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Subclass of meromorphic functions with positive
coefficients defined by convolution

M.K. Aouf, R.M. EL-Ashwah and H.M. Zayed

Abstract. In this paper we introduce and study new class of meromorphic func-
tions defined by convolution. We obtain coefficients inequalities, distortion theo-
rems, extreme points, closure theorems and some other results for the modified
Hadamard products. Finally, we obtain application involving an integral operator.
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1. Introduction

Let X denote the class of meromorphic functions of the form:

f(z) =§+Zakz’2 (1.1)
k=1

which are analytic in the punctured unit disc U* = {z: 2 € Cand 0 < |z| < 1} =
U\{0}. Let g € X, be given by

z) = 1 + 3 brz", 1.2
9(2) = - ; s (1.2)
then the Hadamard product (or convolution) of f and g is given by
1 [ee]
(fxg)(z) = ;"’Zakbkzk = (9 f)(2). (1.3)
k=1

A function f € ¥ is meromorphic starlike of order 5 (0 < 8 < 1) if

~Re { ZJJ:(;)} > B (2 €U), (1.4)



290 M.K. Aouf, R.M. EL-Ashwah and H.M. Zayed

and the class of all such functions is denoted by ¥*(5). A function f € ¥ is meromor-
phic convex of order § (0 < 5 < 1) if

zf"(2)
—Re{1+ o) }>6(zeU), (1.5)

and the class of such functions is denoted by X7 (/). The classes ¥*(5) and X} (f) are
introduced and studied by Pommerenke [11], Miller [9], Mogra et al. [10], Cho [4],
Cho et al. [5] and Aouf ([1] and [2]).

Fora>0,0<8<1, 0< A< 3 and g is given by (1.2), with b, > 0 (k > 1),
we denote by M(f,g;a, [, \) the subclass of ¥ consisting of functions of the form
(1.1) and satisfying the analytic criterion:

no A0 (@) £ AR 20 ()

R‘{< —Axf*gxz»+xdf*gyw>+5}
2+ 9) () £ A2(f *9)(2)
(=X (f *9)(2) + Az(f *xg)'(2)

We note that for suitable choices of g , o and A, we obtain the following subclasses:

M. 050 = X(9) (0 4 < )

+1|(z € U). (1.6)

and
M(f,

(see Pommerenke [11]).
Also, we note that

(1) M(f,g;,8,0) = N(f,g;, )

ﬁ;o,ﬁ;l) =Ti(8) (0<B8<1)

~{rezime (WW)N e | eenfs
(2) Putting g(2) = i+z<£ +‘”‘:)m ), then the class
+§:<e+6k> Fra B.N)

k=1
reduces to the class

. _ . S (5,01 () A (™ (5.0 ()
Myelmse 8,0) = { £ € 2 —Re { G S n ity + 8} 2 o

A=NUI™ (6,0 f(2))+A=(I™(8,0) f(2))
where the operator

e e ] 1‘ (6>0; £>0; meNo; zeU)},

I o= [+ E\™
Im(o,¢ =- — k 1.7
3.0() Z+g;(€ ) (1.7
was introduced and studied by El-Ashwah [6, with p = 1] (see also Bulboacd et al.
[3], El-Ashwah [7, with p = 1] and El-Ashwah et al. [8, with p = 1]).



Subclass of meromorphic functions with positive coefficients 291

2. Coefficient estimates

Unless otherwise mentioned, we assume throughout this paper that
1
a>0,0<p6<1, OS/\<§, g is given by (1.2) with by > 0 and by, > by

(k>1).
Theorem 2.1. Let the function f defined by (1.1). Then f € M(f,g;a, B, ) if and
only if

oo

S+ AE = D] k(1 +a) + (a+ B)] axbr < (1= B)(1 —2)). (2.1)
k=1

Proof. Let the condition (2.1) holds true and using the fact that

—Re(w) > a|w + 1| + A if and only if — Re{(1 + ce’)w + ae'®} > 3,

we have
nof A0/ () A+ 0)(2)
" {(1—A)(f*g)(Z)JrAZ(f*g)’(Z) *5}
2(f g (2) + A2(f *9)"(2)
= ‘ =N *9)(2) + A x9)(2) T 1"
Hence

