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Certain subclasses of uniformly harmonic
(-starlike functions of complex order

Basem Aref Frasin and Nanjundan Magesh

Abstract. In this paper, we introduce a family of harmonic parabolic starlike func-
tions of complex order in the unit disc and coefficient bounds, distortion bounds,
extreme points, convolution conditions and convex combination are determined
for functions in this family. Further results on integral transforms are discussed.
Consequently, many of our results are either extensions or new approaches to
those corresponding previously known results.
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1. Introduction and definitions
A continuous complex valued function f = u + iv defined in a simply connected
complex domain D is said to be harmonic in D if both u and v are real harmonic

in D. In any simply connected domain we can write f = h + g, where h and ¢ are
analytic in D. We call h the analytic part and g the co-analytic part of f. A necessary
and sufficient for f to be locally univalent and sense preserving in D is that |h/(2)|
> |¢'(#)] in D.

Let Sy denote the family of functions f = h + g that are harmonic univalent
and sense preserving in the unit disk & ={z : |z| < 1} for which f(0) = f,(0)—1=0.
Then for f = h+ g € Sy, we may express the analytic functions h and g as

hz)=z+Y az®,  glz)=> b, |b] <L (1.1)
k=2 =1

The harmonic function f = h+g for g = 0 reduces to an analytic function f = h.
Also let Sz be the subclass of Sy consisting of functions of the form f = h+g, where
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the analytic functions h and g as

) =z-> lalz*  glz) = |be| 2~ (1.2)
h—2 k=1

In 1984 Clunie and Sheil-Small [3] investigated the class Sy as well as its geo-
metric subclasses and obtained some coefficient bounds. Since then, there has been
several papers related on Sy and its subclasses. Jahangiri [7], Silverman[9], Silver-
man and Silvia [10] studied the harmonic starlike functions. Frasin [5], Frasin and
Murugusundaramoorthy [6] and Dixit et al. [4] extended the results by defining the
subclasses by means convolution (or Hadamard product) also, see [2, 13].

Recently, Yalgin and Oztiirk [12] defined the class S7;(b) consisting of functions
f = h+ g € S5 that satisfy the condition

1 (20 (2) — z9'(2)

Also, they gave necessary and sufficient conditions for the functions to be in Sz(b).

Furthermore, Stephen et al. [11] studied a harmonic parabolic starlike functions
of complex order denoted by Sz (b, ) consisting of functions f = h + g € Sz that
satisfy the condition

Re{l—&-ll) ((1—1—6“)% —(1+e7) - 1)} >a, z€U, (1.4)

where 0 < a < 1,y € Rand b € C\ {0} with |[b] < 1. Also, they gave necessary and
sufficient conditions for the functions to be in Sz (b, a).
Motivated by Frasin and Murugusundaramoorthy [6], Yal¢in and Oztiirk [12] and

Stephen et al. [11], we define a new class of uniformly harmonic S— starlike functions
of complex order Sy (P, ¥;«, 3,b;t), the subclass of Sy consisting of functions f =

h + g € Sy that satisfy the condition

1 i 1(2) * (2) —g(2) * ¥(2) 4y
Re{1+b<(1—|—ﬂe ) () T80 — Be —1>}>a,zeu, (1.5)
where b € C\ {0}, a(O < a < 1), h(z) = (1 —t)z+ th(z), g:(z) = tg(z), 0 <
t<1, ®z) =2+ Z Ap2F and W(z2) = 2z + io: prz® are analytic in U with the

conditions A > 0, ,uk > 0,6 > 0 and v € R The operator “x” stands for the
convolution of two power series. We further let Sz(®, ¥; a, 3, b; t) denote the subclass
of Sy (®,V; o, 3,b;t) consisting of functions f =h+ g € S5

We note that by specializing the functions ®, ¥ and parameters 3, v and t we

obtain the well-known harmonic univalent functions as well as many new ones. For
example,

