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Statistical convergence on probabilistic modular
spaces
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Abstract. In this work, we introduce the concepts of statistical convergence and
statistical Cauchy sequence on probabilistic modular spaces. After giving some
useful characterizations for statistically convergent sequences, we display an ex-
ample such that our method of convergence works but its classical case does not
work. Also we define statistical limit points, statistical cluster points on proba-
bilistic modular spaces. Finally, we give the relations between these notions and
limit points of sequences on probabilistic modular spaces.
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1. Introduction

The theory of modular spaces was firstly presented by Nakano [13] and subse-
quently generalized by Musielak and Orlicz [10]. Later many researchers have investi-
gated these spaces in [7, 8]. Also, Menger [9] has introduced the concept of probabilistic
metric space which is an interesting and important generalization of the notion of a
metric space. The probabilistic generalization of metric space appears when there is
an uncertainty about the distance between the points and we know only the prob-
abilities of possible values this distance can take. According to this work instead of
associating a number—the distance d (z,y) —to every pair (z,y), one should associate
a distribution function N, and for any positive real number ¢, interpret N, , (¢) as
the probability that the distance from x to y is less than ¢. An important family
of probabilistic metric spaces are probabilistic normed spaces. For more details, the
reader is referred to [1, 15]. After Menger’s work, Fallahi and Nourouzi [3] have intro-
duced probabilistic modular spaces in the probabilistic sense which are more general
than probabilistic normed spaces and they investigated some basic properties of these
spaces.
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The concept of statistical convergence for sequences of real numbers was intro-
duced by Fast [6]. Later on some generalizations and applications of this notion have
been investigated by many authors [2, 4, 5, 11, 12]. Karakug studied the concept of
statistical convergence in probabilistic normed spaces [14]. In this paper we study
the properties of the sequences which are statistically convergent in a probabilistic
modular space. Also we define statistical limit points and statistical cluster points in
a probabilistic modular space and prove some interesting results.

We recall some notations and basic definitions used in this paper:

A functional p : X — [0, +00] is said to be a modular on a real linear space X
provided that the following conditions hold:

(i) p(x) =0 iff = is the null vector 0,
(ii) p(2) = p(~2),
(#71) p(ax + By) < p(x)+p (y) for every z,y € X and for any o, § > 0 with a4+ = 1.

Then the vector subspace X, = {z € X : p(ax) = 0 as a — 0} of X is called a
modular space.

If A is a subset of N, the set of natural numbers, then the natural density of A
denoted by d (A), is defined by

5(A) = lim= [{k <n:ke A}
n n

whenever the limit exists, where |A| denotes the cardinality of the set A. The natural
density may not exist for each set A. But the upper density ¢ always exists for each
set A identified as follows:

§(A) = limsupl Hk <n:keA}.
non

A sequence x = {x} of numbers is statistically convergent to L if
SH{keN: |z — L >e})=0
for every € > 0. In this case we write st — limx = L.
Note that every convergent sequence is statistically convergent to the same value.
If x is statistically convergent, then x needs not to be convergent. It is also not
necessarily bounded. For example, let © = {x;} be defined as
Vk, if k is a square
Tk ‘= .
1, otherwise.

It is easy to see that st —lima = 1. But « is neither convergent nor bounded.

Definition 1.1. A function f : R — RS‘ is called a distribution function if it is non-
decreasing and left-continuous with inficr f (t) = 0, and sup,cp f (t) = L.

We will denote the set of all distribution functions by D.

Definition 1.2. A triangular norm, briefly called t-norm, is a binary operation on [0, 1]
which is continuous, commutative, associative, non-decreasing and has 1 as a neutral
element, i.e., it is a continuous mapping A : [0,1] x [0,1] — [0,1] such that for all
a,b,ce [0,1] :

1. anl=a,
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2. aANb=DbAa,
3.cANd>aANbifc>a andd> Db,
4. (aAb)Ac=aNn(bAc).