2(f x9)'(2) + A2 (f * 9)" ()
(=X *9)(z) + Az(f * 9)'(

—Re {(1 + ae') 3 + ae”} > B,

or, equivalently,

(Ltae™®)[2(f2g) () 4222 (Fg)” ()] +ae?® [(1-A)(F+g) (=) +A=(f*0)’ ()]
—Re { TN ) ()= *9)(2) 2 B,

where —m < 6 < 7. Suppose that

G(z) = —(1+ae”) [2(f % 9)'(2) + X2*(f % 9)"(2)]

—ae [(1=N)(f *9)(2) + A=z(f * 9)'(2)],
H(z) = (1= N(f*9)(2) + A2(f x 9)' (2),
and using the fact that
Re(w) > B if and only if |w — (1 + B)| < |w + (1 — B)| where w = —(u + iv),
we need to prove that
G(2) + (1= B)H(2)| > |G(2) = (1 + B)H(2)| for 0 < < 1.

Then
|G(2) + (1= B)H(z)| — |G(2) — (1 + B)H(2)|
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= [(2-6)(1-2)) [k — (1 =)+ Ak —1)]arbpz® — e,

1
z

NE

>
Il
—

.i(k + D1+ Mk — D)]apbpz®| —

k=

1 oo
‘ B =20~ = [k+(1+p)]
k=1

—
N

14+ AE = 1D)]agbpz® — ae' i(k + D)1 4+ Ak — 1)]arbyz*

k=1
> (2-B)( 1—2)\% Sk — (1 B+ Ak — Dlaghe 2" — o
k=1

é(k + )1+ Ak — Dlagby |2 — B(1 - 2A)ﬁ g:l ot (14 9)].

14 Ak — 1)]agby |2 — ai(k + )[1+ Mk — D]arbg |2|"
= 21-p8)(1- 2§: (k+ B)[1 4 A(k — 1)]agby |2 — 2a.

P
.i(k + 1)[1+ Mk — D]agbg |2 > 0.
k=1

On simplification we easily arrive at the inequality (2.1).
Conversely, suppose that f is in the class M (f, g; o, 8, A). Then

(140 ) [2( )’ ()4 A22(Fxg)" (2)] +ae® [(1-N)(Fxg) ()4 A=(Fg)' ()]
—Re { TN 9) ()= (F>9)(2) 2 B,

Hence
(1-20)(1-p)L - f {k +ae®(k+1) + B}1 + Ak — 1)]axby2*

Re k=1 = >0,
(1=2)N)2 4+ Y 1+ Ak — 1)]agby2”
k=1

If we now choose z to be real and z — 17, we write

[e.9]

D [+ AE= D] k(L + @) + (a+ B)] arby < (1= B)(1 —2)),
k=1
which completes the proof of Theorem 2.1.
Corollary 2.2. Let the function f defined by (1.1) be in the class M (f, g;«, 8,\). Then

(1-B)(1-2)) 09)
LT+ Ak—=1D]k1+a)+ (a+8)] by '
The result is sharp for the function

fe) =+

a <

(1—-8)(1—2)\)
[T+ XKk — D] [k(1+ )+ (a+ B)] by - (23)
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3. Distortion theorems

Theorem 3.1. Let the function f defined by (1.1) be in the class M(f,g;«, B, \), then
for 0 < |z| =r < 1, we have
1 (1-p1-=2)
lz|  Qa+p+1)b
The result is sharp for the function f given by

lz] < |f(2)] < 1.,.%

EREC e IS

1 1-pa-2y
Proof. 1t is easy to see from Theorem 2.1 that
2o+ B+ 1)b Y ar <Y [1+Ak— D] k(1 +a) + (a + 8)] axbr
k=1 k=1
<(1-B)1 -2\,
Then
- —B)(1 —=2X)
kz:: S (2a+ B+ 1)by (33)
Making use of (3.3), we have
EE ﬁ SET
k=1
1 1-=-/0-=2x
S E RN E o)
and
1G] € Y w
k=1
< 1 %| l, (3.5)

