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PICTURE APPROXIMATION

SIMONA MOTOGNA  VASILE CIOBAN
VASILE PREJMEREAN

Abstract. In this paper we study a serie of image description models that use picture
description languages. For 3 and 4 type images (represented by lines and curves,
respectively by critical points modelling techniques are given, and also a way of
passing from one form to another (the determination of critical points respectively
Bezier interpolation). The contradiction between the dimension of the description
and the finesse of the image (obtained by reducing the asperities) is solved using

Bezier interpolation. The critical (interpolation) points are described by IT-words, and
the curves obtained by interpolation form the type 3 image [5].

1. Introduction

We consider the images classification (given in [5] and presented below) which
groups images in four main cathegories. An image can be coloured, black&white,
compound from lines and curves or from points. The techniques for transforming one
image of a type in an image of another type arc part of the graphics named image
processing.

In this paper some methods of representing the images using /ines and curves are
presented, respectively a set of critical points, through pictures described by [1-words.
There is also presented a way of converting a picture from one form to another. The
Bezier curves (described in [3,5,8]) are used in the interpolation process, because they
have some properties that match the drawings described by picture words.

[n the following, we speak about problems referring to the 3 and 4 type images (see
the diagram below), because they can be modelled using pictures described by I1-
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words, as we shall see.
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2. Using IT-words to describe pictures of 3-type.

In the following a model of approximating the type 3 pictures [5] using [I-
languages of description is presented ( see lemma 2.1). Since the description of images
formed from lines had alrcady been studied [1,2,4,7] (using Il-languages), we will
concentrate only on techniques for describing curves.

An image is of type 3 if it can be described completely through a finite number of
lines and curves [6]. A curve can be approximated using, for example, a set of points
chosen from a set of points in the 2D-plane, in a rectangular cartesian system, as in
Figures 2.1 and 2.2. Connecting the points situated near the curve we will obtain a
polygonal approximation formed from segments of length 1 or V2. This approximation
can be represented through commands string (considering 4 or 8 directions). For
example, the curve from Figure 2.1 can be approximated by the drawing described by
the TT-word wrruurur, and the curve from Figure 2.2 by uaraura (where a denotes the
shifting on NE dircction). This technique of passing from an image described by curves
to an image described by points is called the determination of critical points, and the
reverse process is called interpolation [5].

Piij+l) | Poitlitl)

o__

Figure 2.1 Figure 2.2 7 ,___’ ~~~~~ ——
Figure 2.3

The set of critical points determined by the curve ccR? is Mpe(c)={Apr(P)/P€c}; where

Bl g2 : , ‘ . ,
Apr:R°>Z°, returns the point of integer coordinates that is the closest 0 @ re‘ij
Foordmales point P'(x'y'), belonging to the curve (see Figure 2.3, where i=[x] an
J=ly'D. The approximation function Apr is defined as:
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Apr(x,y") = (Round(X'), Round(y")), and

Round : R = Z is computed as Round(x) =
part of x). . .

An image that is represented through points (type 4 ima .

) g : ge) can be im

interpolation, -V'c,ld]pg an 1mage rep resented through curves. In order top;f:)fj tt:'rough
have chosen Bezier interpolation (described in [3,5,8]), because of its basic pro ertlisé ?Ve
o the curve will cross the starting and the ending points: P,and P P

o the curve is tangent to the following segments: PP, and P..P..

[x+1/2] (where [x] denotes the integer

Figures 2.4 and 2.5 describe the curves and the determined critical points, then the

descriptions of the correponding [1-words (for 4 and 8 directions) and finally the
corresponding Bezier curves.

Figure 2.5
ghe way in which the Bezier curve (from Figure 2.6) is determi'ned starting fro_m e
Sstring P, P, P, is described below and can be observe on Figure 2.7 for n=4.
s str?he initial points string P, P, ... ,P, is used in order 10 dctermine. anloﬂzj;
eterminc:ﬁ P',l’, P22, ... ,Poyy using the equation (2.1), then L_lsmg 'the - fO}l)mU z’lrhis
Point ohya; ¢ points Py 5, P, 3, ..., Pp.23 and so on until we obtain a Smg]e- pOlml s for o
rom lhisa:jned ?Or a value ae[0,1] belongs to the Bezier curve. 'Selectmg Vi?;ls) (gne
May nofice ?}T‘a”} we will obtain the desired approximation (in Figure 2.7, a=1%)
oo al for a=0 we obtain P,, and for a=1 we obtain Pa.

