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AN INTERVAL FUZZY MULTICRITERIA DECISION
MAKING METHOD BASED ON THE EXPECTED VALUE

DELIA A. TUSE

ABSTRACT. In the present paper we extend fuzzy multicriteria decision
making methods elaborated in some recent articles. We use intervals of
trapezoidal fuzzy numbers instead of trapezoidal fuzzy numbers, which
allows two choices or even a intermediate responses in a survey. The
expected value is used for the ranking of intervals of trapezoidal fuzzy
numbers. We elaborate an algorithm of rankings the alternatives versus
criteria and weights of criteria given by intervals of trapezoidal fuzzy num-
bers. Theoretical considerations are illustrated by a practical example.

1. INTRODUCTION

The large number of proposed methods in fuzzy multicriteria decision ma-
king proves that Fuzzy Set Theory works well in this topic.

The method presented in [1] is dedicated to the case of importance weights
of criteria/ratings of alternatives expressed by real numbers and ratings of
alternatives/importance weights of criteria expressed by fuzzy numbers. It
optimizes and extends the method from [5] and its importance in practice is
illustrated by examples.

The aim of this paper is to generalize the method to situations in which
people surveyed want to choose two answers or an intermediate answer from
the given response options. These situations are found in practice due to the
fact that most often surveys are based on 5-levels responses. Introducing 9 or
11-levels scales are avoided because one survey should not be too long, but
enjoyable, quick and easy to complete. To give freedom of choices in response,
the possibility of multiple responses, which is generally avoided, should be
considered. In Section 3 we introduce the expected value of an interval of
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trapezoidal fuzzy numbers, following the idea from [3] and we compute it
for the product of intervals of trapezoidal fuzzy numbers. In Section 4 we
extend the method from [1] using intervals of trapezoidal fuzzy numbers and
we elaborate an algorithm for ranking the alternatives versus criteria and
weights of criteria given by intervals of trapezoidal fuzzy numbers. In Section
5 we give an example inspired from [1] and [5] and modified accordingly to
our assumption on input data.

2. PRELIMINARIES

We begin by recalling some basic definitions used in this paper.

Definition 1. (see [4]) Let X be a set and A be a subset of X (AC X). A
fuzzy set A (fuzzy subset of X ) is defined as a mapping

A:X = [0,1],
where A(x) is the membership degree of x to the fuzzy set A.
Definition 2. (see [4]) A fuzzy subset of the real line A : R — [0,1] is a fuzzy
number if it satisfies the following properties:
(i) A is normal, i.e. 3zg € R with A(zo) = 1;
(ii) A is fuzzy convex, i.e. A(tx + (1 —t)y) > min{A(x), A(y)},Vt € [0,1],
x,y € R;
(iii) A is upper semicontinuous on R, i.e. Ye > 0 35 > 0 such that A(z) —
A(zo) <€, |z — 20| < 0;
(iv) A is compactly supported, i.e. cl{x € R; A(x) > 0} is compact, where
cl(M) denotes the closure of a set M.

Let us denote by F(R) the space of fuzzy numbers.

The r-level set, r € [0,1], of a fuzzy number A (see [4]) is defined as

Ay = [A7, A = {2 € R A(w) > 7},

where

A - =inf{x e R: A(x) > r},

r

At = sup{z € R: A(x) >},
for 7 € (0, 1], with the convention Ay = [Ay, AJ] = cl{z € R: A(z) > 0}.
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For A,B € F(R), A, = [A7,Af], B, = [B;,Bf], r € [0,1] and X € R,
A >0, the sum A + B, the scalar multiplication A - A and the product A ® B
are defined by r-level sets as follows:
(A+ B), = A, + B, = [A; + B, , Al + B/],
()‘ ’ A)r =M, = [)‘A;v )\A;f],
and
(A®@ B), = [(A® B);, (A@ B)/],

where

(A® B), =min{A, B, A B ArB ,AB'},

(A® B) = max{A, B, ,A. B A B, AfB'}.
Is easily seen that fuzzy arithmetic extends interval arithmetic.

Definition 3. An interval of fuzzy numbers is a pair A= [AL AY], where AT
and AY are fuzzy numbers such that (A%). < (AY) and (AF)F < (AY)F, for
every r € [0,1].

We denote by F(R) the set of all intervals of fuzzy numbers.

Definition 4. (see [4]) A trapezoidal fuzzy number A = (a,b,c,d), a < b <
c <d, is the fuzzy set

0 ifr<a
=y ifa<z<b

A(z) =X1 ifb<zx<c.
fl:"i ife<ae<d
0 ifd<zx

\
Let (a®,bl,ct, d"), (aV,0Y,cV,dY) be two trapezoidal fuzzy numbers. It
is obvious that [(a”, b, cF, d"), (aV,bY,cY,dY)] is an interval of trapezoidal
fuzzy numbers if and only if al <aV bl <V, el <V and dF < V.
We denote by F T(R) the set of all intervals of trapezoidal fuzzy numbers.

