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BL-ALGEBRA STRUCTURE OF RGB MODEL

DAN NOJE AND MEDA TODOR

Abstract. The aim of this paper is to construct a BL-Algebra structure
over RGB Model of colours. First we determin a method to obtain t−norms
on RGB Model and their associate residuum from t−norms on unit interval
and their associate residuum. These triangular norms and their associate
residuums are used to construct the BL-Algebra structure over RGB model.
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Introduction

In a recent paper [6] V. Loia and S. Sessa studied the compression and decom-
pression of gray scale images using fuzzy relations in the Basic Logic over [0, 1].

In this paper we develop an algebraic structure on RGB model of colours [5]
that will lead us to consider compression and decompression of colour images.
Therefore, we consider that a colour of RGB model is an element of the set

RGB = {(r, g, b) | r, g, b ∈ [0, 2n − 1]} ,

where n represents the number of bits on which one colour component is stored in
computer’s memory.

In RGB set, r, g and b represents the red, green and respectively blue compo-
nent of the colour. For more details about RGB set see [7].

To construct the BL-Algebra over RGB we have to determin the t-norm and
its associate residuum over RGB.

We have to remind now, some notions used later.
A triangular norm t on real unit interval (for short t−norm) [1], [3] is a binary

operation,
t : [0, 1]2 → [0, 1],

such that t is commutative, associative, non-decreasing in both arguments and
t (0, x) = 0, t (x, 1) = x for any x ∈ [0, 1]. For brevity, we put t (x, y) = xty for all
x, y ∈ [0, 1].

The residuum of the t-norm t [2], [3] is a unique operation x →t y defined as

(x →t y) = max {z ∈ [0, 1] | xtz ≤ y}
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such that xtz ≤ y if and only if z ≤ (x →t y).
The following are the most famous t-norms used in fuzzy logic with the associate

residuum:
- Lukasiewicz t-norm

xty = max {0, x + y − 1} ,

(x →t y) = min {1, 1− x + y} .

- Gödel t-norm

xty = min {x, y} ,

(x →t y) =
{

1 if x ≤ y
y if x > y

.

- Goguen t-norm

xty = x · y,

(x →t y) =
{

1 if x ≤ y
y if x > y

.

The following properties hold:

(0.1) x ∧ y = xt (x →t y) ;

(0.2) (x →t y) ∨ (y →t x) = 1.

Following [4], a BL − Algebra L = (L,∧,∨, ?,→, 0, 1) is an algebra with four
binary operations such that for all x, y, z ∈ L:

1. (L,∧,∨, 0, 1) is a bounded distributive lattice;
2. (L, ?, 1) is a commutative semigroup having 1 as unit element;
3. x ∧ y = x ? (x → y) (divisibility);
4. z ≤ (x → y) if and only if x?z ≤ y (residuation because of 3., i.e. (x → y) =

∨{z ∈ L | x ? z ≤ y});
5. (x → y) ∨ (y → x) = 1 (prelinearity).
The properties (0.1), (0.2) guarantee that Lt = ([0, 1], min,max, t,→t, 0, 1) are

important examples of BL-algebras over [0, 1], where t is a continuous t-norm with
its residuum →t.
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1. T -Norms defined on RGB set

In this section we will develop a method to obtain from each t-norm defined on
unit interval [0, 1], a t-norm defined on RGB set.

We start with the construction of the t-norm and its associate residuum on one
component of RGB set. Applying this t-norm and its associate residuum on each
component we determin the t-norm and its associate residuum on RGB set.

Let [0, b] interval, where b = 2n − 1, be the set of values of one component of
RGB set.

Let us consider a one to one onto mapping f : [0, 1] → [0, b], defined as follows:

f (x) = b · x,

for any x ∈ [0, 1].
It is easy to see that its inverse mapping is f−1 : [0, b] → [0, 1], defined as

follows:
f−1 (x) =

x

b
,

for any x ∈ [0, b].
Let us consider a t-norm t and a binary operation T : [0, b]2 → [0, b], defined

for any x, y ∈ [0, b] as follows:

(1.1) xTy = f
(
f−1 (x) tf−1 (y)

)
.

Lemma 1.1. The binary operation T defined as above is a t-norm defined on [0, b]
interval.