Vel ?huanon fo.r determining the points on level m+1 depending on

| ¢ lollowing;

@100 P, (oo, o(or) =1 =Tl a=0.1,1/s-1) 21

Poin

the points from
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As a remark, we notice that lhe' cquation is U,SCd glfl r,ting_f;rﬂ(.)fp the secong level, Since
the first level contains the given points, namely | i.l(a)'l i__’ ,'""’n :

If we want to determine s points B=Py (o)), B=P (a,), o BEP ()
B=P\,(a) corresponding to the values o =0, o= 1/(s-1), .. ai‘_(J‘,]‘)/(S‘IL e
we will compute the coordinates ol. points Pl,n’(ai) fo.r cach ‘fdluc U)«i(.'_ ]_»3)- I‘” Order
obtain more points besides the starting ifnd cndlng points (bec'ause By is identicy) ¢, P
and By is identical to Py, see Figure 2.6 for s=4), we must require s to be greater 11y, 5

) o
Paa ,
9 . ,D""",O*-" ........ A
Py & Py ¢ 7 Pay “Ps,
A A o PLa(1)
JARA P %P,
1 B74\ 4 4 ] ©
Figure 2.6 o Py
Figure 2.7

The Bezier algorithm for determining s points (B;, j=1,) from a Bezier curve is:

Algorithm 2.1.
Input:P,i= Ln
Output:B , j=1,s

J b

For i-=1,n Do P, =P

For j:=1,s Do Begin
a:=(j-1)/(s-1);
For m=1,n-1 Do
For i:=1,n-m Do
I)I.m‘l = (l‘(l) ’ I)i,m ta- Py Lm s
Bi=p,

Vi

End.

The result produced by this

Bs:
Thcorctically, the Bezier interpolat

algorithm consists of a string of points B"Bi;“)ﬂjsz
ion curve (corresponding to the points Py Pa,..sbn

Bezier(P Py, 00 = { P, (o) / ael0,1]}.
Praclically, the gra

-1
. . . L4 H i e S

' phical representation of the curve is obtained drawing th
segments determined by the string By, B,, ..., B, , namely
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Bezierseg(P1,P2,.. . Py) = { ﬁinj*l /=151 b (see Figure 2.0).

If we study Figm.'c. 2.4 al}\d 2.5, we notice that if we start fr
jetermine the sct of critical p(?mts M.P,C(C)f then, u:‘;ir)g the Bezier algorithm, we —
the points Bj, j=1,s, these points drlﬁ'cr Ilzom the initial critical points, namely My, (c) »
{Apr(B_i) /j=ls}, and t'hc CHIVE &= Bez’e"ﬁt'g(Ml‘c(")) # ¢. Certainly, we would like 1o
obtain a curve through interpolation such that it would be as close as possible to the
initial curve:

)m a curve ¢ and

{Apr(Pia (@) )/ ael0,1]} = {Apr(P)/Pec }. (2.2)

Lemma 2.1.

A picture formed from lines and curves can be approximated by a I'-language.
Proof. We suppose that we have a curve ¢y, and we want to determine the point string
5, of closest integer coordinates. This string can be described by a [T-word w such that
the set of points belonging to the drawing (see equation 2.4) described by w is identical
to the set of critical points corresponding to the curve ¢, , namely:

V(w) = {Apr(P)/ Pec,} (2.3)

where the set of points described by w is denoted by V(w) : [T —Z and it is defined as
follows: ‘

%] if w=A,
V(w) = (2.4)
V(2)U{Sh(w)} if w=z7 (tell, zell);
and Sh: IT' > 7>
P, if w=2,
Sh(w)= (2:5)
7 (Sh(z)) if w=zt (rell,zell):;

and the shifting through the command el1={r,u,/,d} is defined in a classical way (see
[1.4,7)):

