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Certain subclasses of analytic univalent functions
generated by harmonic univalent functions

Santosh Joshi and Girish Shelake

Abstract. In this paper we define and investigate subclasses of analytic univalent
functions generated by harmonic univalent and sense-preserving mappings.We
obtain some inclusion theorems and convolution characterizations for above sub-
classes of univalent functions.
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1. Introduction

A continuous complex-valued function f = u + iv defined in a simply connected
domain D is said to be harmonic in D if both u and v are real harmonic in D. In any
simply connected domain we write

f=h+g (1.1)
where h and g are analytic in D. We call h the analytic part and ¢ the
co-analytic part of f. A necessary and sufficient condition for f to be locally
univalent and sense-preserving in D is that |h/(z)] > |¢'(z)] for all z in D,
see [6].

Every harmonic function f = h + g is uniquely determined by the coefficients of
power series expansions in the unit disk U = {z : |z| < 1} given by

h(z) =2+ An2", g(z)=)Y Bn2", z€U|Bi|<1, (1.2)
n=2 n=1

where A, € C forn =2,3,4,... and B, € C for n =1,2,3,.... For further informa-
tion about these mappings, one may refer to [4, 6, 7].

In 1984, Clunie and Sheil-Small [6] studied the family Sy of all univalent sense-
preserving harmonic functions f of the form (1.1) in U, such that h and g are rep-
resented by (1.2). Note that Sy reduces to the well-known family S, the class of all
normalized analytic univalent functions h given in (1.2), whenever the co-analytic
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part g of f is zero. Let K and Ky be the subclasses of S and Sy respectively such
that images of f(U) are convex.

In last two decades, several researchers have defined various subclasses of S using
subordination. For the functions h and F analytic in U, we say h is subordinate to
F (h < F), if there exists an analytic function w in the unit disk U, with w(0) = 0 and
|w(z)| < 1 such that h(z) = F(w(z)) for all z in U. Using subordination, we define
two subclasses of S as follows:

S*[A,B,a,'y]:{fES: 2f'(2) 1+7[B+(A—B)(1—a)]«z’z€U},

f(2) 1+vBz
Kt D)= {fes: CLEY 1o r-Bo=al: o)

where 0 <a<1,0<y<1,-1<B<y(B+(A-B)(1—a)) < A < 1. Note that the
condition | B| < 1 implies that the function [1+~(B+ (A — B)(1—a))z|[1+~vBz]~! is
convex and univalent in U. For different values of parameters A, B, « and 7 one can
obtain several subclasses of S. For v = 1 we get the subclasses defined by S. Joshi
et.al[8].

Note that the convex domains are those domains that are convex in every di-
rection. The following lemma will motivate us to construct certain analytic univalent
function associated with f € Sg.

Lemma 1.1 ([5, 6]). A harmonic function f = h+g locally univalent in U is a univalent
mapping of U and f € Ky if and only if h — g is an analytic univalent mapping of U
onto a domain conver in the direction of the real azxis.

For f = h+ g in Sy, where h and g are given by (1.2), Lemma 1.1 led us to
construct the function ¢ with suitable normalization, given by

h(z) — =~ A, — B,
=2

Since f € Sy is sense-preserving, it follows that | B;| < 1. Hence the function ¢ belongs
to S. This observation has prompted us to define the following classes:
SulA,B,a,v|:={f=h+geSu:teS'A B, a,"|},

Ky[A,B,a,7y]:={f=h+g€ Sy :te K[A, B,a,v]}.

In [2], Ahuja O.P connected hypergeometric functions with harmonic mappings
f = h+ g by defining the convolution operator 2 by

Q(f) := fx(p1 + d2) = hx g1 + g * do,
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where * denotes the convolution product of two power series and ¢1, ¢o are defined
by

¢1(z):zF(a1,b1;cl, 724»2 )n llzn,
= ; 3 ( ” 1 n
$2(2) = 2F (a2, bo; 23 2 Z W2)n-1192)n-1

( )n—l

Here F(a,b;c; 2) is a well-known hypergeometric function and a’s, b’s, ¢’s are complex
parameters with ¢ # 0, —1,—2,.... Corresponding to any function f = h+ g given by
(1.2), we have Q(f) = H + G, where

fz+z nlAz and

> (a (b2)
Z 2)n—1(b2)n—1

(e2)n - )” 1 Bn2", [By] < 1.
n—1 n

We will frequently use the Gauss summation formula

&= (@a(d)n  T(e—a—bI(c)
F(a,b;c;1) = ;::0 O~ Tle—a)Te—p) Rec—a— >0.

In the present paper, we study certain connections of the mappings f = h+ g
in Sy with the corresponding analytic functions in the classes S*[A, B, «,~] and
K[A, B,«,7]. More precisely, we obtain some inclusion theorems and convolution
characterization theorems for the classes Sy[A, B, a,~] and Kg[A, B, a, 7).