Proof. It is easy to see that f−1 (x) ∈ [0, 1] for any x ∈ [0, b]. It follows that

f−1 (x) tf−1 (y) ∈ [0, 1]

and fulfills all the properties of a t−norms.
Since f is a linear mapping it follows that

f
(
f−1 (x) tf−1 (y)

) ∈ [0, b]

and fullfills all the properties of a t−norm.
Therefore T is a t−norm on [0, b] interval.
In what follows we will develop a similar method to obtain the associate residuum

of the t−norm defined on [0, b] interval.
The residuum of the t−norm T defined on [0, b] interval is the unique operation

defined for all x, y ∈ [0, b] as follows:

x →T y = max {z ∈ [0, b] | xTz ≤ y} .

Lemma 1.2. Let T be a t−norm defined on [0, b] interval. The binary operation
defined for all x, y ∈ [0, b] as follows:

(1.2) x →T y = f
(
f−1 (x) →t f−1 (y)

)
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is the residuum of t−norm T , where t represents the t−norm defined on unit
interval from which we have obtained the t−norm T as in (1.1).

Proof. Let x, y ∈ [0, b]. Since f and f−1 are non-decreasing functions we
have:

x →T y = max {z ∈ [0, b] | xTz ≤ y}

= f
(
max

{
u ∈ [0, 1] | f−1 (x) tu ≤ f−1 (y)

})

= f
(
f−1 (x) →t f−1 (y)

)
.

This completes the proof.
The equations (1.1) and (1.2) are used now to determine the form of the most

famous t−norms and of their associate residuums.

Example 1.3. Lukasiewicz type t−norm defined on [0, b] interval:

xTy = f
(
max

{
0, f−1 (x) + f−1 (y)− 1

})

= b ·max
{

0,
x

b
+

y

b
− 1

}

= max {0, x + y − b} ;

x →T y = f
(
min

{
1, 1− f−1 (x) + f−1 (y)

})

= b ·min
{

1, 1− x

b
+

y

b

}

= min {b, b− x + y} .

Example 1.4. Gödel type t−norm defined on [0, b] interval:

xTy = f
(
min

{
f−1 (x) , f−1 (y)

})

= b ·min
{x

b
,
y

b

}

= min {x, y} ;

x →T y = f
(
f−1 (x) →t f−1 (y)

)

Since f−1 is not a decreasing function it follows that:
(i) if x ≤ y ⇒ f−1 (x) ≤ f−1 (y). Therefor we get:

f−1 (x) →t f−1(y) = 1.
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Using equation (1.2) we obtain:

x →T y = f
(
f−1 (x) →t f−1 (y)

)

= f(1) = b.

(ii) if x > y ⇒ f−1 (x) > f−1 (y). Therefor we get:

f−1 (x) →t f−1 (y) = f−1 (y) .

Applying equation (1.2) we obtain:

x →T y = f
(
f−1 (x) →t f−1 (y)

)

= f
(
f−1 (y)

)
= y.

¿From (i) and (ii) it follows that:

x →T y =
{

b if x ≤ y
y if x > y

.

Example 1.5. Goguen type t−norm defined on [0, b] interval:

xTy = f
(
f−1 (x) · f−1 (y)

)

= b ·
(x

b
· y

b

)

=
x · y

b
;

The residuum is obtained in the same way as it was obtained the residuum of
Gödel t−norm. It has the following definition:

x →T y =
{

b if x ≤ y
y if x > y

.

Once we have determined the t−norm and its associate residuum on [0, b] in-
terval, we can determin the t−norm and its associate residuum on RGB set.

The t−norm T is defined on [0, b] interval, which represents one component of
RGB set. Therefore if we apply the t−norm T on each component of RGB set we
obtain the t−norm defined on it as follows:

Definition 1.6. For all x, y ∈ RGB, where x = (x1, x2, x3) and y = (y1, y2, y3),
we have:

xTRGBy = (x1Ty1, x2Ty2, x3Ty3, )
where T represents the t−norm defined on [0, b] interval as in (1.1).

We are able to determin now the associate residuum of t−norm TRGB defined
on RGB set. Applying the residuum →T on each component of RGB set we
obtain the associate residuum of t−norm TRGB defined as follows:
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Definition 1.7. For all x, y ∈ RGB, where x = (x1, x2, x3) and y = (y1, y2, y3),
we have:

x →TRGB
y = (x1 →T y1, x2 →T y2, x3 →T y3, )

where →T represents the associate residuum of t−norm T defined on [0, b] interval
as in (1.2).

2. The BL-algebra over RGB set

Once determined the t−norm TRGB and its associate residuum →TRGB we can
go further to develop a BL-algebra over RGB set.

First it is necessary to define the supremum and the infimum of two elements of
RGB set. In what follows we will follow the same steps as in the case of t−norm
TRGB .