: Hoxy)= (et y); dew) = (x-1,p); d(xy) = (x, p-1); u(@xy)=(x, 1)
wordAC:vohr,dEg, 0 e'Quation (2.3), any line or curve can be approxi‘mated thro;gb a rr;_
Xima;i«Jn—];c ‘mp he? that the set of [T-approximation-words forms the Il-app

anguage of the image. | |
w"‘:S;Z:;d.” We want to determine the curve <, using. Bczi‘cr lnle‘rpr()llatvlgrrzi,
RCTIY (ul?g o lhe. point string s,=(Sh(a,...a;), i=1,n), obtained fl'.Or?l‘ tlTL, \c o
Case (CV"]:n ;{ng eq“'dll()n. 2.5 for the definition of the l'unclio'n'S.h), thcu it is very rar

e aWt‘] would like to) that we will obtain the same {mtlal c.urvc c"{;.' .
hey e, Ppy fpeatedly the same procedure we will obtalr‘l ablflnt., h«})[ wcar.l
these ua,’)si; - . The question that arises in a natural way is the tgllonIng. 0
OMmations be done such that the curve string would be finite? ™.
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If we are able to obtain an interpolation curve that preserves the criticy|

. . . 0il
s;=sy , and therefor the approximation curve will no longer be modiﬁcgij WES, thep
transformations are applied: N the
namely:

€y [f pisodd,
Cp=
! { .. (2,6)
\ S0 If piscven,
Remark 2.1.

This property (2.6) involving the two transformations (interpolation and deter-
mination of critical points) has its own importance, because each transformation is the
reverse of the other one. For example, afier the codification of an image (for the purpose
of compression), the decodification (in other words, the reverse transformation) will be
achieved through an interpolation (that preserves the critical points, and also the II-
words description).

In the following we present the conditions that conserves the critical points (lemma
2.2) and also a description (algorithm 2.2) so that this property (useful for example in
the process of compressing and de decompressing or encoding and decoding) is
satisfied.

In this purpose, we present a transformation (through Bezier interpolation) that
preserves the description [T-word. '
In order to obtain a point string as closer as possible to the critical points, we will group
the points Py,P,,...,P, into substrings of a certain length g (for example, in Figure 2.8 the
groups are formed from 5, respectively 7, points), then we will apply the Bezier =
algorithm for each substring, and the resulting curve will be obtained through reunion of =
the curves determined from these substrings:

¢ = Bezier (Py,...,Pq) U Bezier (Py,....Po1) U ... U Bezier (Pr....Pw). e
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Lemma 2.2.

The transformation 2.7 (using groups of length 4-7) pre

5 Serves the criticqy points
Apr(e)= (P.P2,...P0)), and also the description H-word ()
(

(weref(ﬂ'):{“'e”‘ P Iwawzdes Cud, du, I, 1 =),

s it doesn contain retreqys

The proof will be done lor cach ¢ starting from 2 (o 0.

. ¥ QOO ar = ) 2 1or( P ) )
[t is casy to sce for g=2, /\pl(l}(zw;(l Ll Pa)) PLp, Pr}, because

Bc’:it”'(PI.P:.....pn) ={ PP/ I<i<n j = dpic (w), where w is the [T-word th

at describes
the path Py.Pa,....Po. The set of horizontal and vertica lines of unit Jen
\

gth described by the
[1-word w denoted by apic(w) is defined as follows:

(%) if w=2,
dpic(w) = (2.8)

dpic(2)s{Sh(z) Sh(w)} if w=zt (zell, zell'):;

(Sh was defined in formula 2.5)

For g=3, the property is satisfied, because for any point substring P,_,, P, P,.,. these
points are either collinear (in which case the curve is situated on the line determined by
these points), either form a rectangular triangle (in which case, Apr(Bezier(Py.,P..P...))
= {Pii.PePra}).

In the case in which the points are collinear, namely they belong to the pé.ilh
described by 17 (Vie{r,u,/d} and Vg>1), the critical points are preserved (the Bezier
curve is exactly the segment (P, Sh(1?)), so we will disregard this case.

ure 2.9

Figure 2.10

. . aa cltnat: resented in
For g=4, tne property is satisfied, because in any of the three situations pre

Fig
Figure 9

9, the critical points are preserved.

: I sorresponding (¢
For 9€14.5}, the Bezier curves presented in Figure 2.10, corresponding
vords rud.

K

y the [1-
ref(I'1),

ints. So, ifwe
for 2.4 espectively w=rudr, do not preserve the critical points. S¢
, s the Property is no longer true. . 5 11), because in any of
the ni:)r 43, and weref(I1") the property is satisfied (sce ligure =11
wcascs, the Property is true. 6. any combination of points
€ st > [ o , ice that tor ¢g=6, d . s 02
dtbCribcd b;ldy l]hjb igure 2.12 we By nosiee KAt 1085 | points (from the 6
a

i eserves the critica
“word without retreats, preserves the ¢
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' vords without retreats, and from (},..
e ved through [T-words wit ' e
classes, only 25 are dcscglle g
one is described through ).

