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The order of convexity for a new integral
operator
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Abstract. In  this paper we consider a new integral operator
I(f1,., fn; 91,y 9n) (2) for analytic functions f;(z), g¢i(z) in the open
unit disk #. The main object of the present paper is to study the order of
convexity for this integral operator.
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1. Introduction and preliminaries

Let A denote the class of functions of the form
f2)=2+4) anz",
n=2

which are analytic in the open unit disk
U={zeC:|z] <1}
and satisfy the following usual normalization condition
F(0)=f(0)—1=0.
We denote by S the subclass of A consisting of functions f(z) which are univalent
inU.

Definition 1.1. A function f belonging to S is a starlike function by the order a,
0 <a<1iff satisfies the inequality

Re (if;i?) >a, z€U.

We denote this class by S* («) .
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Definition 1.2. A function f belonging to S is a convex function by the order a,0 <
a < 1if f satisfies the inequality

Re (Z]{/IES) + 1) >, 2 €U.

We denote this class by K(«).
A function f € § is in the class P («) if and only if

Re(f'(z)) > a, z € U.
In [1], Frasin and Jahangiri introduced the class B (u, ) defined as follows.

Definition 1.3. A function f(z) € A is said to be a member of the class B (u, ) if
and only if

£(2) <f(zz))“_1‘ <l-a, (1.1)

zelU;0<a<;u>0.

Note that the condition (1.1) is equivalent to

N
v (1) (55) ) >
for zelU;0<a<1;u>0.

Clearly, B(1,a) = §* (o), B(0,a) = P («) and B(2,«) = B(«) the class which has
been introduced and studied by Frasin and Darus [2] (see also [3]).
Let 85 be the subclass of A consisting of the functions f which satisfy the inequality

2f'(z)
f(z)
and let Sg be the subclass of A consisting of the functions f which satisfy the in-
equality

2 f'(2)

f2(2)
For fi(z), gi(z) € A and ¢;,7s € C, we define the integral operator
Ig (f1, s fni 915 gn) (2) given by

Ig (f1s o0 i g1, s gn) (2) = /0 ﬁ (fl(t))g (egi(t))% dt. (1.4)

! t
=1

-1

<B,0<pB<1;zel (1.2)

—1’<6,0<6§1;zeu. (1.3)

In order to prove our main results, we recall the following lemma.

Lemma 1.4. (General Schwarz Lemma) (see [4]). Let the function f be regular in the
disk Ur = {z € C : |z| < R}, with |f(z)] < M for fized M. If f has one zero with
multiplicity order bigger than m for z =0, then

M
FE) < o 4™, 2 €U
The equality can hold only if

o0 M
f(z) = e =——2™ where 0 is constant.

Rm
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2. The order of convexity for the integral operator
I (flv ceey fn;gh agn)

Theorem 2.1. Let the functions f;,g; € A and suppose that |g;(z)| < M;, M; > 1 for
alli € {1,2,..,n}. If fi € S, 0< B <1 and g; € B(pi, ), pi > 0,0 < <1 then

the integral operator I (f1,..., fn; 91, gn) (2) defined by (1.4) is in K (\), where

n

A=1-— ZH&‘ Bi + il (2 — o) MM

=1

and

> 116 B + il (2 — i) M) < 1, 65,7 € C

i=1
for allie{1,2,...,n}.

Proof. From (1.4) we obtain

I (f1y oo, fri g1, oy Gn) ﬁ( ) ! (egi(z)yﬁ

=1
and

I// (fl, ---afn;gla 7g7l) (Z) =

Zn:{@ <fiiz))6i_l (Zf'(z)z;fz(z)) (egi(z))”} ﬁ <sz(z)>6'“ <egk(z))”’“

i=1

STEON (@Y @ TT (N (o)
[ (2)" s o) e T (A2)” )
After the calculus we obtain that

G S : (5 1) i) e

It follows from (2.1) that

21" (f17 "'7f’n;glv . 7gn
I/(fla'“afn;glv' ,gn i=1

Sl

Since |gi(z)| < M;, z € U applying the General Schwarz Lemma for the functions g;,
we have

zf’

- 1\ Tl |zg;<z>|}

Al

gi(2)