Definition 1.3. A pair (X, u) is called a probabilistic modular space (P—modular space)
if X is a real vector space, u is a mapping from X into D (for x € X, the function
w(x) is denoted by p,., and py (t) is the value p, at t € R) satisfying the following
conditions:

1. pe (0) =0,

2. pyp(t)=1 forallt >0 iffz =0,

3. p—a (1) = pa (1),

4 Popipy (8+1) > e (8) Ay (t) for all z,y € X, and o, B,5,t € RY, a+ B = 1.

We say

(s+1
(X,

w) is f—homogeneous, where § € (0,1] if,

Mo (t) = Mz <|atﬁ> s

for every z € X, ¢t >0, and o € R\ {0} .

Example 1.4. Suppose that X is a real vector space and p is a modular on X. Define

" { 0,  t<o0,
Mz — t
w0 120

for all z € X. Then (X, ) is a P—modular space.

We recall that the concept of convergence and Cauchy sequence in a probabilistic
modular space are studied in [3].

Definition 1.5. Let (X, ) be a P—modular space.

o A sequence {x} in X is said to be p—convergent to a point L € X and denoted
by o 5 L or p—lima = L, if for every € > 0 and \ € (0,1), there exists a
positive integer ko such that p., —1, () > 1— A, for all k > ko.

o A sequence {xy} in X is called a p—Cauchy sequence if for every e > 0 and
A € (0,1), there exists a positive integer ko such that iy, —, (€) > 1= A, for all
k1> kg.

o A subset F of X is said to be u—bounded if for every A € (0,1), there exists
t > 0 such that p; (t) > 1— X for all x € F.

o Forxe X,e>0 and 0 < X\ <1, the ball centered at x with radius X is defined
by

B(z,\e)={y € X : pa—y(e) >1—A}.

Remark 1.6. Let (X, u) be a P—modular space, and p, (t) = m7

and ¢ > 0. Then it can be easily seen that x, = z if and only if z,, % x.

where x € X
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2. Statistical convergence on P—modular spaces

In this work we deal with the statistical convergence on probabilistic modular
spaces. Now, we may obtain our main results.

Definition 2.1. Let (X, ) be a P—modular space.

o We say that a sequence x = {xy} is statistically convergent to L € X with
respect to the probabilistic modular p (or briefly st,—convergent) provided that
for every e >0 and X € (0,1)

SUkEN: pgy_1(€) 1 —A}) =0, (2.1)

or equivalently,
1
lm—{k<n:py, () <1-=A}=0
n n

and denoted by st, —limx = L.

o We say that a sequence x = {x} is a statistical Cauchy sequence with respect
to the probabilistic modular p (or briefly st,—Cauchy) provided that for every
e >0 and A €(0,1), there is a positive integer N = N (€) such that

6({k€N::U‘rk—IN (5) < 17}‘}):07

or equivalently,
1
lim— |{k SN ey —ay (6) <1- )‘}| =0.
nn
By using (2.1) and well-known density properties, we have the following lemma.

Lemma 2.2. Let (X, u) be a P—modular space. Then, for every e > 0 and A € (0,1),
the following statements are equivalent:

(1) st, —limz =L,

(”) 6({k eN: Hz—L (6) <1- )‘}) =0,
(15) d({k € N: pg,—1 (e) > 1= A}) =1,
() st —limpy, 1 () = 1.

Theorem 2.3. Let (X,u) be a P—modular space. If a sequence x = {xp} is
st,,—convergent, then the st,—limit is unique.

Proof. Assume that st, — lima = L, st, — lima = Ly and A € (0,1). Choose
n € (0,1) such that (1 —n)A(1 —n) > 1—A. Then, for any € > 0, define the following
sets:

Tuai(ne) @ ={keN:p, 1, () <1-n},
Tu2(ne) « ={keN:py _r,() <1-n}.

