Stud. Univ. Babes-Bolyai Math. 58(2013), No. 1, 23-30

Subordination results for a class of Bazilevi¢
functions with respect to symmetric points
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Abstract. In this paper, using the principle of subordination we introduce the
class of Bazilevi¢ functions with respect to k-symmetric points. Several subordi-
nation results are obtained for this classes of functions involving a certain family
of linear operators.
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1. Introduction, definitions and preliminaries

Let H be the class of functions analytic in the open unit disc i = {z :| z |< 1}.
Let H(a,n) be the subclass of H consisting of functions of the form

fz)=a+a,z" + Ungp12" T L

Let
An = {f € H7 f(Z) =z a7z+1zn+1 + a7l+22n+2 4 .. }
and let A = A;.
Let S denote the class of functions in A which are univalent in ¢/. Also let P to
denote the class of functions of the form

p(z) =1+ anz" (z €lU),
n=1

which satisfy the condition Re(p(z)) > 0.

We denote by S*, C, K and C* the familiar subclasses of A consisting of functions
which are respectively starlike, convex, close-to-convex and quasi-convex in U. One of
our favorite reference of the field is [4] which covers most of the topics in a lucid and
economical style.

Let the functions f(z) and g(z) be members of A. we say that the function g is
subordinate to f (or f is superordinate to g), written g < f, if there exists a function
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w analytic in U, with w(0) = 0 and |w(z)] < 1 and such that g(z) = f(w(z)). In
particular, if ¢ is univalent, then f < g if f(0) = ¢g(0) and f(U) C g(U). Using the
concept of subordination of analytic functions Ma and Minda[6] introduced the class

S*(¢) of functions in A satisfying Z}C () < ¢ where ¢ € P with ¢ (0) > 0 maps U
onto a region starlike with respect to 1 and symmetric with respect to real axis.

For a fixed non zero positive integer k and fi(z) defined by the following equality

Zek (e¥z) <z—:k = exp (2;”)) , (1.1)

a function f(z) € A is said to be in the class 5§’“)(¢) if and only if it satisfies the
condition

2f (2)
< ¢(z zel), 1.2
g <o) (e (12)
where ¢ € P, the class of functions with positive real part.

Similarly, a function f(z) € A is said to be in the class c§k>(¢>) if and only if it
satisfies the condition
(zf'(2))

fi(2)
where ¢ € P, k > 1 is a fixed positive integer and fi(z) is defined by equality (1.1).
The classes Sgk)(qb) and Cék)(tﬁ) were introduced and studied by Wang et. al. [11].
Motivated by the class of univalent Bazilevi¢ functions, we introduce the following:
For 0 < v < o0, a function f(z) € A is said to be in By (7y; ¢) if and only if it satisfies
the condition

<9¢(2) (z€lU), (1.3)

2f (2)

. (k)
e [e(2)] = ¢(2), (2€U;g€eS& () (1.4)

where ¢ € P and gx(z) # 0 for all z € U is defined as in (1.1).
For complex parameters o, ..., aq and fi,...,03s (8; € C\ Zy;Z;, =
0,—1,-2,...;5 = 1,...,s), we define the generalized hypergeometric function

gFs(ar, ... ag; Br, ..., Bs;2) by

. LA > (1)n "'(O‘Q)"i
qFS(ala Q2, ..., Qg; ﬁla 627 sy Bsaz) T;) (51)11 (Bs)n n!

(¢ <s+1;q,5€Ng=NU{0}; z €U),
where N denotes the set of positive integers and (z); is the Pochhammer symbol
defined, in terms of the Gamma function I', by

Fz+k) |1 ifk=0
L)  |z@+D)(@+2) ...(e+k-1) ifkeN={1,2,,...}.