" |z|]. (2.2)

l9:(2)| < Mi 2], z €U
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<3615+

i=1

Mﬁi] . (2.3)

for all i € {1,2,...,n}.
Because f; € S5, 0 < 3 < 1,4 € {1,2,..,n}, we apply in the relation (2.2) the
ZI/, (f]~7"'7fn;gl""’gn) (Z)
r (fl?"‘7fn;gl7"'7gn) (Z)
Z[N (fl7"'7fn;gl7"'7gn) (Z)
I/ (fl""’f’n.;gl""’gn) (z)

inequalities (1.2) and we obtain
I
©(50)
9:(2) 9i(2)
From (2.3) and (1.1), we see that
= )Mi i
o (2) o )]
() (gi(z)

[|6 16 + il (

Msm

< 3685+ il 2= ) |
=1
=1-A\
So, the integral operator I (f1,..., fn;91,-..,gn) (2) defined by (1.4) is in K (\). This
completes the proof. O

Setting n = 1 in Theorem 2.1 we obtain

Corollary 2.2. Let the functions f,g € A and suppose that |g(z)] < M, M > 1. If
fe€850<8<1andgeB(u,a), p>0,0<a<1 then the integral operator

1)) = [ ) (fff)f (e

A=1-1[0]8+ 12— o) M"]

is in K (N\), where

and
(6] B+ v (2—a) M*] <1, §,v€C.

Theorem 2.3. Let the functions f;,g; € A and suppose that |f;(z)| < M;, |g9:(z)| < Ny,
M; > 1, N; > 1 forallie{1,2,...,n}. If fi € Sg,, 0 < B; <1 and g; € B (s, ),
i > 0,0 < a; <1 then the integral operator I (fi,..., fu; 1,y gn) (2) defined by (1.4)
is in IC(\) where
n
A=1=Y 18] ((Bi + 1) Mi + 1) + || (2 — o) Ni#]
i=1

and
n

S U8 ((Bi + 1) M + 1) + i (2 — i) Ni*] < 1, 6;,7; € C
=1

forallie{1,2,...n}.
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Proof. If we make the similar operations to the proof of Theorem 2.1, we have

21 (i fui g1 9) (2) g[é <Zf£<2> _ 1) +Wg;<z>]. (2.4)

I(fh,fnvglavgn) (Z) fz(z)
From the relation (2.4), we obtain that

ZI// (fl, ~~,fn;gla 7971) (Z)
I (fl, ..-,fn;gla 7971) (Z)

2fi(2)
fi(2)
22 fi(2)
f2(2)

#1) + il 262
fi(2)

I

1

gi(2)

-

o
1 i i) (=) |22 el
(2.5)

Since |fi(2)| < M, |gi(2)] < N;, z € U applying the General Schwarz Lemma for the
functions f;, g;, we obtain

|fi(2)| < M;|z|, z €U and |g;(2)| < N;|z|, z€lU
for all i € {1,2,...,n}.
Because f; € Sg,, 0 < 8; < 14 € {1,2,...,n}, we apply in the relation (2.5) the
inequality (1.3) and we obtain

1)+

K2

ceey fn;glv 7971) (Z)

o1 |
‘ " 9i() (gifZ)) |

Sé['& <(‘1 1) Mﬁl) + il

n P i
Z[m e+ 0+ 1)+ bl | (5 )

From (2.6) and (1.1) we obtain
2I" (f1y ooy fni g1y ooy On) (2)

r (fla "'af’n;gla agn) (Z)

0 (55) 1)

Niﬂi:|

Nﬂi] (2.6)

n

< Z{Iéil ((B: 1) Mi + 1) + il (

1

(2

™M=1I

< 3|8+ 1M+ 1) 4 il 2 - 0 8
=1
=1-A\
So, the integral operator I (fi,..., fn;g1,---sgn) (2) defined by (1.4) is in K (A). This
completes the proof. O

Setting n = 1 in Theorem 2.3 we obtain
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Corollary 2.4. Let the functions f,g € A and suppose that |f(z)| < M, |g(z)] < N,
M>1,N>1.IffeS3,0<B8<1landge B(u,a), n>0,0<a <1 then the

integral operator 5
e = [ (52) () a

A=1—[8]((B+1)M+1)+[v[(2—a)N¥]

is in IC (N\) where

and
6] (B+1)M+1)+|v|(2—a)N*] < 1, §,v€C.
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