Let A =[AL, AY], B = [BE, BU] and A > 0. We introduce the sum of two
intervals of fuzzy numbers, such as

A+ B =[AY + BY AV + BY),
the multiplication between a real pozitive number and an interval of fuzzy
numbers, such as

A=AV X AY)
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and the product of two intervals of fuzzy numbers, such as

Aw B=[Al @ BY, AV © BY).

Remark 5. Any fuzzy number A can be considered as an interval of fuzzy
numbers A = [A, A], therefore the above operations extend the operations bet-
ween fuzzy numbers.

3. EXPECTED VALUE OF AN INTERVAL OF FUZZY NUMBERS

In this section we recall the definition of the expected value of a fuzzy
number, we give the definition of the expected value of an interval of fuzzy
numbers and we prove some properties useful in the paper.

Definition 6. (see [6]) The expected value EV(A) of a fuzzy number A is
given by

1 /1
EV(A) = 2/ (A, + A)dr.
0
The expected interval of a set of fuzzy numbers {A1,..., A, } was already

introduced (see [3]) by

L EIA) + ...+ BI(A).

n

EI(Ay,...,Ay)

As usually, the expected value is considered the middle of the expected
interval, therefore it is natural to introduce

EV(Ay,... A) = %(EV(Al) b+ EV(A)

and the expected value of an interval of fuzzy numbers

~ 1
EV(A) = EV([A", A")) = S (EV(A") + BV (47)).
Taking into account the liniarity of the expected value (see [6]), we obtain:
Proposition 7. (i) EV(A-A) = X EV(A), for every A € Ry, A € F(R);

(ii) EV(A+ B) = EV(A) + EV(B), for every A, B € F(R).
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Proof. Let A =[AL, AV] and B = [B%, BY]

HEV(A-A) = EV(A-AE M- AV) =
= LEV(A-AM) + BV(A-AY)) =
= AJEV(AL) + JEV(AY)) =
= X\ EV([AL, AY)) =

= XN -EV(A);

(ii)EV(A+ B) = EV([AL, AV]+[B%, BY)) =
= EV([AF + B* AV 4+ BY)) =

3(EV (AL + BY) + EV(AY + BY)) =

= S(EV(AF)+ EV(AY)) + L(EV(BY) + EV(BY)) =
= EV([AL, AY])) + EV(|BY, BY]) =

; = EV(A)+ EV(B).

According to the conclusion of [2] the best choice in the ranking of fuzzy
numbers is a simple method with suitable properties. The expected value is
such a choice and we use it in the case of the ranking of pairs of fuzzy numbers
as follows:

A =[A" AY] < [BY,BY] = B if and only if EV(A) < EV(B).

We give the following properties with respect to the expected value of the
intervals of trapezoidal fuzzy numbers.

Proposition 8.
(D)EV([(a®, b, et db), (a¥, 07,7, ")) =

af +a” +bF 40V 4+ dh+dY
= . :
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(“)EV([(QI ’ bl ’ Cl ’ dL) (al 7bl » C1 7dU)]
®[(a2 ) b27c2 ) dL) (CL2 ab2 » Co 7d2 )])

1
= o (2(11 (12 + aQ bL —+ (11 bL —+ 2bLbL)

1
+24 (261 CQ —+ CQ dL —+ Cl dL —+ 2deL)

1
24(2a1 (12 + CL2 bU —+ al b2 =+ QbUbQ )

1
+24 (2C1 (32 —+ CQ dU —+ Cl dQ —+ QdUdQ )

Proof.
i) Because EV (a,b, ¢, d) = 4304 we have
(2) I

EV([(a®,b", ¢, d"), (a¥, b7, Y, dv)]) =
= LBV (ak, bl et dl) + EV(aY, Y, Y, dY)) =

= s(al +a¥ +0F + Y + cF + U+ ab +dY);
( ) ([(alabfvchdL) (a17bU 1 7dU)]
[( 27627dL) (a27b2762adU)])

EV([(CL%,b%,Cl 7dL) (a%,b5762,d[’)
( v blaclvdU) (a27b27c27dU)])
= %EV((U’%abfvclvdL) ((15’71)5,62,(1[’))

+3BV((aY, 0V, Y, dY) ® (a¥,bY . Y, dY)) = (see Proposition 1 in [1])

= 5 (2afal + albl + al bl + 2010L)+
a1 (2ck el + chdl + cbdl + 2dldl)+
51 (2a¥ay + a§oY + a¥bY + 20765+

512V Y + FdY + & df + 2dTd5).

