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On a generalization of Szasz operators by
multiple Appell polynomials
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Abstract. In this paper, we define a form of positive linear operators by means of
multiple Appell polynomials. Also, Kantorovich type generalization and simulta-
neous approximation of these operators are given. Convergence properties of our
operators are verified with the help of the universal Korovkin-type property and
the order of approximation is calculated by using classical modulus of continuity.
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1. Introduction

Szdsz [8] introduced the well-known operators in 1950 by

o (pony e ()" -,
k=0

where z € [0,00) and f € C'[0,00). It may be mentioned that these operators are also
the examples of positive approximation processes discovered by Korovkin [6]. Many
authors deal with the generalizations of Szdsz operators.

Jakimovski and Leviatan [5] gave a generalization of Szdsz operators involving
the Appell polynomials. The Appell polynomials py (x) have the following generating
relation

g(u)e"” = Zpk (z)u® | (1.2)
k=0

k

where g(u) = Y apu® is an analytic function in the disc |u| < R, (R > 1) and

k=0
g (1) # 0. Under the assumptions py (z) > 0 for = € [0, 00), they proposed the linear
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positive operators as

P (f; %ipk (nz) ( > . (1.3)

For the special case g (u) = 1, from the generating functions (1.2) one can easily

find pi (z) = %T and from this fact (1.3) reduces Szdsz operators (1.1). The detailed
approximation properties of the operators (1.3) were given by Wood ([9],[10]) and
Ciupa ([2]-[4]).

In this paper, we construct an operator by the help of multiple Appell polyno-
mials. First of all, we need the following results from the paper of Lee [7].

Definition 1.1. Multiple polynomial system(multiple PS for short) means a set of poly-
nomials {Pr, ks (x)}z’;kFo with deg (pr, k,) = k1 + ko for ki, ko > 0.

Definition 1.2. A multiple PS {py, k, ()}, 1,—o is called multiple Appell if it has a
generating function of the form

oo o0

Alty ) et = 57 7 Pk lThbg (14)
ki=0ko=0 1

where A has a series expansion

a K
At = 30 > Mk i

k1=0k2=0

with A (0,0) = Qo,0 # 0.

Theorem 1.3. Let {pg, &, (x)}z_h:o be a multiple PS. Then the following statements
are all equivalent.
(a) {Pky ks (x)}Zj_h:O is a set of multiple Appell polynomials.

(b) There exists a sequence {ag, r, with ago # 0 such that

}Zo ,ko=0

k
- ks k2 T1+T2
pk17k2 Z Z o Oy —r1,ky—ra T

T1= 0’[‘2 0
(¢) For every ki + ko > 1, we have
Pry ko (.73) = klpkl—Lkz (JU) =+ k2pk1,k2—1 (x) .

In view of these results, let us restrict the multiple Appell polynomials satisfying
(i) A(1,1) # 0 and 3 > 0 for ki, ks €N,

(i) (1.4) and (1.5) converge for |t1| < Ry, |t2] < Ry (R1,R2 >1).

Under the above restrictions, we introduce the following positive linear operators

for x € [0, 00)
Pk, k‘2 5 k1 + ko
: 1.6
2=0 klle ( n ) ( )

whenever the right-hand side of (1. ) exists.

K. (f;z)
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Remark 1.4. We have to note the following special cases.

Case 1. For t; = 0, the generating functions given by (1.4) reduce to the gen-
erating functions for the Appell polynomials given by (1.2). By the help of Appell
polynomials, Jakimovski and Leviatan constructed the operators (1.3) and gave the
approximation properties in [5].

Case 2. For to = 0 and A (t1,0) = 1, from the generating functions given by
(1.4) we easily find py (z) = z*. From this fact, one can obtain Szdsz operators (1.1).

The outline of the paper is as follows. In the following section, we obtain the uni-
form convergence of the operators (1.6) by using the universal Korovkin-type property
and the order of approximation by virtue of classical modulus of continuity. Also, si-
multaneous approximation of the operators (1.6) is derived. In section 3, Kantorovich
type generalization of our operators and the approximation properties are given.

2. Approximation properties of K, operators

In this section, we state our main theorem with the help of the universal
Korovkin-type property and calculate the order of approximation by modulus of con-
tinuity. We note that throughout the paper we use the following abbreviations for the
partial derivatives

0A 0%A .
87151' = Ati and M - Atit]- )= 172 .
Lemma 2.1. The operators given by (1.6) satisfy the following equalities
K, (L;z) = 1 (2.1)
A (1,1) + Ay, (1,1)
K . — 1 2 2.2
n (85) nA () (2:2)
2(Ag (1,1) 4+ Ay, (1,1))
K 2. — 2 E 1 1 ) 2 )
n (8% 2) x +n< + A1)
1
er {4 (1,1) + A, (1, 1)
+At1t1 (17 1) + 2At1t2 (1u 1) + Atztz (17 1)}

where x > 0.