Corresponding to a function G, s(a1, f1; #) defined by

(x)k =

gq,s(ala 617 Z) = ZqFS(ah Q2, ..., Og; /617 627 ey ﬁ5;2)7 (15)
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Selvaraj and Karthikeyan in [9] recently introduced the following operator
D;?’Sq(ah ﬁl)f : A — ./4 by

DY Uar, B1)f(2) = f(2) % Gy, s(ar, Bi;

2)
Dy Uan, $1)f(2) = (1= N (F(2) %Gy, o(an, B3 2)) + A 2(f(2) %Gy, s (a1, Brs 2)) (1.6)
)

D3 e, )1 (z) = DyUDS (o, S (2) (17)
If f of the form f(z) = 24 > o2, a,2", then from (1.6) and (1.7) we may easily
deduce that

m(@1)n-1 .. (Qg)n-1 anz"

D/\ s (041, ﬂl Z+Z 1+ ] (,Bl)nfl (ﬁs)n,1 (n—l)' (18)
where m € Ny = NU {O} and A > 0. We remark that, for choice of the parameter
m = 0, the operator D" (v, £1)f(z) reduces to the well-known Dziok- Srivastava
operator [1] and for ¢ = 2 s=1,a; = B1,as =1 and A = 1, we get the operator
introduced by G. S. Sélégean [8] Also many (well known and new) integral and
differential operators can be obtained by specializing the parameters.

Throughout this paper we assume that

2w
m, q, s € N07 €k = €Xp ()

k

and

q, —v v

k’)\(ah ﬁla m; Z Zek D 041, ﬂl)f(gk:z)' (19)
Clearly, for kK = 1, we have

1, )\(ah ﬂlv m; Z) Dgf,sq(ala ﬁl)f(z)

Lemma 1.1. [3]Let h be convex in U, with h(0) = a, § # 0 and Red > 0. Ifp € H(a, n)
and

p(z)+ 2 L),

then
p(2) < q(z) < h(z),
where

6 z
= h(t) /™ =1 qt.
o) =~ [ 1)
The function q is convex and is the best (a, n)-dominant.
Lemma 1.2. [7]Let h be starlike in U, with h(0) = 0. If p € H(a, n) satisfies

2p (2) < h(2),
then ;
p(z) < q(z)=a+n""t / h(t)t™! dt.
0
The function q is convex and is the best (a, n)-dominant.

Remark 1.3. The Lemma 1.1 for the case of n = 1 was earlier given by Suffridge [10].
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2. Main results

We begin with the following
Theorem 2.1. Let f, g € A with f(2), [ (2), fr(z) # 0 and gp(z) # 0 for all z €
U\ {0}. Also let h be convex in U with h(0) = 1 and Reh(z) > 0. Further suppose
that g € Sgk)(¢) and

(D} Hon, Bi)f(2)) i 3+2{4Dﬁfmhﬁﬂf@D )
(£ 5 (a, Brs ms 2)]P7 (g S (ea, Br; my 2)]7 (D" Har, Bi)f(2)

’ ’

. (ggzi(ah Br1; m; Z)) }] < h(2).

1"

z (f,Z;i(al, B1; m; Z))

(1=7) g;f\(al, B1; m; z) —7 g,’i:i(ah B1; m; 2)
, (2.1)
Then
z(Dy"f (o, B f(2) B
S, By ms 2 o, B s o)~ A V@B 22
where

1 z
Q) = [ heyar
ZJo
and ¢ is convex and is the best dominant.

Proof. Let
o) (D, 1)1 ()
[ 3, Br; my 2)]7 (g S (@, Brs m; 2)]Y
then p(z) € H(1, 1) with p(z) # 0.

Since h is convex, it can be easily seen that @) is convex and univalent in /. If we
make the change of the variables P(z) = p?(z), then P(z) € H(1, 1) with P(z) # 0
inU.

By a straight forward computation, we have

(zelU;v>0),

’

ZPI(Z) Z(DZ?’Sq(al, 51)f(z))” < ( lg:i(alv B1; m; Z)) B

e N T @) ) T (e B 2

z (92:;(011, B1; m; Z)) ]

g, By ms 2)

v

Thus by (2.1), we have
P(2) 4 2P (2) < h(z) (z €U). (2.3)
Now by Lemma 1.1, we deduce that
P(z) < Q(z) < h(z).
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Since Reh(z) > 0 and Q(z) < (z) we also have Re Q(z) > 0. Hence the univalence

of @ implies the univalence of \/Q(z), p?(z) < Q(z) implies that p(z) < \/Q(z) and
the proof is complete. O

Corollary 2.2. Let f, g € A with f (2), fr(2) and gi(z) # 0 for all z € U\ {0}. If
g€ S and Re Q)] >n (0<n<1), where