Since st, —lima = L1, § (Ty1 (n,€)) = 0 for all € > 0. Also because of st, —limx =
Lo, we get 6 (T2 (n,e)) = 0 for all € > 0. Let T, (n,e) = Tp1(n,e) N Ty (n,€).
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Then it can be easily seen that ¢ (T, (n,e)) = 0 which implies 6 (N/T), (n,¢)) = 1. If
ke N/T, (n,e), then we get

H’%(Ll_lq) (6) = M%(wk_L1)+%(L2—$k) (E)

9 3
> ot (3) M (3)

> (A=mAl=n).
Because of (1 —n) A (1 —mn)>1— ), it follows that

KL, —Lo (6) >1-\ (2.2)
Since A > 0 is arbitrary, by (2.2) we have pur,_r, (¢) = 1 for all € > 0. This implies
that L1 = LQ. O

Theorem 2.4. Let (X,u) be a B—homogeneous P—modular space. If {zy} is a
st,,— Cauchy sequence, possessing a subsequence which is st,,—convergent, then {x}}
is st,—convergent to the same limit.

Proof. For a given A > 0 choose n € (0,1) such that (1—-n) A (1—7n) > 1 — A
Because of {x}} is a st,—Cauchy sequence , there exists t; € N, a positive integer
N = N(e) and subset A; of density 1 such that pg,—oy (57577) > 1 —7n holds
for all e > 0, k € Ajand k > t;. Let {x),} be a subsequence of {zy} which is
st,—convergent to L € X, then there exists t € N and subset Ay of density 1
such that Py, —L (25%) > 1 — 1 holds for all € > 0, k; € As and k; > to. Take
to = max{tl,ig} and A = A;N Ay , then §(A) = 1 and for all e > 0, k € A and
k > to we have

€ g
Mz —L (6) > /-lg(xkkai) (5) /\/'LQ(xkifL) (5)
g g
= Hap—zy, (W) /\'uxki_L (W)

I-mA@Q-n)>1-A\
That is st, — limx = L. O

V

Theorem 2.5. Let (X,u) be a B—homogeneous P—modular space. Then every
st,—convergent sequence is also a st,— Cauchy sequence.

Proof. Suppose that {z} is a st,—convergent to L € X. Let A € (0,1) and choose
n € (0,1) such that (1 —n) A (1 —7n) > 1 — A. There exists kg € N and subset A of
density 1 such that gz, 1, (2,3%) > 1—mnholds for alle > 0, k € A and k > ko. If
N = N(e) is a positive integer,

9 3
Hazp—zn (6) 2 H2(zn—L) (5) A H2(z)—L) (5)

€ €
et (g7 ) M=t (577)
> QI-mA(d-n)>1-A7
for every € > 0, k € A and k > ko. That is {1} is a st,—Cauchy sequence. O
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Theorem 2.6. Let (X,u) be a P—modular space. If x = {xr} is a p—convergent
sequence, then x is also a st,—convergent sequence.

Proof. Since x is u—convergent, for every € > 0 and A € (0,1), there is a number
ko € N such that p,,—r > 1—Aforall k > ko. So the set {k € N: puy, 1 (6) <1— A}
has at most finitely many terms. Because every finite subset of the natural numbers
has density zero, we can easily see that § ({k € N: py, 1 () <1—A}) = 0, which
completes the proof. O

Example 2.7. Define p: R — R by
() = 0, z=0
PREI=N 1, 2 #0
t

for all z € R. Then (R, p) is a modular space. Let a A b = ab and p, (t) = ToE
where x € X and t > 0. Observe that (R, i) is a 8—homogeneous P—modular space.

Now we define the sequence z = {z}} whose terms are given by

1, ifk=m? (meN),

k= { 0, otherwise. (2:3)

Then for any € > 0 and for every A € (0,1), let
Ty(Ne)={k<n:pg, (e) <1-A}.

Since
€
T,.(Ne) = k<n:———<1-2A\
209 = {rsns iy <io)
Ae
= {k<n:z,=1}
= {kgn:k:mQandmeN},
we get
1 1 NG
—|T, (N e)| < = {k <n:k=m?and NM < Y=
n|u(78)|_n’{ <n m” and m € H_n
that is

1
lim= [T, (A, )| = 0.

n n
So, we have st, — limz = 0. But, because x = {z} given by (2.3) is not convergent
in the space (R, p), by Remark 1.6, we also see that x is not convergent with respect
to the probabilistic modular pu.