2. Lemmas

Lemma 2.1. A function h defined by the first equation in (1.2) is in
S*[A’ B’ a’fy] Zf

Y =11 +7IB]) +7(A = B)(1 - a)}|Au| < (A= B)(1 - o).

Proof. In view of definition of S*[A, B, «, 7], it follows that h € S*[A, B, a, ] if and
only if there exists an analytic function w such that

zh'(z2)  14+9[B+(A—B)(1—a)lw(z)
h(z) 1+ yBw(z) ’
with w(0) = 0 and |w(z)| < |z|. Since |w(z)| < 1, the above equation is equivalent to

()
o L

h
VB + (A= B)(1 - a)] - yBHE

<1, zeUl.
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On the other hand, on |z| = 1 we have
|20/ (2) = (2)| = [[B + (A = B)(1 — a)]h(z) — B2l (2)|y

= Z(n —1)A,2"
n=2
—y[(A=B)1-a)z=> [(n—1)B— (A= B)(1-a)]4,2"
n=2
<Y (=11 +7[B]) + (A = B)(1 - a)]|An| = (A = B)(1 - a)y
n=2
<0,
provided the given condition holds. Hence from the maximum modulus Theorem it
follows that h € S*[A, B, a,7]. O
Lemma 2.2. A function h defined by the first equation in (1.2) is in
K[A7 B7 a? ’Y] lf
Y n{(n =11 +9B) +7(A = B)(1 - a)}[Aa| < (A= B)(1 - a)y.
n=2

Proof. From the definition of K[A, B, «,], it follows that h € K[A, B,«a,~] if and
only if there exists an analytic function w such that
(2h(2))" _ 1+47[B+(A—-B)(1—a)jw(z)
R (2) 1+ yBw(z) ’
with w(0) = 0 and |w(2)| < |z| < 1. This equality is equivalent to

W)
O

V(B +(A-B)(1—a)] - yBELEY

<1, zeU

The remaining steps of the proof are similar to the proof of Lemma 2.1.

Lemma 2.3 ([2]). Let f = h+ g where h and g are analytic functions of the form
(1.2). If aj,b; € C\{0},¢; € R are such that ¢; > |aj| + |bj| + 1 for j = 1,2 and the
following inequalities

@) Y Anl + D 1Bal < 1 |Bi| < 1,
n=2 n=1

2
- oy
(ii) E ( 53] —|—1> F(lajl, bjl;¢;1) <2

=\ —lagl = bl =1

are satisfied, then Q(f) is sense-preserving harmonic and univalent in U; and so
Q(f) € Sy.
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Lemma 2.4 ([2]). Ifa,b,c > 0, then

— (@)n—1(b)n—1 _ ab o :
(i) Z(”_l)(c)n 0o 5 Flabcl)ife>atb+l,

S Jn=1(b)n-1 _ (a)2(b)2 ab -
Z n_l n 1(1)n71 B <(C_a—b—2)2 +C—a—b_1)F(a”b’C71)

>a+b+2

3. Main results

Theorem 3.1. Let f = h+ g be of the form (1.2), and for j = 1,2, suppose a;j,b; €
C\{0},¢; € R are such that ¢; > |aj| + |bj| + 1 and Q(f) € Su. If the coefficient
conditions

i) Z |An| + Z |Bn| <1
n=2 n=1

2
) (1B b, s
6 3 (A= B e =T 1) Flsh e

Jj=1

§(2+|1—B1|)<4
are satisfied, then Q(f) € Su[A, B, a,7].

Proof. In order to prove that Q(f) € Sp[A4, B,a,7], it suffices to prove that the
function

T(z) := H('lz)__BCj(Z) .
_, a)n-1(b1)n-1 ,  (a2)n-1(b2)n— LI '
—er Z { (€1)n-1(1)n-1 An (c2)n-1(1)n—1 Bn] 1 =B

is in S*[A, B, a,]. Note that |4,| < 1 and |B,| < 1, by the condition (i). As an
application of the Lemma 2.1, the function T' € S*[A, B, «, 7] provided that Q; < 1,
where

& (- )1 4B 1A B)(1 - )
@ 'Z[ A-B)(1-a) }

N@)n-1(bi)n—1 An  (az)n-1(b2)n-1 Bn
(c1)n-1(1)n—1 1—B1 (c2)n-1(1)p—1 1 — B
(

> [(n— 1)(1+~|B]) + (A — B0
<Z[ V(A - B)(1-a)1- Bi] }

(la1))n—1(b1)n-1  (la2))n—1(lb2])n-1
1Dt (e2nt (D >
_ (1+~[B)
|1 = Bi|(A-B)(1-a)y
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— (la1))n—1(61)n-1 _ (la2))n—1(lb2])n-1
’;f””< e )
1 ((a)n-1(biDn-1 | (laz])n—1(|b2])n—
+1—Bl|nz( D1t e2)ut (D )
_ (1++[B)) ( |a1b1\
1= Bi|(A - B)(1—a)y = lag| = |bs| =1

