) =
∫ t

0

f(x(s), x(s− τ))ds.

From (2) we have

ln
x(t)
ϕ(0)

=
∫ t

0

f(x(s), x(s− τ))ds,

and

x(t) = ϕ(0) exp
∫ t

0

f(x(s), x(s− τ))ds.

From (iii) we have that

x(t) ≤ ϕ(0)eMf t, for all t ∈ [0, t+).

From steps method and the Theorem of the maximal solution (see [1] and

[16]) we have that there exists a unique x∗ and t+ = +∞
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(b) Follows from (a).

(c) Let F : R2
+ → R2

+, F (x, y) = (F1(x), F1(y))

where

F1(x) = x + λf(x, x)

||F (x, y)− F (u, v)||R2

≤
(

1 + λ
∂f

∂x
(u, u) + λ

∂f

∂y
(u, u) 001 + λ

∂f

∂x
(v, v) + λ

∂f

∂y
(v, v)

)
||(x, y)− (u, v)|| ,

where (R2
+, ||◦||), and ||x, y|| =

 |x|

|y|

 .

From (v) we have that

||F (x, y)− F (u, v)||R2 ≤

 M1 0

0 M1

 ||(x, y)− (u, v)|| ,

and

Sn → O2, as n →∞,

where

S =

 M1 0

0 M1

 .

It follows that F is a contraction and from Contraction Principle of Perov we

have that F has a unique fixed point, i.e.

x = x + λf(x, x).

This implies that the equation

f(x, x) = 0

has a unique solution and consequently that equation (1) has a positive equilibrium

solution r∗.

(d) We rewrite equation (1) in the form

dy

dt
= G(y(t), y(t− τ))−G(0, 0), (4)

where

G(y(t), y(t− τ)) = [f(y(t + r∗, y(t− τ + r∗)](y(t) + r∗),
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and

y(t) = x(t)− r∗.

It is now sufficient to show that y(t) → 0 as t →∞. An application of the mean-value

Theorem to (4) leads to

dy

dt
= −a(t)y(t)− b(t)y(t− τ), (5)

where

−a(t) =
∂G

∂y
(u(t), v(t)),

−b(t) =
∂G

∂y
(u(t), v(t)),

and (u(t), v(t)) lies on the line segment joining (0, 0) and (y(t), y(t− τ)). It is found

that

−a(t) =
∂f(u, v)

∂y
· (y(t) + r∗) + f(y(t) + r∗, y(t− τ) + r∗),

and

−b(t) =
∂f(u, v)

∂y
· (y(t) + r∗).

Note that a(t), and b(t) are positive and bounded away from zero. The

existence of solution of (5) for all t ≥ 0 is a consequence of boundedness of x(t) for

all t ≥ 0. If y is nonoscillatory then |y(t)| > 0, for all t > 0.

If y(t) > 0 for all t > T then we have from (5) that y′(t) < 0 and so

limt→∞ limy(t) exists.

Since y(t) > 0 eventually, limt→∞ limy(t) = l ≥ 0. We claim that l = 0;

suppose that l > 0. Then there exists t0 > 0 such that

y(t) ≥ l

2
, for t ≥ t0.

We have directly from (5) that

dy(t)
dt

≤ −a(t)
l

2

leading to

y(t)− y(t0) ≤ − l

2

∫ t

t0

a(s)ds,
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which implies that

y(t) → −∞ as t →∞.

But this contradicts the eventual positivity of y.

Thus

lim
t→∞

y(t) = l = 0.

If y(t) < 0 for t > T, the arguments are similar.

Thus the result follows from

lim
t→∞

y(t) = 0.
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