Proof. For f(s) =1, we get from (1.6)

v €T N Pk ()
Kn(fiz) = 707 > ksl
k1:0k52:0

nx

By taking t; = 1, t = 1 and replacing x by % in the generating function (1.4), one

can easily get (2.1).
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For f (s) = s, we obtain from (1.6)

777,ZE

o (k1 A+ ko) ) Pky ko (%)
nA 1 1 Z Z: ]ﬁ'kﬁg ’

K, (s;z) =

Taking the partial derivatives of the generating function (1 4) with respect to ¢; and

to and later by taking ¢; = 1, o = 1 and replacing « by %, one can get (2.2).
Taking into account the second order partial derlvatlveb of the generating func-

tion (1.4) with respect to ¢; and ta, one can get (2.3) by using similar technique. O

Let us define the class of E as follows

E = {f:;ve[O,oo), 1f—£a;)2

is convergent as v — oo} .

Theorem 2.2. Let f € C'[0,00) NE. Then
N K, (fi2) = f (1),
the convergence being uniform in each compact subset of [0, 00).
Proof. According to (2.1)-(2.3), we have
lim K, (s x) =z', i=0,1,2.

n—oo

Since the above convergences are verified uniformly in each compact subset of [0, oo)
we obtain the desired result by applying the universal Korovkin-type property (vi) o
Theorem 4.1.4 in [1]. D

Let us recall the following definition.

Definition 2.3. Let f € C'[0,00) and § > 0. The modulus of continuity w (f;6) of the
function f is defined by

w(f;6) == sup |[f(z)—f(y)
z,y€[0,00)
lo—y|<é
where C'[0,00) is the space of uniformly continuous functions on [0, 0c).

Next, for the order of approximation we express the following.

Theorem 2.4. Let f € C [0,00)NE. We have the following inequality for the operators
(1.6)

(K (f;2) = f ()]

< dig4 ) *T sy (An (L1) + Ay, (1,1) + Ay, (1,1)
- +2At1t2 (17 1) + Atztz (1’ 1)}

Xw <f; \/15) . (2.4)
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Proof. According to (2.1) and the property of modulus of continuity, the left-hand
side of (2.4) leads to

Ko (f52) = f ()]

pl,zf ki+k
SRR )

1 Pk, k2 o) k1 + ke
< - — :0) .
- { J0A 7 Z Z kl'kQ n $‘}w(f’§)
kl 0 ko=
(2.5)
By applying the Cauchy-Schwarz inequality for each sums, (2.5) becomes
Ko (f52) = f ()]
(n 1/2
< {145 < pklk’“'jk>
k 0 e 1:k2
1/2
pkl,k2 2 k1+k2—l‘ ? w(f5)
=0 kl'kg n '
1+ = (K, (1;2)) (K 2.,))" 5 2.6
= 2K (150)) ( w(s=a)s2)) " bw(fio) (2.6)
In view of Lemma 2.1, (2.6) gives (2.4) by taking § = d,, = ﬁ O

In the end of this section, we will give the following theorem for the simultaneous
approximation. Let C" [0, 00) be the space of r-times differentiable function such that
£ is uniformly continuous on [0, o).

Theorem 2.5. Let f € C” [0,00) N E. We have the following inequality for the deriva-
tives of the operators (1.6)

+ At (L,1) + 2444, (1,1) + Ay, (1, 1)}

m, LT . T
><w<f ’\/ﬁ+n)+w(f ’n>' (2.7)

Proof. By virtue of the result (¢) from Theorem 1.3, we deduce that

KO (fia) = 10 )] < {1# vt e (11 A (1) }

—nx e nx ki + k
K(T) L) =mn ¢ pkl’kzi()AT <12> 28
(f ) A(l,l) klZZOIQZ:O ko lko! 1/nf n ( )
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where A7 /n f (%) is the difference of order r of f with the step % Taking into

account the relation between finite difference and divided difference, (2.8) leads to

kitk
pkl,kz L A;/nf( l’I’L 2)

K (fiz) =
n ’ 1\7"
)i alk! (%)
_ o~ Pk (5)
= Y Z ™
A 1,1) kl—Okz 0 kqlko!
1+/€2 k‘1+k‘2+1 k’1+k’2+7’.f:|
bR n b)

pklkz M kl"’kQ '
= ’ =rlK, (h;
T 2 3 el () - i s

1, klok

where h (t) = [t,t + %, et T f] By using the inequality (2.4), we have
D (f52) = 0 (@)