Theorem 2.8. Let (X, ) be a P—modular space. Let st,, —limax = L if and only if
there exists an increasing index sequence T = {kn}, oy of natural numbers such that
0(T)=1 and p — lirr%xn =1L, i.e, p—limzy, = L.

ne n
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Proof. Necessity: First suppose that st, —limx = L. Then, for every ¢ > 0 and j € N,
let
1
1G9 = {neN: 10> 1- 1}
Observe that, for e > 0 and j € N,

T(j+1,e) T (j,¢). (2.4)
Because st, — limx = L, we can write
0(T(4,e))=1, (¢>0andjeN). (2.5)

Let 71 be an arbitrary number of T (1,£). Then, by (2.5), there is a number ry €
T(2,¢), (ro > r1), such that, for all n > ro,

1 1 1
— 9 k<n: g — 1—-- —.

Further, by (2.5), there is a number r3 € T'(3,¢), (r3 > r3), such that, for all n > rs,

1 2
{kgn:uka(€)>1—3} 3’

and so on. Hence, by induction we can construct an increasing index sequence {r;}

>

jEN
of natural numbers such that r; € T'(j, ¢) and such that the following statement holds
foralln>r; (jeN):

1 1 ji—1
He<n i1 25 2.6
Now we set the increasing index sequence T' as follows:
T:={neN:l<n<r}u U{nGT(j,e):rj§n<rj+1} . (2.7)

jEN
Then by (2.4), (2.6) and (2.7) we conclude, for all n, (r; <n <r,41), that

1 1
{kgn:uxk_,;(e)>1—j}

>1-—-.
J

Therefore it follows that § (T') = 1. Now choose a number j € N and let € > 0 such

that % < ¢&. Suppose that n > v; and n € 1. Then, from the definition of T, there

exists a number m > j such that v,, <n < v,,41 and n € T (j,¢) . Hence, we get, for

every € > 0,

1 1
— <n: TY > —
n|{k_n ke }|_n

1
Po,—L(e)>1—=>1—¢
J
for all n > v; and n € T, which implies

— limx,, = L.
p— limg

This completes the proof of necessity.
Sufficiency: Assume that there exists an increasing index sequence T' = {k, }, o
such that 6 (T) =1 and p — hII%In = L. Now, for any ¢ > 0 and A € (0,1), there is
ne
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a number ng such that for each n > ng the inequality p,, 1 (¢) > 1 — A holds. Now
define S (\,e) :={n € N: u,, 1 (¢) <1—A}. Then we have

S ()\,5) CN-— {kn07kno+1; kn0+2, } .

Since §(T) = 1, we get 0 (N — {kny, kng+1s kng+2s--}) = 0, which yields that
§5(S(\e))=0.

Hence, we get st, —limxz = L. O

By a similar technique as in the above theorem one can get the following result
at once.

Theorem 2.9. Let (X, ) be a P—modular space and © = {xy} is a sequence in X.
The following statements are equivalent:

(a) x is a st,— Cauchy sequence.
(b) There exists an increasing index sequence T = {k,} of natural numbers such
that 0 (T) = 1 and the subsequence {xy, },cy 95 a p—Cauchy sequence.

Remark 2.10. If st, — limxz,, = L, then there exists a sequence y = {y,} such that
p—limy, =Land 6 {neN:z, =y,}) =1

Now, we show that statistical convergence on a P—modular space has some
properties similar to the properties of the usual convergence on R.

Lemma 2.11. Let (X, u) be a f—homogeneous P—modular space.
1. If st, —limx = L; and st, —limy = Lo,
then st,, —lim (x +y) = L1 + Lo.
2. Ifst, —limz = L and o € R, then st, —limox = ol.
3. If st, —limx = Ly and st, —limy = Lo,
then st, —lim (v —y) = L1 — Lo.