1 Sz = Z)Q, = Z)z,oz, L, 1;1) = Gxl(a) (Rosy et al. [8])
2. S ((1 7 oo @ B Lit) = Gygle, Bit) - (Ahuja et al. [1])
3. S7(®,V; 0, 3,1;1) = HS(®, ¥;0, ) (Frasin and Murugusundaramoorthy [6])
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(= i o LLbi 1) = Si(b,o) - (Stephen et al [11])

(5 a2 2)2,0 0,b;1) = S7(b)  (Yalgin and Oztiirk [12])

H((17z)2’ 7 0,1;1) = S5(a)  (Jahangiri [7].)

For a = 0 the class S7(a) was studied by Silverman and Silvia [10], for & = 0
and b; = 0 see [9, 10].
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In this paper, we obtain coefficient bounds, distortion bounds, extreme points,
convolution conditions and convex combination for functions in Sz (®,¥;a, 3, b;t).
Further results on integral transforms are also discussed.

2. Coefficient inequalities

Our first theorem gives a sufficient condition for functions in Sy (®, ¥; «, 8, b; t).

Theorem 2.1. Let f = h+ g be so that h and g are given by (1.1). If

o [ =) (1 +8) + (1 = a)t[b]]
Z 1= o) lax|

k=2

+§: pe +6)(1+6) — (1 O‘)t|b|]|bk|§1, (2.1)

2 1 —a)b]

where 3>0,0<a<1,0<t<1, k(1—-a)b] <[A =81 +8)+ (1 - a)t|b]] and
k(1 —a)|b] < [(ue + )1+ 8) — (1 — «)t|b]] for k > 2 then f € Sy (D, V;a, 3, b;1).

Proof. To prove that f = h+ g € Sy(®,¥;, 3,b;t), we only need to show that if
(2.1) holds, then the required condition (1.5) is satisfied. For (1.5), we can write

1 i (M) $2() 9@ * @) | s .
Re{1+b<(1+6 )( (o)t 0 (2) ) 6] 1)}2.

Using the fact that Rew > « if and only if |1 — o + w| > |1 + a — w|, it suffices to
show that

(2= )b = (B + )] (Re(2) + (2))
T (8 + 1) (R(2) £ @(2) — 9() = 9 () )|
— ‘ [ab + (Be™ +1)] <ht + gi(z )

= (8e +1) (h2) + 0(2) - 9() + U(2) )|
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21— a)lbllz] = Y 2[(A = )(1 + ) + (1 — a)tlpl] |ax||=]"
k=2

=D 2[(u + )1+ B) = (1= )t |b]] by 2"

> 9(1 — )l {1 3 =00 48+ A 0)ibl) e

k=2 (1—a)lb|
R lbk||z|k1}
k=1
> 2(1 - )b {1 - kzﬂ [ — t)(l(;r_ﬂ)a;b(ll —ajtlel]
S A1+ 8) — (1— a)tlb
5 s+ 0010 (1~ ”|bk|} L

which implies that f € Sy (P, ¥;«, 5, b;t). The harmonic function

_ (1= alt
(2) = Z+Z[(Ak—t 1+ﬁ)+(1—a)t|b|]wk

= (1-a)lb] —
*; G + O+ B) — (1= )il

where > |zi|+ Y. |yk| = 1,shows that the coefficient bound given by (2.1) is sharp.
k=2 k=1
O

In the following theorem, it is shown that the bound (2.1) is also necessary for
functions f = h + g, where h and g are of the form (1.2).

Theorem 2.2. Let f = h + g be so that h and g are given by (1.2). Then f €
Sz (®, ¥, 8,b 1) if and only if

[ = 1) (1 + B) + (1 — o) [b]¢] x|
(1 —a)b|

S AR <1 e2)

where 3>0,0<a<1,0<t<1 k(1—-a)b] <[ —-8t)1+08)+ (1—a)b|] and
k(1 = a)[b] < [(px +8)(1+ B) — (1 — a)t|bl] for k > 2.