Figure 2.11

nly

|
|

Figure 2.13

Figure 2.14

id fi inti ' ven
For ¢=7, the property is no longer valid for any description IT-word, ¢

independent of retreat
2.13.

Obviously, for ¢>8, there are situ
(see the first two curves from I'igure
situations that prescrve the critical poi

[Lis much more efficient 1o grou
as possible (fewer Bezier curves) tha
a number ¢ of points in the substring
that their length is as big as possible.
50

{ i fan | in Figure
s. For example, for w=rrrull , the situation is shown in Fig

»
ations in which some points remain “uncovcridr
2.14, that have only six critical points), and oth¢
nts (the last curve from the same figure). 2
p the initial points P|,P,,....P, in as few subs'trll_lg
t conserves the critical points (without eStabllshmﬁ
$). This means that we try to form substrings, 5“‘;1
We will add a point P;,, to a substring P;,Pis1Fi
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itical poins : . .

that preserves the crltl.c“ l‘pOI.ntﬁ only if the string P,P;y,....,P;P;,, preserves the critical

points (and then we will continue with point P;,, and so on), otherwise we will start to
. P. 1¢ . H y .

form a new group Pyl jHseee - In -th.ls manner, we will form substrings of length at most

six, depending on the relative position of the points.

The following algorithm determines the minimal number (denoted by k) of groups
that preserve the critical points. '
Algorithm 2.2.

Input: Py, Po, s Py
Output: Group,, Groupy, ... , Groupy;

Begin
k:=0; 1:=1;
Repeat
Ji=it5;
While j>n Do j:=j-1;
While (j<n) And Apr(Bezier(P,, ... P, Pjs1))={P,... ,P;, Pjs1} Do ji=j+1;
k=k+1; Groupy:==(P;,....P); i:=j
Until i=n;
End

The problem of the optimality of the description (Remark 2.2) and the quality of

the picture are studied below.

Remark 2.2.

The minimal number of groups that conserves the points Py, P,,..., Py is

NrGr(1,n), where:

1 if Apr(Bezier(P,,...,P))={P;...P;}, ()
NrGr(i, j)= )

Min {NrGr(i, )+NrGr(l,j)} if Apr(Bezier(P....P))# {P;...P;}. (b)
i<l<j

rcac}ii (ll”'_’i”( Lj) is the index / for which the minimum from the pre:ccd.cm lt;or;\ula };s
can b io-r Case b) or is equal to 0 for case a), then the sequence of‘ pf)lnl:l) s [,’ar;
scparat(f(rj) U'many d Ivided in two: P3P Prminct, m and~P,{,,,f,(|,,,),---,Pn~ [‘:ush ’ tlzl“'l‘llj the
Subse “d again in two by the point Py, (if Lmin(ij)>0), and so on‘ l}n‘l all the

duences have the separating index Lmin(i,j) equal to zero. We observe that the

umber of ohia: . T
rof obtained sequences is minimal.
51
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In order to make this algorithm faster (so some calculations won’t be repeateq)
recommended to store the values NrGr (i, j) already computed in a squarce Malriy ;VIII 'S‘
order n. The value NrGr(i, j) will be stored in M. We will successively d“t‘irm/inc of
values of this matrix for the first diagonal parallel to the main diagonal, thep, for "
second and so on until we get to M,, which represents the value that we are looking f['(hc
Using lemma 2.2, we can avoid calculations for the first six diagonals, 4| uri}.oﬂ'
having the values equal to one. Practically, the computation of the values stars with ,]:
seventh diagonal. In order to form the optimal subsequences (we’re not interesie on‘
in the minimal number of groups given by My,) we will store in element M the md;
for which the minimum of the function is obtained, for the subscquence of the poim:;
from i to / (we can do this because the elements under the main diagonal are not used),

We shall build a binary tree that contains in each node pairs (i), where and |
represent the limits of a determined optimal subsequence (P, ... ,Pj). This trec has the
root (1,7). If for a node (i) of the tree we have Apr(Bezier(P;, ... ,Pj)) = {P;, ... \P;} then
this node is a terminal one (leaf), otherwise it will have two subtrees with the roots
(iM,). respectively (M;,/). The front of this tree will give us the optimal subsequences,

It is obvious that the algorithm 2.2 and the one presented above (using dynamic
programming) do not necessarily give the same solution, but both solutions are minimal,
If there are more ways of separating a subsequence of points, the separation in point P;is
preferred, if the points P;.;, P; and Pj; are collinear (this assures the derivability of the
Bezier curve, because it is tangent to the edges of the polygonal curve determined by the
interpolation points). In this way the curve has less turning points, so less asperities.