221
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4. THE METHOD

A standard multicriteria decision making problem assumes a committee
of k decision-makers D1, ..., D, which is responsible for evaluating m alter-
natives Aq,..., Ay, under n criteria C1,...,C,. We consider that C1,...,C}
are subjective criteria, Cp41,...,C), are objective criteria of benefit kind and
Cp+1, - - -, Oy are objective criteria of cost kind. In addition, as a generalization
of the fuzzy multicriteria decision making method proposed in [1] we consider
that the evaluations are given by intervals of trapezoidal fuzzy numbers. If
Tfi} = [(eithﬂfilj'{ﬂgith? zgt) ( z]t?fz]t?.%yt’ zﬂ)]? i€ {1 7m}7 .7 € {1’ : '7h}7
t € {1,...,k} is the performance of alternative A; versus subjective criterion
C; in the opinion of the decision-maker D; then

(1)
a} = [(eiLj? ZS’gi‘j’ ) ( z]?fz]>gz]> )] =
k L k k L k k U k k U
_ Cijt ijt N~ Yijt hm it = Tt~ Yigt = Nige
[(ZkaZk ISSE Bt A3k Rkl

ie{l,...,m},je{l,...,h}

is the averaged rating of 4; under C;. If z;; = [(ak a;’, bZLj, é, dL) (a g, bg, g,dzUJ)]
ie{l,...,m},j€{h+1,...,n} is the performance of alternatlve A; versus
objective criterion C;, then

Tij = [(eiLj, Z%,gfj,hg),(eg-, gjgg,h%)],ie {1,....m},5e€{h+1,...,p}

is given by
L _ L* L L* L _ _L* L L*
2) L % T4 L bij—ay  , _cj—ay o dij—aj
613 L* b z] mL* 9 gzj L* s g L* 9
J J J J
U o * U b * : * U ) *
(3) U — Aij — 4y U _ biJ a; v_ % — Y% U dw a;
9y T U* 9 ’Lj U* 7gzj U* s Mg mU*
J J J J
and

7 = (ehy £l gb hE), (€0, 5.0 hO)], i € {1,....m}, j € {p+1,...,n}
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is given by
L _ 4L L* _ L L* _ 4L L* _ 4L
(4) el — dj dz] L _ d] Cij gL _ d] bzy L — d] Gij
(A L* (7 L* o Jiyg L* 'y L
m; m; mj m;
Ut _qu Ut _ U Ut _ U Ut _ U
(5) U dj dij U _ dj Cij U _ dJ b” WU — d] a;j
1) mU* ) ¥ U* ) gzj mU* ) (3] mU* b
J J J J
where
L _ . L U* _ ., : U
Ay = MiNie(1,.. . m};, A5 = MANGie{1,... .m} 05>

L _ L U* _ U
di =mazic(1  mydi;, dj = maZieq1, . myd

J 177
L* _ gL* L* U* _ JU* U* .
my =dy —aj ,mj =dj —aj ,forje{h+1,... n}
are the normalized values of performances with respect to benefit and cost cri-
teria, respectively. Let wj; = [(oﬁ,pft, q]Lt, sft), (o%,p%, q%, s%)],j e{l,...,n},

t € {1,...,k} the weight of the criterion C; in opinion of the decision-maker
D;. The averaged weight of the criterion ) assessed by decision-makers
Dy,...,Dg is

vt L L L _L U U U U
wj = [(05,p5 455 57): (05, P71 45 55)] =
0; D q; Sy O o q; S~
= EJEJEJEJ E:JtE:jtZﬁ jt
[(t k ’t= k ’t:l k ’t:l k ) ’ (t:l k ,t:1 k: ’t:l k ,; k )] 7

=1 1
for j € {1,...,n}.

The final evaluation value of alternatives A{lz is the aggregation of the
weighted ratings by interval of fuzzy numbers G;, developed as
—~ 1 U
G; = E((ril QW)+ ...+ (Tin @ wy)),i € {1,...,m}.

Taking into account Proposition 7 we easily obtain

— 1 o o
EV(G;) = E(EV(m QW) + ...+ EV(rim @ wy)),
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where the calculus of each EV (rj; ® wj), j € {1,...,n} can be performed
according to Proposition 8.

The following procedure can be elaborated to ranking m alternatives A,
..., Ay under n criteria C4y,...,C, by a committee of k decision-makers
Dy, ..., Dxg.

Algorithm

Step 1. Compute 7; for i € {1,...,m}, j € {1,...,h} following (1).

Step 2. Compute r;; for i € {1,...,m}, j € {h+1,...,p} given by (2)-(3)
and 7;; for i € {1,...,m}, j € {p+1,...,n} given by (4)-(5).

Step 3. Compute wj for j € {1,...,n} following (6).