Izl 7 (2a+ B+ 1)y

which proves the assertion (3.1), and this completes the proof of Theorem 3.1.
Theorem 3.2. Let the function [ defined by (1.1) be in the class M(f,g;a, 8, ), then
for 0 <|z| =r <1, we have

L (1=p)-2) (L-B)(1—2)

— <|f(»)| < — . 3.6
22 (2a+B+1)b sIF @)= 1z (2a+B+1)b (36)
The result is sharp for the function f given by (3.2).
Proof. From Theorem 2.1 and (3.3), we have
1—2)\
Zkak < L (3.7)

(2a+ 4+ 1)by

Since the remaining part of the proof is similar to the proof of Theorem 3.1, we omit
the details.
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4. Closure theorems

Let the functions f; be defined, for j =1,2,...,m, by
1 k
== g ; ;i >0). 4.1
> + — ak,jz" (ak,; > 0) (4.1)

Theorem 4.1. Let the functions f; (j = 1,2,...,m) defined by (4.1) be in the class
M(f,g;a,8,\). Then the function h defined by

SR X

Z+Z< Z )z (4.2)
j=1

also belongs to the class M(f, g;a, B, A).

Proof. Since f; (j =1,2,...,m) are in the class M(f, g; o, 5, A), it follows from Theo-

rem 2.1, that

o0

D LA+ AE = D] k(1 +a) + (@ + B)] ax,bx < (1= B)(1 -2,

k=1
for every j = 1,2, ..., m. Hence

oo

1+ Ak —D][E(1+a) + (a+ B)]b Za,w

k=1

*Z (Z L+ Ak = D][F(1+a)+ (a+B)] ak,jbk>
k=1

< alp-2n.

From Theorem 2.1, it follows that h € M(f, g; «, 8, A). This completes the proof of
Theorem 4.1.
Theorem 4.2. The class M(f, g;a, B, \) is closed under convex linear combinations.

Proof. Let the functions f; (j = 1,2) defined by (4.1) be in the class
M(f,g;a,8,A\). Then it is sufficient to show that the function
h(z) = nf1(z) + (L = n)f2(2) (0<n < 1), (4.3)
is in the class M(f, g; a, B, \). Since for 0 < n <1,
1 o0
h(z) = ~ + ;[Uflk,l +(1- n)ak,g]zk, (4.4)
with the aid of Theorem 2.1, we have
S I+ Ak = D] k(L + ) + (a+ B)] belnak 1 + (1 —n)a 2]
k=1

< 1= =2+ 0= -1 -2}
1=/ —=2x),
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which implies that h € M(f, g;a, 5, ).
Theorem 4.3. Let o > 0, then

M(f,g;a,8,\) € N(f,g;0,0),

where
20 -8 =201+ «)
Qa+p8+1)+(1-B)(1-2))
Proof. If f € M(f,g;, 3, )), then

oc=1-

14+ Ak = D] [EQ +a) + (a+ B8)] by
2 (1-08)(1—2))

We need to find the value of o such that

ap < 1.
k=1

o0

Z [k(1+a)+ (a+0)]| b

<1
1-0) ag =

k=1
Thus it is sufficient to show that

El+a)+(a+o0)] _ [1T+AE=D]EQ1L+a)+ (a+P0)]

-0y~ (-5 —2)
Then
oc<1-— (k+1)(1-=6)1-20)1+a)
T D+ AME-D] k(1 + )+ (a+B)] 4+ (1—B)(1—2))°
Since
D(k)=1— (k+1)(1-B)(1—2))(1 +a)

is an increasing function of k (k > 1), we obtain

B 2(1 = B)(1 —2))(1 + )
s P =l- G a2y

1
Theorem 4.4. Let fo(z) = — and
z

k
TG DRt o) T @ T A Y

LT+ AMk—D][kQ+a)+ (a+B)]+ (1 —5)1—2\)

295

(4.6)

(4.8)

Then f is in the class M(f, g; o, B, A) if and only if can be expressed in the form