F(layl, [b1]; c151)

|azbs|

F(lasl, |b2|;02;1)>

c2 — |ag| — [ba| —
1
+ a5 (F(la], [b1]; e1;1) + F(|az, [b2]; c2; 1) — 2)
|1 — By

by Lemma 2.3. Therefore, it follows that T € S*[A, B, a,~] if the inequality

(1+1B]) |a;b;| )
+1
1—B1|Z<A B)(1 = a)ycj — laj| — [bj| = 1

2
F(lajl,bjl;¢551) — m <1

holds. But this inequality is true because of given condition (ii). O

Theorem 3.2. Let f = h+ g given by (1.2) be in Sg. If the inequality

Y A= 1)(1+9IB) + (A= B)(1 — a)7}|Au|

n=2

+ > {(n =D)AL +9B]) + (A= B)(1 = a)7}|Ba| < (A= B)(1 - a)y|1 - By

n=1

is satisfied, then f € Sg[A, B, «a,7].

Proof. From the definition of Sy[A, B, «,], it suffices to prove that the function ¢
given by (1.3) is in the class S*[A, B, «,v]. As an application of Lemma 2.1, we only
need to show that @3 < 1, where

o~ (n—=1)(L+9|B|) + (A - B)(1 —a)y | A, — By,
Q=2 (A-B)(1-a) 1-B
n=2 7 1
But
14+~B) + (A - B)(1 —a)y [|A,| + |B,
Q2<Z VBl + ( ) )7[| |+ q
(A=B)(1-a)y 11— B
and thus Q2 <1 holds because of the given condition. O

Theorem 3.3. Let f = h+ g be of the form (1.2) and for j = 1,2, suppose aj,b; €
C\{0},¢; € R such that c; > |a;|+|bj|+2 and Q(f) € Sy. If the coefficient conditions

D) YA+ Bl <1,
n=2 n=1
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2
Z{ 1+VB) (laj[)2(1b51)2 +( 2(1++|BJ) +1)
= JA =)y (¢ —laj| = [bjl =2)2 ~ \(A-B)(1-a)y
|a]b]\ }
+1p F(lajl|,|bjl;¢51) <2+ |1—By| <4
—|aj\—|bj|—1 ]| |]| J ) | 1|

are satisfied, then Q(f) € Ky[A, B, a,7].

Proof. In view of the definition of Ky[A, B,«,~] and the fact that Q(f) € Sy, it
suffices to prove that the function T given by (3.1) is in K[A, B, a,7]. Note that by
the condition (i) we have |A,| < 1 and |B,| < 1. In the view of Lemma (2.2), the
function T' € K[A, B, o, 7] provided that Q3 < 1, where

& [0+ B) £ (A~ B)(1 o)
Q=2 { @ B)(1 o) }

) (al)nfl(bl)nfl Ay B (a2)n71(b2)n71 By,
(c)n-1(Dn-1 1=B1  (e2)n-1()n-1 1= By

— [(n=1)1+~|B))+ (A - B)(1-a)y
Z”[ (A= B)(1—anll- B ]

n=2
UarDn-1(b1)n-1 | (la2))n—1([b2])n—1
|: (Cl)n 1( )n—l * (CQ)TL—l(l)n—l :|
_ 1+7|B| = )
= T BIA B o) ;[(n — 1)+ (n—1)](D1 + D)
1 o0
|1_BI|Z D1+D2)+m;(D1+D2)
1++|B| = ) 7
(A—B)(l _a),y nz:;(n 1) (Dl +D2)
1 1+ ~|B] > .
=2 | (e at ey +1) - 02 |
+> (D1 + Dy)
n=2 J

jl)n— b n— .
where D; = (2 [)n-1(1b5)n-1 for j =1,2.
(€j)n-1(1)n-1
Using Lemma 2.4, we find that

1+V|B|) (la;)2(1b51)2 2(1+918J)
Qs = [1—Bi] Bl\ Z{ (= a)y (¢ — laj| = [bs] = 2)2 +<(A - B)(1-a)y H)

2
I 1}F(|aj|, b5l ¢51) = 11— Bi|’

|a;b;|
= laj| = [bj| —1
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and this proves that Q3 < 1, if the condition (ii) holds. O

The proof of the next theorem is similar to the proof of Theorem 3.2 and hence
it is omitted.