< K (hia) = h(@)] + [rih (@) = £ (@)
z + 1) {Atl (1 1) + At2 (1 1)
= {1 * \/ +At1t1 ( ) i 2At1t2 (1 1) + At2t2 (1 1)} }

Xw (h; \}ﬁ> + )r!h () — @ (x)‘ (2.9)

From the property of the modulus of continuity, we get
[h (t+0) = h(t)]
1 r 1 r
= Ht+5,t+§+,...,t+5+;f} — {t7t+7...,t+;fH
n n n n
1 T r
= —|fn - _ (" z
‘f (t+6—|— 91) f <t+n92)‘
o (F064 L6y~ 00))
—w (f(”);5+f)
7l n

IN

IN

where 61, 05 € (0,1). For 6 = ﬁ, we obtain

w (h; \}ﬁ) < % (f(”; % + ;) . (2.10)
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Otherwise,
1
rlh(x) — f(?“) (x)‘ = |r! |:;z:733 + =, .+ Z; f] _ f(v") (z)
n n
- (r) r ) ‘
£ (4 neg) £ (@)
. I . T
< w195 L0) <w (5055 (2.11)
where 03 € (0,1). Combining (2.10) and (2.11) with (2.9), we reach the desired result.
O

3. Kantorovich type generalization of K,, operators

In this section, we give a Kantorovich type generalization of the operators K,
(1.6) with same restrictions

ki+ko+1
K= 2 S S el [ e e
1, k‘1'k2
k‘l 0k 2= =0 ki+ko

Now, let us give the following lemma which is used in the sequel.

Lemma 3.1. The operators given by (3.1) satisfy the following equalities

K (L;z) = 1 (3.2)
. -~ Ay, (1,1 + Ay, (1,1) 1
K (s;2) = z+ WA L) +% (3.3)
% Ay, (1,1) + Ay, (1,1) 1
* 2, _ 2 i t1 ’ to )
Ko(she) = 2+ (H AL TEAn

o { 2(Ay, (1L,1) + A, (1,1) + Ay, (1,1)) } 4 L

+At1t1 (1? 1) + Atztz (17 1) 377/2
(3.4)
Proof. Above equalities (3.2)-(3.4) follow from Lemma 2.1 immediately. O

Next, we derive the following two theorems for the uniform convergence and the
order of approximation.

Theorem 3.2. Let f € C'[0,00) N E. Then
lim K (f;z) = f(x),
n—oo
the convergence being uniform in each compact subset of [0, 00).

Proof. From (3.2)-(3.4), we get
lim K (si;x) =z', i=0,1,2.

n—oo
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The proof is completed by virtue of the above uniform convergences in each compact
subset of [0,00) and the universal Korovkin-type property (vi) of Theorem 4.1.4 in
[1]. d

Theorem 3.3. Let f € C [0,00)NE. We have the following inequality for the operators
(3.1)

K5 (fs ) = f (@)
1 Z(Ah (171)+At2 (171)+At1t2 (151)) 1
= {1 * \/x * nA (1, 1) { +At1t1 (17 1) + At2t2 (1’ 1) } * 3”}

w ( f; %) . (3.5)

Proof. From (3.2) and the property of modulus of continuity, the left-hand side of
(3.5) becomes

K (f32) = f ()]

ki+tko+1
Z Zp’“”” 2 / 1 (5) — £ (a)|ds
7 kl'kQ
kl 0k k1+ko
ki+ko+1
1 Pkl,ka ()
DD 3 R T T
a 1-~h2-
k1 0 ka=0 by ks

By using the Cauchy-Schwarz inequality for the integral, we have

K5 (f5 @) = f (o)

kq+ko+1 1/2
1 —7L.L pkl ka % 2 )
< t57 I Z Z klle n / (s —x)"ds w(f;9) . (3.6)
k1 0 k2=0 oy Lk

By applying the Cauchy-Schwarz inequality for each sums, (3.6) leads to
K5 (f @) = f (@)

1/2
Pk, k2 5
< {ied ( > 3 st
|
(1,1) k1 W kilko!
kytkotl 1/2
Z Z pkl’kz 2 / (s—m)2ds w(f;0)
a kl'kQ
kl 0k ky kg

n

{1 . % o 1) (16 (6= 12)) o (3.7)
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Taking into account Lemma 2.1 and Lemma 3.1 in (3.7), we get the inequality
(3.5) for 6 =6, = ﬁ O
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