Proof. (1) Let st,—limx = Ly , st,,—limy = Ly and A € (0,1) . There exists € (0,1)
such that (1 —n) A (1 —n) > 1 — A There exists k; € N and subset A; of density 1
such that pg, —1, (2[;%) > 1—1n holds for all e > 0, k € A; and k > k;. Also, there
exists k2 € N and subset Aj of density 1 such that p,, —r., (zﬁ%) > 1 —n holds for all
e >0, k € Ay and k > ko. Take ko = Inax{kl,kQ} and A = AN Ay s then 5(A) =1
and for every € > 0, k € A and k > ky we have

9 9
Hap—La)+wn—L2) () 2 Ma@e—Ly) (5) A 2y~ Lo) <§>
13 g
= Hay—L, <W) A Py —Lo (W)
> (I=mAl-n)>1-A

That is st, —lim (v +y) = L1 + Lo.
(2) Let st, —lima = L, ¢ > 0, A > 0. We may assume that o = 0. In this case

foxy—oL (€) = po (€) =1 >1 -\

So we get u — limx, = 0. Then from Theorem 2.5 we have st,, — limzj, = 0.
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Now we consider the case of a € R(a # 0). Since st, — limz = L, if we define
the set

T,(Ne)={keN:py () <1-A}

then we can say ¢ (T, (A, €)) = 0 for all € > 0 which implies ¢ (N/T), (\,¢)) = 1. If
ke N/T, (X ¢€), then we get

13
Nowk—aL(g) = Mzp—L ()

|al
e
> Pap—L (€) Ao o] ¢

= Hzp-L (E) A1
= Mz,-L (E) >1-=A

for o € R(a # 0) . That is
6({k € N : /f«azkfaL (5) é 1-— )\}) = 0

So st, —limoax = aL.
(3) The proof is clear from (1) and (2). O

Theorem 2.12. Let (X, p) be a P—modular space and S} (X) the space of bounded
statistically convergent sequences on the P—modular space. Then the set S} (X) is a
closed linear subspace of the set It (X).

Proof. Tt is clear that S} (X) C Si' (X). Now we show that S}’ (X) C S (X).Lety €
Si* (X)), then because of B (y, \,e) NS} (X) # @, there is an z € B (y, X\, ) NS} (X).

Let e > 0 and for a given n > 0 choose A € (0,1) such that (1 —X) A (1—X) >
1 —mn. Since z € B (y, A, e) NS} (X), there is a set T C N with ¢ (T") = 1 such that

3

Hyn—an (2) >1—Xand pig, (i

2)>1—)\

for all n € T. Then we have

luyn (E) = lu’ynfzn+zn (5)

(3) Amen (5)
Ky —zp B Haz,, B

1777;

\Y]

V

for all n € T. Therefore

S(fneT:p, (€)>1-n)) =1

and so y € S} (X). O
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3. Statistical limit points and statistical cluster points on P —modular
spaces

The concepts of statistical limit points and statistical cluster points of real num-
ber sequences were given by Fridy in 1993 [5]. Also, he gives relations between them
and the set of ordinary limit points. In this section we study the analogues of these
notions on probabilistic modular spaces.

Definition 3.1. Let (X, 1) be a P—modular space. Thenl € X is called a limit point of
the sequence © = {x} with respect to the probabilistic modular p (or p—1limit point) if
there is a subsequence of x that converges to | with respect to the probabilistic modular
w. The set of all limit points of the sequence x is denoted by L, (x).

Definition 3.2. Let (X,u) be a P—modular space. If {xk(j)} is a subsequence of
z = {xx} and K := {k(j) € N: j € N} then we abbreviate {xy;)} by {a}, in this
case § (K) = 0. {z}j is called a thin subsequence or subsequence of density zero.
Additionally, {x} is a nonthin subsequence of x if K does not have density zero.

Definition 3.3. Let (X, ) be a P—modular space. L € X is called a statistical limit
point of the sequence x = {1} with respect to the probabilistic modular p (or st,,—limit
point) if there is a nonthin subsequence of x that converges to L with respect to the
probabilistic modular p and we say L is a st,—limit point of the sequence x = {xy}.
The set of all st,—limit points of the sequence x is denoted by A, (x).

Definition 3.4. Let (X, i) be a P—modular space. Then v € X is called a statistical
cluster point of the sequence x = {xy} with respect to the probabilistic modular u (or
st,,—cluster point) if for alle >0 and A € (0,1)

S({keN: g (6) >1—A}) > 0.

In this case we say that v is a st,—cluster point of the sequence v = {x1}. The set
of all st,—cluster points of the sequence x is denoted by '), (x).