_ 2DV Ha, B1)f(2) 2
Q(Z) - ([flg,,)g\(ah B1; m; Z)]l vy [gk’}\(ah B1; m; z)]’Y)

’

3+2{2(DZ?’S‘1(041’ ﬁl)f(Z))” z ( " o, Bi; my z))

OF T, f@) T o, B 2)

’

z (9;3’75,'\(041, B1; m; Z)) }]

gz:f\(ah Br1; m; z)

-

then
(Dgn’sq(alv 51)](.( ))I
T3 o B ms 2 [g 3 (o B z)]”] 7

where A(n) = [2(1 —n) -log2 + (21 — 1)]%. This result is sharp.
1+(2n—1)z

Re

Proof. If we let h(z) = 0 <n <1 in Theorem 2.1.
z
It follows that Q(z) is convex and Re Q(z) > 0. Therefore

min Re/Q(z) = V@ )-log2+ (2n—1)]>.

|z|<1

Nl

Hence the proof of the Corollary.
Ifwelet m=v=0,¢g=2,s=1, a; = 1 and as = 1 in the Corollary 2.2, then
we have the following

Corollary 2.3. Let f € A with f (z) and fi(z) # 0 for all z € U\ {0}. If

. zf/(z) ’ 2zf”(z)_2zf];(z)
& {(fkcz)) TGO T A ]}””
Re

then
2f (2)
fr(2)

where A(n) = [2(1 —n) -log2 + (21 — 1)]%. This result is sharp.

> (),

Ifwelety=1,m=0,¢g=2,s=1,a; = and as = 1 in the Corollary 2.2,
then we have the following
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Corollary 2.4. Let f, g € A with f (2) and gr(z) # 0 for all z € U\ {0}. If g € Sk

and
. zf (2) ’ 221" (2) _2zg,;(z)
& <gk<z>> l‘” G ae |
then )
2f (2)
fre gk(2) > M)

where A(n) = [2(1 —n) -log2 + (2 — 1)]%. This result is sharp.

Remark 2.5. If we let £k = 1 in Corollary 2.4 and in Corollary 2.3, then we have the
condition for usual starlikeness and close-to-convex respectively.

Theorem 2.6. Let f, g € A with f(2), f (2) and gr(z) # 0 for all z € U\ {0}. Further
suppose h is starlike with h(0) = 0 in the unit disk U, g € Ss(k)(aﬁ) and

’
12

(Do, B1)1(2)) 2 (#3n, B mi 2))

y S

O Tar, 0SB )

| | e
2 (gzzf\(ah Bi; m; Z))

gia(ar, Bi;m; 2)

1+

gl < h(z) (2€lU;y=0).

Then

’

2(DY e, A1) f(2)) _ * h(t)
o B ms )] (g 3 (o B s )7 pe) = e </0 t dt> 25)

where ¢ is convex and is the best dominant.

Proof. Let

’ , (2.6)
a )Z( EXlon Brimi2)) 2 (g5, B mi 2))
! walar, Bz m; z) K gi(ar, Bism; z)
Since f, g € A with f'(z), fx(2) and gx(2) # 0 for all z € U \ {0}, therefore

U(2)=z+biz+boz? +....

Obviously ¥ is analytic in /. Thus we have
U(z)=h(z) (z€ll).

Now by Lemma, we deduce that

/Oz%t)dw/ozh“iﬂdt. (2.7)
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Hence using

U() _ d [bg { 2Dy o, BIF(2))' H
[

z  dz (e, Brs m; 2)]P7 (g S (aa, Bu; ms 2)]

in (2.7), we arrive at the desired result. O

Ifwelet m=0,¢q=2,s=1, a; = and as = 1 in the Theorem 2.6, then we
have the following

Corollary 2.7. Let f, g € A with f(2), f (2) and gr(2) # 0 for all z € U\{0}. Further
suppose h is starlike with h(0) = 0 in the unit disk U and

LD (-l D ) et 20,

Tr(2) gk(2)
2f'(2) o [ [P
Ll w@p = p(/ / ‘“)

where ¢ is convex and is the best dominant.

1+

Then

For k£ =1 in the Corollary 2.7, we get result obtained by Goyal and Goswami in [2].
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