F) = mfil(2),
k=0

where py, > 0 and Zuk = 1.
k=0

(4.9)
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Proof. Assume that

F2) = > mfe()
k=0

LY (1- )1 —2) .
= z+; TG DR+ @rgn/s 410
Then it follows that
S (L4 AG = DIk +a) + (0t B b (1-8)(1 -2
2 (1—-B)(1—2N T+ AE-DIFI+a)+ (@t B) b ™

o0
ZZMk-Zl—MOSL
k=1
which implies that f € M(f,g;a, 8, A).
Conversely, assume that the function f defined by (1.1) be in the class M (f, g;
a, B, A). Then

o < (1-8)(1-2))
S AE— DA+ a)+ (a+ B8)] b
Setting
_B4AE- DIk + o) + (ot B)be
& (1-B)(L—2%) b
where

o0
#ozl—Zuk,
k=1

we can see that f can be expressed in the form (4.9).

Corollary 4.5. The extreme points of the class M (f, g; v, B, A) are the functions fo(z) =
1

2 and
(1-8)(1—=2))
L+ Ak—=D]E(1+a)+ (a+5)] b

fe(2) = % + 2 (k> 1). (4.11)

5. Modified Hadamard products

Let the functions f; (j = 1,2) defined by (4.1). The modified Hadamard product
of f1 and f5 is defined by

(fi* f2)(2) = % +) arpar2?® = (fax f1)(2). (5.1)
k=1
Theorem 5.1. Let the functions f; (j = 1,2) defined by (4.1) be in the class
M(fvg;avﬁv)‘)' Then fl *f? S M(fag;a,% )‘)7 ’LUh€’f‘€
2(1—B)%2(1 -2))(1 + )

ool (2a+ B+ 1)2by + (1 — B)2(1 —2))° (5.2)
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The result is sharp for the functions f; (j = 1,2) given by
1 a=p0-2N
fi(z) = z + (2a+ 8+ 1)b

Proof. Employing the technique used earlier by Schild and Silverman [12], we need to
find the largest real parameter ¢ such that

[ AE = D] [EQ+ )+ (a4 )] by
2 1- o)1 -2
Since f; € M(f,g;a,8,)) (j =1,2), we readily see that

z(j=12). (5.3)

ag10k2 < 1. (5.4)

1 HMNE—=D][F(1+a)+ (a+B)] bk
;;1 DY ar1 <1, (5.5)
and
N1+ Ak — D] [E(L + @) + (o + )] by,
kzz:l (1—ﬁ>(1—2)\) ak,2§1. (56)
By the Cauchy-Schwarz inequality we have
[+ ME=D]EA+a)+ (a+B)]b
2 Ty e < 1 57
Thus it is sufficient to show that
[T+ Ak — 1] k(14 @) + (a+ ¢)] by <
1-p)1-2) e =
[14+ (k= D] [k(1+ @) + (a+ B)]b
(-1 -2 A 58
or equivalently, that
k(14 0)+(a+B)](1-¢)
VIR S (R (T a) + (o o) (L= 9) )
Hence, in light of the inequality (5.7), it is sufficient to prove that
(1)1 -2 R R ) [T

L+ Ak =D]EQ+a)+(a+B)bx ~ [k(1+a)+ (a+e)](1-5)
It follows from (5.10) that

<1 (1—-758)2(1-2)N)(1 +2a)(k+1) . (5.11)
1+ Ak — D] [E(L+ @) + (a+ B8)]* b + (1 — B)2(1 — 2))
Now defining the function E(k) by

B =1 (1—08)%(1—2))(1 —|—2a)(k+1) C 612)
(14 Ak = D[R+ @) + (a+ B)]  bi + (1 — B)2(1 — 2))
We see that E(k) is an increasing function of k£ (k > 1). Therefore, we conclude that
2(1—B)2(1 —20)(1 + )
2+ B+ 1)20; + (1 = B)3(1 = 2))’

p<EQ1)=1- (5.13)
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which evidently completes the proof of Theorem 5.1.

