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Approximation with an arbitrary order
by generalized Szasz-Mirakjan operators

Sorin G. Gal

Abstract. By using two given arbitrary sequences a,, > 0, 8, > 0, n € N with
the property that lim, o Bn/an = 0, in this very short note we modify the
generalized Szasz-Mirakjan operator based on the Sheffer polynomials in such a
way that on each compact subinterval in [0, 4+00) the order of uniform approx-
imation is wi(f;\/Bn/an). These modified generalized operators can uniformly
approximate a Lipschitz 1 function, on each compact subinterval of [0, c0) with
an arbitrary good order of approximation \/Bn/an.
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1. Introduction

In [8], Szész introduced and investigated the approximation properties of the
linear and positive operators attached to continuous functions f : [0,00) — R,
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Generalizing the above operators, in [5] Jakimovski and Leviatan introduced and
studied the qualitative approximation properties of the operators given by
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Pu(H)(@) = S 3 prlna) f(k/m),
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where py are the Appell polynomials defined by the generating function
(oo} oo
A)e™ =Y pr(a)t, A(z) =) erz®, o #0,
k=0 k=0

is an analytic function in a disc |2| < R, (R > 1) and A(1) # 0. For A(z) = 1, one
recapture the Szdsz-Mirakjan operators.
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In [4], Ismail introduced and studied the qualitative approximation properties
of a generalization of the Jakimovski-Leviatan operators, given by

7na:H (1)

To(f)(z) = Zpk nx)f(k/n),

where py are the Sheffer polynomials (more general than the Appell polynomials)
defined by

)erH® Zpk x> 0,t| <R, (1.1)
with A(z chz (2) = Z hy,2", analytic functions in a disk |2| < R, (R > 1),
k=1

A1) £ 0, H’( ) =1, cx,hy R, forall k > 1, cg € R, cg # 0, hy # 0, and supposing

that p(z) > 0 for all z € [0,00), k > 0.

Quantitative estimate of the order wy (f;1/4/n) in approximation by the T,,(f)(x)
operators were obtained by Sucu-Ibikli in [7].

By using two sequences of real numbers, (ay,)n, (Bn)n with the properties that
lim,, oo % =0, in [1] Cetin and Ispir introduced a remarkable generalization of the
Szasz-Mirakjan operators attached to analytic functions f of exponential growth in a
compact disk of the complex plane, |z| < R,
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which approximate f in any compact disk |z| < r, r < R, with the approximation
order g—"
The main aim of this short note is to consider the Ismail’s kind generalization of

the above operator, but attached to a real function of real variable defined on [0, +00),

e—anxml)/ﬁn
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n

under the above hypothesis on A, H and pj, obtaining the order of approximation
w1(f;\/Pn/n) which, for example, in the case of Lipschitz 1 functions on [0, c0)
gives the order of uniform approximation O(\/fB,/an) on each compact subinterval
of [0, 00).

Notice that for a,, = n, B, = 1 for all n € N, we recapture the above Ismail’s
generalization of the Szdsz-Mirakjan operators. Also, evidently that T),(f; an, Bn)(2)
generalize the operators introduced in [1].

Since the sequence 5, /a,, n € N, can evidently be chosen to converge to zero
with an arbitrary small order, it seems that in the class of Szdsz-Mirakjan type opera-
tors, the generalization T, (f; aun, Bn), n € N, represents the best possible construction
and the most general.
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2. Main results

Since T,,(f; an, Bn), n € N are positive linear operators, we will follow the stan-
dard line of study. Firstly, we need the following lemma.