3. Using I1.-words to describe line drawings.

In this paragraph we present a model of describing a type 3 image (using the
classification given in [5]) using IT-words (that contains two more symbols |=pen-ip

and v=pen-down denoting the lift and sink of a plotter pen). These words will describe
a sequence of points that determines a curve by Bezier interpolation. This means that 4
set of [T-words describes an image formed by curves, a type 3 image.

Starting from a certain point P;(x, y;) (which can be even the origin, in ord
dcﬁqc the standard representative, like in [4]), using a [T-word of description (used
[4[ for disconnected picture) w=a,a,...a,, we shall build the sequence of interpolatio”
points PolCez, 72), P33, 03), ..., Pu(xe, ). From the sequence of the points crossed b "
:flr:gfé] (:;rol:u:llitliwlord i ,O,“'Y the points crossed with the pen down (¥) \\nlu”[lfli
Pe from fomuls 3. IC: polation. The position of the pen has been specitied by the U

er (0
din

. 0 it w=zT (:ze 1) or w=A,
] C . ll “‘) {T,l" N I,c (W) = i “u H’:ZJ, (:E [_[xt) :
P(z) if w=zt (zeH,*) and tell

3.D
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The functions Nr : "> N and Pb:11" - 22 defined below will specify which is
the last point (from the sequence of points that are to be interpolated) selected in the
crossing (this being given by the number of selected points, meaning the points crossed
with the pen down). The point Pi(x;, 1) is specified by its position (index i = Ni( ady...ay,)) in
the sequence of interpolation points (Py,Py,...,Py) and its coordinates (x;, ¥i) computed using the

function Ph(az-@1)- These formulas are applied for each j=2,3,...m.

1 if w=\,

Nr(w) = Nr(v) if w#dh, w=vt andP(w)="7, (3.2)
Nr(v)+1 otherwise.
Pb(v) if w#l, w=vt and P(w)="T,

Pb(w) = (3.3)
Sh.(w) otherwise.

The function Sh. : TL” — Z* gives the last point touched by a I1-word (named the

shifting by w, using [T-word w ) and it is defined as follows:

Pl lf Wz}\. s
Sh(w) = Pos (t, h(Sh(v))) if w#A, w=vt and tell, (3.4)
Sh.(v) otherwise (te{T}).

The function Pos: IT° x Z2 — Z* gives the coordinates of the last point touched
oy a [T-word (called the shifiing by w, and is defined by formula 3.5), and the erasing

nomomorphism 4 : 1" — IT", defined by formula 3.6.

(xy) if w=A4a, ]
Pos (w, (x,y) )= { . )(3.3)
' if w=tz (tell,z€ ;
and Pos (z, 1(x))) it w=tz (
f A if w=A, »
hiw) h(z) it w=rz (te {14}, zell) 3
Th(z) ifw=rz (tell,zell).
l The p ossibility of describing a type 3 image using I'1-languages is pointed out In
thma3, |,

53
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E 3.12. oo can be described using a TT-language.

A‘):Pﬁ ”“déb/‘.i describes a point string as we presented ah()Yc. tthgh the
Proof. l',\fcl"y H(—i“(pllt 1h;\t are defined in (3.2) and (3.3), and using the Beie,
ol M ‘m'\ % tructed strings we will obtain the curves which compis, the
interpolation tor the consti :

image. e

N R Rt

.........

Figure 3.1

The drawing shown in Figure 3.1 can be approximated by the three f.ollowing
picture words (by which the critical points that are to be interpolated are determined):

wi=drut Mt but i,
M'Z:Tldi«cfr AL rruTii

and
wa="dL M Pulutild

and describe the following three point strings:
1.00,0),(0,-1),(1,-1),(2,-1 ):(2,0),(2,1),(2,4),(5,6);
2. (5,6),(4,4),(4,1),(4,0),(4,-1),(5,-1),(6,-1),(6,0) and .
3.(5.2),(4,1),(2,3),(1,2). .
Interpolating these points, we will obtain the three curves representing the image of
the handwriting capital letter A, from Figure 3.1.

lr? a similar manner one may define IT-words for describing mathematical symbols,
used for example in writing equations.
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