Proof. The ’if part’ follows from Theorem 2.1 upon noting that the functions h and ¢
in f € Sy(®,¥;a,p,b;t) are of the form (1.2), then f € Sz(®, ¥;a, 3,b;t). For the
‘only if’ part, we wish to show that f ¢ Sz (®, ¥; v, §,b;t) if the condition (2.2) does
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not hold. Note that a necessary and sufficient condition for f = h + g given by (1.2)
be in Sz (®, ¥; o, 3, b;t) is that

[b— (14 Be™)][he(2) + g:(2)]

+(1+ Be)[h(z) *% — g(2) * ¥ (2)]
blhe(2) + 9:(2)]

(1—a)bz — ki[u — )bt + (14 Be) g — B)][ax] 2
= S+ B ome 1) = (1= )bl

b(Z — Z t|ak|zk + Z t|bk|2k)
k=2 k=1

o) . —
(1—a)[b]?2 = S (1 — )bt + (14 Be™) (A — t)]blag|*~?
k=2
=2 311+ Be™) (e + 1) — (1 — a)bt]blbe| 2%
= Re =1
[bP(1 = 32 Hlak|z"=1 + 37 tlbe[z41)
k=2 k=1
> 0.
If we choose z to be real z — 1~ and since Re(—e?) > —|e?| = —1, the above

inequality reduces to

(1— )2 - 22[(1 — )bt + (14 B) (M — 1)]Blag|r
(14 B)(pe +1) — (1 — a)bt]blbg|rF—*
=1 — >0, (2.3)
D2(1 — 37 tlag|rk=1 4 37 t{bprk=1)
k=2 k=1

18

k

If the condition (2.2) does not hold then the numerator in (2.3) is negative for
r sufficiently close to 1. Thus there exists zg = ro in (0,1) for which the quotient in
(2.3) is negative. This contradicts the condition for f € S;7(®, ¥; o, 3,b;t). Hence the
proof is complete. O
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3. Extreme points and distortion bounds

In this section, our first theorem gives the extreme points of the closed convex
hulls of S (®, ¥; o, 3, b3 1).

Theorem 3.1. Let f be given by (1.2). Then f € Sy(®,V;a, 3,b;t) if and only if

= > (Xphi(2) + Yigr(2)), (3.1)
k=1
where hi(z) = z, hi(z) = z — o= t)((ll_i_;)‘nlg‘l S 2 bk =23,..), go(z) = z +
(A=a)[b] =k
T -2 (k= 1,2,3,..), ,;(Xk Y =1 X 20, Y 20 In

particular, the extreme points of Sz(®, V; 07, B,b;t) are {hi} and {gi}.

Proof. For functions f of the form (3.1), we have

fz) = 0 (Xihi(2) + Yige(2))

_ - 1—a)|b| k
= D (XitYi)z Z (s — )1+ 5) + (1—a)|b|t]XkZ

x — )y L
+Z;Wm+ﬂﬂ+ﬁ%%1—®Wﬂnz'

Then
— [\ =D (14 8) + (1 — o)|b]1] (I—a)b]
2 =1 Quk—wu+ﬂru1—mwﬂ>xk
— [(r +8)(1+ 8) — (1 — a)[blt] (1 —a)[b|
+; (1= a)lb| ([(uk+t)(1+ﬁ)—(1—a)|b|t]>yk
:iXk+§:Yk—1—X1<l
k=2 k=1

and so f is in closed convex hulls of S;7(®, ¥; o, 3, b;t). Conversely, suppose that f is
in closed convex hulls of Sz;(®, ¥; a, 3,b;t). Setting

(A =) (1 4+ 8) + (1 — a)[bft]

K= =

lak|, k=2,3,...,

and

[(uk+t)(1+ﬂ)—(1_0‘)|b‘t]\bk| k=1,2,...