Theorem 3.4. Let f = h+ g given by (1.2) be in Sg. If the inequality

oo

Y n{n=1)((1 +91B) + (A= B)(1 - a)y}| A

n=2

+ > n{(n=1)(1+7|B|) + (A = B)(1 - a)}[Bu| < (A= B)(1 - a)y

n=1

is satisfied, then f € Ky[A, B, a,7].

The next two Theorems give characterizations of functions in Sg[A, B, o, ] and
KH[Aa Ba afY]'

Theorem 3.5. If f(z) = h(z) + g(z) € Sy then f € Sy[A, B,«,7] if and only if

1
1(h(2) = g(2)) « Fi(2)] # 0
for all z in U and all £, such that || = 1, where
E-(B+(A-B)(1-a))7 ) .2
() = 2+ (S -
e (122
Proof. By definition of Sy [A, B, «, 7], it is obvious that f € Sg[A, B, «,~] if and only
if ¢(z) given by (1.3) belongs to S*[4, B, a,]. But, t € S*[A, B, a, 7] if and only if
zt'(2) - 1+(B+(A—B)(1—a))yz
t(2) 1+~Bz ’

that is
2t'(z) , 1+ (B+(A—-B)(1—a))ys

t(z) 1+vBg
for z € U and |¢| = 1, which is equivalent to

YA ABe)e — (14 (B + (A~ B)(1— a))3s)f] £0.
Since / . -
zt :t*m, t:t*lfz,

the above inequality is equivalent to
i [FHAZ B e LB (4 B0 e
1_

z z)?
+ (2EgpOe)

(A= B)(1—a)s ) *
= (- B)- (h(z) = g(2)) * (1—2)2 #0

)

where | — 1/¢| = [¢] = 1, and the result follows. O
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Corollary 3.6. If f(z) = h(2) + g(2) € Su, then f € Ky[A, B,a,v] if and only if

)
L(h(z) - 9(2)) = Ba(2)] #0,

z
for all z in U and all &, such that €] = 1, where

2+ (25—(234:(A—€)()El—a))7) 52
Fy(z) i (A-B)(-a)

(1—2)?
Proof. Note that t € K[A, B, «a,~] if and only zt'(z) € Sg[4, B, a,v]. If we let
2+ (5—(B+(A—B)(1—a))w> 2

- (A-B)(1-a)y
p(z> - (1 o 2)2 )

we note that

26—2By—(A-B)(1-a)7) 2
, at ( (A-B)(1-a)y ) z
zp'(z) = TE

Using the identity zt’' * p =t * zp’, the result follows from Theorem 3.5. O

Acknowledgement. The authors express their sincerest thanks to the referee for useful
suggestions.

References
[1] Ahuja, O.P., The Bieberbach Congjecture and its impact on the developments in geometric
function Theory, Math. Chronicle, 15(1986), 1-28.

[2] Ahuja, O.P., Planar harmonic convolution operators generated by hypergeometric func-
tions, Integral Transforms Spec. Funct., 18(3)(2007), 165-177.

[3] Ahuja, O.P., Connections between various subclasses of harmonic mappings involving
hypergeometric functions, Appl Math. Comput., 198(2008), 305-316.

[4] Ahuja, O.P., Planar harmonic univalent and related mappings, J. Ineq Pure Appl. Math.,
6(4)(2005), Art. 122.

[5] Ahuja, O.P., Jahangiri, J.M. and Silverman, H., Convolutions for special classes of har-
monic univalent functions, Appl. Math. Lett., 16(2003), 905-9009.

[6] Clunie, J. and Sheil-Small, T., Harmonic univalent functions, Ann. Acad Sci. Fenn. Ser.
A. 1. Mat., 9(1984), 3-25.

[7] Duren, P.L., Harmonic mappings in the plane, Cambridge Tract in Mathematics (Cam-
bridge University Press), 2004.

[8] Joshi S.S. and Ahuja, O.P., Certain families of analytic univalent functions generated by
analytic univalent mappings, Mathematica, 53(76)(2011), No. 2, 149-156.

[9] Ruscheweyh, St. and Sheil-Small, T., Hadamard product of Schlicht functions and Pdlya-
Schoenberg conjecture, Comment Math Helv., 48(1973), 119-135.

[10] Silverman, H., Silvia, E.M. and Telage, T., Convolution condition for convexity, star-
likeness, and spriallikeness, Math. Z., 2(1978), 125-130.



354 Santosh Joshi and Girish Shelake

Santosh Joshi

Department of Mathematics
Walchand College, Sangli-416415
Maharashtra, India

e-mail: joshisb@hotmail.com

Girish Shelake

Department of Mathematics
Willingdon College, Sangli-416415
Maharashtra, India

e-mail: shelakegd@gmail.com