Lemma 2.1. Denoting ey (z) = z*, for all z € [0,00) and n € N we have:
(Z) Tn(eo;an7ﬁn)(m) = 17' ,
(1) Tulex; am, B (z) = @+ 22 S0
. (24’ ﬁ A" A
(111) Tp,(e2; o, Bn)(z) = —|—1‘B’ (2,4(8) +H"(1) + 1) + o8 (%) ;
. n /’L A A//
(i) To((- = 2)% 0. B) (@) = el (H'(1) 1) + G - 200,

Proof. (i) If in (1.1) we take t = 1 and replace x by 3”60‘:1 then we obtain

A(l) . e;cH(l)Om/Bn — Zpk(xan/ﬂn)7

k=0
which evidently is equivalent to T, (eo; an, Bn)(z) = 1.
(ii) Differentiating with respect to t the generation formula (1.1), we get

A'(t) - e B L A(t) -z H'(t) - e H® Zpk )kt
Taking above t = 1 and replacing = by x%, it follovvs
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Multiplying both sides by % Bn it follows
A/ 1 . —x(l)an/ﬁn o k n
( ) £+x_7 Zpk xan/ﬂn)'i:Tn(el;anvﬁn)(x)'

A1) an T AQD)
(iii) Differentiating (1.1) twice Wlth respect to t, we get
A" (e O L g[24'(t) - H'(t) + AR)H" (1)]e® @ + 22 A(t)[H' (1)]? - 7O

—Zpk (k — 1)th==2.
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Taking here ¢ = 1, replacing = by T 3 and then multiplying both sides by

—wH(1)an/8 2
€ UaSSi %, it follows
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= Th(e2; an, Bn)(x )—% T(e1; am, Bn)(x),

n
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which by using (ii) too implies

Tn(e2; Qn, ﬂn)(l‘)
A"(1) B3 24'(1) " 2, Pn B A(1)
= Ln H"(1 n Zn
A ag” an \amy THIW) ) Fam+ T ot ’
leading to the required formula.

(iv) It is an immediate consequence of (i)-(iii) and of the linearity of T, (-; aup,, B )-
O

The main result of this section is the following.

Theorem 2.2. Let f : [0,00) — R be uniformly continuous on [0,00). Denote
wi(f;0) =sup{|f(z) = fy)l; |z —y| <6, z,y € [0,00)}. For all x € [0,00), n € N we
have

T (f5 an, Br) () — f ()]
< (1 + \/(H”(l) + 1)z + Bn W) ~wi1(f; v/ Bn/am).

(677

Proof. By the standard theory (see e.g. Shisha-Mond [6] where although the results
are obtained for continuous functions on compact intervals, the reasonings remain the
same if the functions are (uniformly) continuous on [0, +o0)), we have

T (f5 s Bn) (@) = f(@)] < (1467 V(- = @)% an, Ba) (@))wr (3 6).
Replacing § = 1/ and using Lemma 2.1, (iv), we arrive at the desired estimate. [

As an immediate consequence of Theorem 2.2 we get the following.

Corollary 2.3. Suppose that there exists L > 0 such that |f(z) — f(y)| < L|z —y|, for
all z,y € [0,00). We have

|Tn(.fa O‘nvﬂn)(z) - f(JC)‘
<L <1 + \/(H”(l) + 1)z + Pn. A/(I)AJ(FUAN(I)> “\ Bn/tn.

n

Remark 2.4. In order to get uniform convergence in the above results, the expression
under the square root in the above estimations must be bounded, fact which holds
when z belong to a compact subinterval of [0, +00).

Remark 2.5. The optimality of the estimates in Theorem 2.2 and Corollary 2.3 consists
in the fact that given an arbitrary sequence of strictly positive numbers (v;,)n, with
lim,, o, 7 = 0, we always can find the sequences ., 8, satistying wi(f;\/Bn/an) <

ﬂn

Yn for all n € N in the case of Theorem 2.2 and (/2= <, for all n € N, in the case

of Corollary 2.3.

Remark 2.6. For a,, = n and 8,, = 1 we recapture the results in [7], but the estimates
there are essentially weaker than those in the present results.
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Remark 2.7. If f is uniformly continuous on [0, +00) then it is well known that its
growth on [0, +00) is linear, i.e. there exist a, 8 > 0 such that |f(z)| < ax + 3, for all
x € [0,400) (see e.g. [2], p. 48, Probléme 4, or [3]).

Acknowledgement. The author thanks the referee for pointing out the linear growth
of the uniformly continuous functions on [0, +00).
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