Vi = =
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where > (Xj + Y)) = 1. Then note that by Theorem 2.2, 0 < X}, <1 (k=2,3,...)
k=1

and 0 <Y, <1(k=1,2,3,...). Wedefine X; =1— > X;— > ¥} and by Theorem
k=2 k=1

2.2, X1 > 0. Consequently, we obtain f(z) = > (Xxhi(z) + Yegr(2)) .
k=1
Using Theorem 2.2, it is easily seen that S;7(®, ¥; a, 3, b; t) is convex and closed,

so closed convex hulls of S;7(®, V;a, 3,b;t) is S7(P, ¥; v, 8, b t). In other words, the
statement of Theorem 3.1 is really for f € S;7(®, ¥; o, 3,b;t). O

) )

The following theorem gives the distortion bounds for functions in Sy (®, ¥;a, 3, b;t)
which yields a covering result for this class.

Theorem 3.2. Letf € Si(®,V;a, 3,b;t) and A < Mg, A2 < g for k> 2, then

[f(2)] <L+ |bu])r

+< (1—a)b| _Km+ﬂﬂ+ﬂ%%1—®ﬁmb0ﬂ
Qe =)@+ B8) + X —a)tpl] [ —t)A+B) + (L —a)tfp]

and

£ () (1 = |ba])r

- ([()\2 — )1+ 0)+ A —a)tfpl]  [(A2 =t)(1+0) + (1 —a)t[b]]

(1 —a)lt £ 00 E0) = 0 e, ) o
Proof. Let f € S(®,¥;a, 8,b;t). Taking the absolute value of f, we obtain

£ (=)

IN

(L [b1 e+ (] + [br])r*
k=2
(1—a)b|
(A2 =t)(1+ ) + (1 — a)t[b]]

(SiKnc%X1+@%%l—aMW

IN

(1+ |by|)r +

2 (=)l lax
G £ D) — (1= a)ilbll, |\
* -l '”)T

(L+[ba])r
(1—a)o
*(wau+ﬂ>+aamw
_Wu+ﬂﬂ+5%—ﬂ—aﬁﬂhhoﬁ
(e — )1+ )+ (L— o] ‘
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Similarly

@ 2 A=lnDr
N (- )
(G =001+ 5) + (1~ a)ilt]
e e, ) .
[ = )T+ 5) + (1 a)efe]

The upper and lower bounds given in Theorem 3.2 are respectively attained for
the following functions.

f(2) =2+ |baz
(1— o)y
- ([()\2 “H+5) + (1= )]
G+ 8) — (=] M) .
(o — (11 8) + (1 — )]

and
f(z) = (1= b))z
B < (1= )bl
(A2 =) (1 + B) + (1 — a)t[b]]
002 00, ) o
(A2 =) (1 4 8) + (1 — a)t[b]]

O

The following covering result follows from the left hand inequality in Theorem
3.2.

Corollary 3.3. Let f of the form (1.2) be so that f € Sg(®, ¥;a, 8,b;t) and Ay < Ay,
Ao < ug for k> 2. Then

i 1- )b
{“’ N [§ P T Ny e Gy

T )8 — (1]
SR (§ W gy a>t|b|]} ’“}'

4. Convolution and convex combinations

In this section, we show that the class Sy (®,¥;a,3,b;t) is closed under con-

volution and convex combinations. Now we need the following definition of con-
o0 o0

volution of two harmonic functions. For f(z) = z — 3. |ax|z® + 3 |bk|ZF and
k=2 k=1
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[e.°] o0
F(z) =2z — Y |Ap|z® + 3 | Bi|z¥, we define the convolution of two harmonic func-
k=2 k=1

tions f and F' as
(f*F)(z) = f(2) * F(2) = 2= > law|[Axlz" + > [bel| Bilz" (4.1)
k=2 k=1

Using the definition, we show that the class Sz (®, ¥; «, 3, b; ) is closed under convo-
lution.