Theorem 3.5. Let (X, ) be a P—modular space. For any sequence x € X it holds
Ay (z)CTy(x).

Proof. Assume L € A, (x), then there is a nonthin subsequence {xy;)} of # = {z)}
that is st,—convergent to L, i.e. for all e > 0 and A € (0,1)

§({k(j) €N:pgy,,-L(e) >1=A}) =d>0.
So
{k €N py—1 () > 1 =M} D{k()) €Nt pgy -1 () > 1= A},
we have
{keN:puy, _r(e)>1-A} DO {k(j)eN:jeN}
\{k(j) €EN: gy, - (e) 1= A}.

Since {xk(j)} is st,—convergent to L, the set

{k() €Nt gy p () S1-A)
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is finite for every € > 0. Hence,
d({k €Nt pig () >1-A}) = d({k(j) EN:jeN})
-6 ({k (j) eN: Py —L (e)<1-— )\}) .
Therefore
({keN:py () >1-2})>0
thatis Le T, (z). O

Theorem 3.6. Let (X, u) be a P—modular space. For any sequence x € X it holds
Ly (x) € Ly ().
Proof. Suppose v € I';, (), then
S({keN: g _~()>1—-A}) >0

for any € > 0 and X € (0,1). Set {z}, a nonthin subsequence of x such that

K:={k(j) €N: g, -~ () >1-A}
for every € > 0 and  (K) # 0. Since there are infinitely many elements in K, v €
L,(x). O
Theorem 3.7. Let (X, p) be a P—modular space. For a sequence x = {x}} with st, —
limaz = L it follows that A, (x) =T, (x) = {L}.

Proof. First we show that A, (z) = {L}. Assume that A, () = {L,N} (L# N).
Then we can write that there exist nonthin subsequences {zy(;)} and {z;;)} of
x = {x} that are st,—convergent to L and N , respectively. Because of {xl(j)}
is st,,—convergent to N for every e > 0 and A € (0,1)

K :={l(i) €N: pg,, -~ (e) <1—=A}
is a finite set, so § (K) = 0. Then we observe that
{l(i)eN:ieN} = {I(i) eN: g, -n()>1-A}
U{l(1) €N: pigy -~ (e) <1 =2}
which implies that
6 ({1(i) €N pig, -~ (€) > 1= A}) #0. (3.1)

Since st, —limz = L,

SR EN oy 1(e) S1-A}) =0 (3.2)
for every € > 0. Hence, we get

O({keN:pg—1(e) >1—=A}) #£0.
For every L # N

{1(1)) eN: gy -n(€) >1=A}N{k €Ny () >1-A} = 2.

So
{1(5) €N pg, - (€) > 1-A} C{keN: g _r(e) <1—A}.
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Therefore

0({l(i)eN: gy —n (€) > 1= M) <6({keN:py_1(e) <1-A}) =0.
This contradicts (3.1). Hence A, (x) = {L}.

Now suppose that '), (z) = {L, M} (L # M) . Then

S({k €N: g _ar(e) >1—A}) #0. (3.3)
Since
{kENZka_L(E) > 1—)\}ﬂ{k€N:,qu_M(5) > 1—)\}:®
for every L # M, so
{keN:py () <1=AD{keN:py—pm(e)>1—A}.

Hence

S(H{keN: g 1(6)<1—=AN>6({kEN: pg_nr(6) >1—=2}). (3.4)
From (3.3), the right hand-side of (3.4) is greater than zero and from (3.2), the left
hand-side of (3.4) equals to zero. This is a contradiction. So I',, () = {L}. O

Theorem 3.8. Let (X, u) be a P—modular space. Then the set T, is closed in X for
each sequence x = {xy} of elements of X.

Proof. Let y € T, (x). Take ¢ > 0 and 0 < A < 1. There exists v € T';, (z) N B (y, A, €)
such that

B(y,Ae)={r € X :py_(e) >1—A}.
Choose ¢ > 0 such that B (v,(,e) C B(y, A, e). We get
{keN:puy_s, () >1=A}D{kEN: py_y, () >1-(}
SO
SUREN: fy 4y (£) > 1= A} #£0
and y € T'. d
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