We start with the construction of these two binary operations on [0, b] interval,
which represents one component of RGB set, using the operations defined on unit
interval.

Let ∨ be the supremum and ∧ the infimum of two elements defined on unit
interval. Then we define the supremum ∨[0,b] and the infimum ∧[0,b] of any two
elements x, y from [0, b] interval as follows:

(2.1) x ∨[0,b] y = f
(
f−1 (x) ∨ f−1 (y)

)
;

(2.2) x ∧[0,b] y = f
(
f−1 (x) ∧ f−1 (y)

)
;

where f and f−1 are the functions defined in the previous section.
Applying ∨[0,b] and ∧[0,b] on each component of RGB set, we obtain the supre-

mum and the infimum on RGB set defined as follows:

Definition 2.1. For all x, y ∈ RGB, where x = (x1, x2, x3) and y = (y1, y2, y3),
we have:

(2.3) x ∨RGB y =
(
x1 ∨[0,b] y1, x2 ∨[0,b] y2, x3 ∨[0,b] y3

)
;

(2.4) x ∧RGB y =
(
x1 ∧[0,b] y1, x2 ∧[0,b] y2, x3 ∧[0,b] y3

)
;

where ∨[0,b] and ∧[0,b] represents the supremum and the infimum defined on [0, b]
interval as in (2.1) and (2.2).

In what follows we will check some properties of supremum and infimum defined
on RGB set that will be used later.

Lemma 2.2. For any x, y ∈ RGB, where x = (x1, x2, x3) and y = (y1, y2, y3),
the following properties hold:

(2.5) x ∧RGB y = xTRGB (x →TRGB y) ;
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(2.6) (x →TRGB
y) ∨RGB (y →TRGB

x) = 1RGB ,

where 1RGB = (b, b, b) .

Proof. It is enough to prove that the above properties hold on each component
of RGB set.

To prove first property, we use equation (2.2) and we obtain:

x1 ∧[0,b] y1 = f
(
f−1 (x) ∧ f−1 (y)

)
,

and from equation (0.1) it follows:

x1 ∧[0,b] y1 = f
(
f−1 (x) t

(
f−1 (x) →t f−1 (y)

))
.

Using now the equations (1.1) and (1.2) we get:

x1 ∧[0,b] y1 = f
(
f−1 (x1) tf−1

(
f

(
f−1 (x1) →t f−1 (y1)

)))

= f
(
f−1 (x1) tf−1 (x1 →T y1)

)

= x1T (x1 →T y1) .

For the proof of the second property, by (1.2) and (2.1) we have:

(x1 →T y1) ∨[0,b] (y1 →T x1) = f
(
f−1 (x1 →T y1) ∨ f−1 (y1 →T x1)

)

= f
(
f−1

(
f

(
f−1 (x1) →t f−1 (y1)

)) ∨ f−1
(
f

(
f−1 (y1) →t f−1 (x1)

)))

= f
((

f−1 (x1) →t f−1 (y1)
) ∨ (

f−1 (y1) →t f−1 (x1)
))

.

Using the equation (0.2) we get:

(x1 →T y1) ∨[0,b] (y1 →T x1) = f (1) = b.

This completes the proof.
In what follows we introduce the BL-algebra structure over RGB set.
Let 0RGB = (0, 0, 0) and 1RGB = (b, b, b) be two constants from RGB set, then

Lemma 2.3. The structure (RGB,∧RGB ,∨RGB , TRGB ,→TRGB
, 0RGB , 1RGB) is

a BL-algebra.

Proof. To prove that (RGB,∧RGB ,∨RGB , TRGB ,→TRGB , 0RGB , 1RGB) is a
BL-algebra, we have to show that the following properties hold:

(i) (RGB,∧RGB ,∨RGB , 0RGB , 1RGB) is a bounded distributive lattice;
(ii) (RGB, TRGB , 1RGB) is a commutative semigroup having 1RGB as unit ele-

ment;
(iii) x ∧ y = xTRGB (x →TRGB y) (divisibility);
(iv) z ≤ (x →TRGB y) iff xTRGBz ≤ y;
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(v) (x →TRGB
y) ∨RGB (y →TRGB

x) = 1RGB .
The properties (i) and (ii) are obvious. The properties (iii) and (v) are proved

in Lemma 2.2. The property (iv) follows from the definition of the associate
residuum of the t−norm t defined on unit interval and from the mode in which we
have obtained the t−norm TRGB and its associate residuum →TRGB

from it.
Once defined a BL-algebra structure on RGB model we can start to use it in

image compression and decompression, but this is the subject of a next paper.
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