Step 4. Compute EV(G;) = LEVI @w) +...+ EV(ri; @ wy))
for i € {1,...,m}, where

BV (% ® ;) =

= 5 (2eLol + fZ-?oJL + eiLjp]L + fopf) + i(ZqujL + h»L~qu + giLjs]L +2hbsk) +

17 J ij ij ij°g
1 U U U U U, U U, U 1 U U U U U U U U
+91(2ei507 + fij0f +eipy +215p5) + 21(29545 + hijdi + gijsy + 2hizsy),

for every j € {1,...,n}.

Step 5. If EV(G;,) > EV(Gi,) > ... > EV(G;,) then the descending
order of alternatives is A;,, A,, ..., 4;, , that is A;, is better than A;, and so
on, A;  is the worst alternative.

im?

5. NUMERICAL EXAMPLE

We illustrate the theoretical part by giving the following example inspired
from [1] and [5].
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Example 9. A company must select from three distribution centers Ay, Ay, Ag
to better serve its customers. Four decision-makers Dy, Do, D3, D4, four sub-
jective criteria (transportation availability-Cj, human resource-Co, market
potential-C3 and climate condition-Cy) and one objective criterion (cost in
million US$-C5) are considered. The decision-makers use the linguistic rating

set S ={VP, P F,G,VG}, where

Table 1. Ratings of alternatives versus criteria.

Criteria/ Decision-makers .

alternatives D Do D3 Dy Tij

e ea e weva o RIS
C1/4z ©.6]  VGVGl (RG] (RF o
e weva o wa e EomsomsiT
Ca/ s ©.¢)  IRF] veval (6.6 (G s T
e weva veve [EOESomioE
Ca/As mF (G 66 (RF e o)
Ca/s ve.vel (6.6 166 (6.6 (CE T T T
Ca/ A2 ©.6 (R vevel (6.6 (O
Cs/As G IRF] 6.6 (6.6 (G S
A A
Ca/ Az [ FLIRF]GVE (GG (G 6s0 0 1o
com ea wn e wn  05s s i)
X RN TN (4
Cs/As [(4.7,4.8,4.9,5.2), (4.7, 4.8, 4.9, 5.2)] EEJ%%O;’00.'7%14,’0%6191%’09'8228%’
Cs/As [(6.2,7.0,7.4,7.8), (6.7,6.9,7.3,7.8)] [(0.000,0.093, 0.186, 0.372),

(0.000,0.135,0.243, 0.297)]

Table 2. The importance weights of the criteria and the aggregated weights.

Decision-makers

Criteria Dy Dy Ds Dy w;

& WV VH] (VHVH] [ H] V] Q60 005 1o00)]
¢ (M) M) ] (G S o s
s O N I I N PR TR )
s LM HH]VAVE] VLV (G0 as0)
oy (H, H] VHVH [VHVH [HVH [(0.600, 0.750, 0.850, 1.000),

(0.650, 0.825, 0.925, 1.000)]
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VP = Very Poor = (0,0,0.1,0.2),

P = Poor = (0.1,0.2,0.3,0.4),

F = Fair = (0.4,0.5,0.5,0.6),

G = Good = (0.5,0.6,0.7,0.7) and

VG = Very Good = (0.7,0.8,0.9,1.0),

to evaluate the subjective criteria C, Cy, C3, Cy and a linguistic weighting set
W ={VL,L,M,H,VH}, where

VL = Very Low = (0,0.1,0.2,0.3),

L = Low = (0.2,0.3,0.3,0.5),

M = Medium = (0.3,0.5,0.5,0.8),

H = High = (0.5,0.6,0.7,1.0) and

VH = Very High = (0.7,0.9,1.0, 1.0),

to assess the importance of criteria Cy, Ca, Cs, Cy, Cs.

The ratings of alternatives versus criteria under the opinion of decision-
makers (Step 1 and Step 2 of our algorithm) are presented in Table 1 and the
importance weights of the five criteria from the four decision-makers (Step 3
of our algorithm) are displayed in Table 2.

Obviously values r;; from Table 1 and respectively w; from Table 2 are ob-
tained after running the C# program that implements the algorithm described
in Section 4.

Finally, as a result of this program too, we get that

EV(Gs) = 0.345 < EV(G;) = 0.445 < EV(G) = 0.458

which means that the best selection is A; and the worst selection is As.

6. CONCLUSIONS

Intervals of trapezoidal fuzzy numbers are used in the present paper to
model a real situation in problems of multicriteria decision making. The ex-
pected value of an interval of fuzzy numbers is introduced, its properties and
calculus on intervals of trapezoidal fuzzy numbers are given (Propositions 7
and 8) to elaborate the method and the corresponding algorithm. Our method
is suitable to be applied when an intermediate answer or two answers are cho-
sen in a survey and it is illustrated by a concrete example in Section 5. Ta-
king into account Remark 5 and the fact that EV([A4, A]) = EV (A) for every
A € F(R), we obtain that the proposed method extends the method from [1].
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