Theorem 4.1. For 0 < § < a < 1, let f € Sg(®,¥;0,03,b;t) and F €
S7(®,9;6,8,b;t). Then [+ F € Sp(®, V5, 8,b;t) C S(P, V30, 3,b;t).

Proof. Let f(z) = 2z— Z lak|2* + Z |br.|Z* and F(z) = 2 — Z | Ag|2F + Z | B1|Z* be
=1
in Sz(®, V50, 3,b;t). Then the convolutlon f* F is given by (4 1), from the assertion

that f x F' € S(®,V;46,3,b;t). We note that |[Ay| < 1 and |Bg| < 1. In view of
Theorem 2.2 and the inequality 0 < § < a < 1, we have

— [(M — )1+ 3) + (1 — 8)[b]t]

|lak|| Akl

2 - )b

o0
+t)( + —0)|bt

k=1

Si k_t +ﬁ) ( 6)|b|t]|ak|

_|_

— )bl
k=1

)Ibl

“[ukfwu+ﬂ>< — )bl
<2 A=)

|a]

= [(e+ A+ B) — (1= a)lblt]
2 (1—a)b| el

k=1

IN

By the same token, we then conclude that

1,
by Theorem 2.2, f € Sx(®,¥;a t).
S :0,0,b;t). O

.3,
f*FeS(<I>\Ifaﬁbt) ®,

7l

b;t
/8
Next, we show that the class S;(®, V;a, 3,b;t) is closed under convex combi-
nation of its members.

Theorem 4.2. The class Sz(®, ¥; «, 3,b;1) is closed under convex combination.

Proof. Fori=1,2,3,..., let f; € Si(®, ¥;, B, b;t), where f; is given by

oo o0
Z) =z — Z |aik|zk + Z |b2k‘§k
k=2 k=1
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o0
For > t; = 1,0 <t; <1, the convex combination of f; may be written as

Ztifi(z)zz_z (Zt |azk|> 2+ (Ztibik|> zt
i=1 k=2 k=1 \i=1
Since,
o [ =) (1 +8) + (1 — o) b]¢] o
2 =)l lase

N Z (e + t)(1(+ ) )Ib(l — o)l <,

from the above equation we obtain

5 (M =)L+ 8) + (1 — ) [b]t] Zti|aik|

- )l

we +6)(1L+6) — o) |blt] =
+Z 1—0[|b| Zt|bzk|

= [(Ar —1) 1 B) + (1 — )bt

D) uk+t><11+_53y)|b<| a>'b'ﬂ|bik}

=1

IA
e
N

s
Il
-

This is the condition required by (2.2) and so ) t;f; € Sz (®, V; o, 3, b;1). O

i=1

5. Class preserving integral operator

Finally, we consider the closure property of the class Sz (®, V; o, 3,b;t) under
the generalized Bernardi-Libera -Livingston integral operatorL.[f] which is defined
by

() = S

/ €N F(€)dE (> —1).

0

Theorem 5.1. Let f € S (®, Vs o, 3,b;t). Then L.[f] € Sz(®, ¥;a, 3,b;1).
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Proof. From the representation of L.[f], it follows that

clfz) = S / e h(e)de + S / ge-1g(€)de

z¢
0 0

_ C+1/£c l<£ Z|ak€>
+c:cl /56*1 (kz_:l |bk£’“> d
3 =

z— iAka + i Bkzk,
k=2 k=1

where Ay = <L |ai| and By, = <EL |by|. Hence

5 Lttt om (o,
+i e 11+62v>|b(| - (zii'b’“o
53 (i +1) 1;_52)%( — o],

since f € Sz (®,¥;a, 3,b;t), therefore by Theorem 2.2, L.[f] € S (P, V; o, 5, b;1).
O
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