Using arguments similar to those in the proof of Theorem 5.1, we obtain the following
theorem:

Theorem 5.2. Let the function fi1 defined by (4.1) be in the class
M(f,g;a,8,\). Suppose also that the function fo defined by (4.1) be in the
class M(f,g;c,p, N). Then f1 % fo € M(f,g;a,(,\) where

21— B)(1 = p)(L = 20)(1 + )

c=h- 2a+B+1)2a+p+1)by + (1= B)(1—p)(1 —2))° (5.14)
The result is sharp for the functions f; (j =1,2) given by
fl(z) = é + w (5.15)

2o+ B+ )by
and
1 1-— 1—-2X\
o) = L4 =)0 =24
z (a+p+1)b
Theorem 5.3. Let the functions f; (j = 1,2) defined by (4.1) be in the class
M(f,g;a,B,\). Then the function

(5.16)

oo
+Z ak1+a‘k2 (517)
k=1

belong to the class M(f,g;a, e, ), where

_ 41— B)2(1 —2))(1 + a)
oo (20 + B+ 1)2b; +2(1 — B)2(1 —2)\) (5.18)

The result is sharp for the functions f; (j =1,2) defined by (5.3).
Proof. By using Theorem 2.1, we obtain

o~ [ AE = DIk + o) + (a4 )b *
2{ }

2 (- B —2) o
and 2
[+ ME =D k(L +a)+ (a+B)]bx |~
ST f oo
- 2
(e e
k=1

It follows from (5.19) and (5.20) that

1 (1 + Ak =D [k(Q+a)+ (a+B8)] b’
22{ 00— k} (

k=1

arq +apy) < 1. (5.21)
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Therefore, we need to find the largest € such that
1+ Ak—1)]k1+ o)+ (a+e)] bk

(1—e)(1-2))
§2{ (1-8)(1—2)) k} ;
that is
e<1-— 2(1 - B)2(1 —2X) (1 + a)(k + 1)
T AR D[R+ o)+ (o B)) b+ 201 = 8)2(1 - 2))
Since
G(k)=1— 2(1—B)2(1 -2 (14 a)(k+1)

14+ Ak —

is an increasing function of k

J k(1 +
(k

e<G(l)=1-

1+
> 1), we obtain
4(1—B)%2(1 =20 (1 + )
(2a + 6+ 1)2b1 + 2(1 — ﬂ)Q(l — 2)\)7

and hence the proof of Theorem 5.3 is completed.

6. Integral operators

@)+ (a+ B)] b +2(1 = B)2(1 = 2))

299

(5.22)

(5.23)

(5.24)

(5.25)

Theorem 6.1. Let the functions f given by (1.1) be in the class M (f, g; o, B, \). Then

the integral operator
1
c/ucfuz Ydu (0 <u < 1; ¢>0),
0

is in the class M(f, g;a, &, \), where
2c(1-B)(1+a)
(c+2)2a+p+1)+c(1-75)

The result is sharp for the function f given by (3.2).
Proof. Let f € M(f,g;c,,)), then

£=1-

1
F(z) = c/uc fuz)du
0
1 > c k
B §+;k+c+1akz
Thus it is sufficient to show that

1+ Ak —=D][EQ+a)+ (a+8&)] by

k+c+1)( —6(1-2N a < 1.

M

(6.4)
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Since f € M(f,g;a, (8, ), then

1+ Ak — D)) [k(1+ @) + (a+ B)] by
;; Y ar < 1. (6.5)

From (6.4) and (6.5), we have
ckQ+a)+ (@t 9] _ [k +a)+(atf)

(k+0+1)(1—§) - (1_5)
Then
£<1— c1-B)(k+1)(1+a)
= (ctk+DkQ+a)+(@+B)]+c(l-8)
Since
Y(k)=1- c(1=p)k+1)(1+a)

(c+k+1D)k(l+a)+ (a+B)]+c(l-p5)
is an increasing function of k (k > 1), we obtain

2c(1-B)1+ o)
(c+2)2a+B+1)+c(1—-p5)’
and hence the proof of Theorem 6.1 is completed.
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