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Partial sums of harmonic univalent functions

Saurabh Porwal and Kaushal Kishore Dixit

Abstract. In this paper, authors obtain conditions under which the partial sums
of the Libera integral operator of functions in the class HP(a), (0 < a < 1),
consisting of harmonic univalent functions f = h+g for which Re{h/(2)+g¢'(2)} >
«, belong to the similar class HP(3), (0 < 8 < 1). Further, we improve a recent
result on partial sums of functions of bounded turning in [6].
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1. Introduction

A continuous complex-valued function f = u + v is said to be harmonic in a
simply connected domain D if both u and v are real harmonic in D. In any simply
connected domain we can write f = h+g , where h and g are analytic in D. We call h
the analytic part and g the co-analytic part of f. A necessary and sufficient condition
for f to be locally univalent and sense-preserving in D is that |h'(z)| > |¢'(2)],z € D
(see Clunie and Sheil-Small [2]).

Denote by Sg the class of functions f = h+g which are harmonic univalent and
sense-preserving in the unit disk U = {z : |z| < 1} for which f(0) = f,(0) — 1 = 0.
Then for f = h+ 9 € Sy we may express the analytic functions h and g as

h(z) =2+ a2, g(z) =Y bp2¥, [b] < 1. (1.1)
k=2 k=1

For basic results on harmonic functions one may refer to the following standard
introductory text book by Duren [3].

Note that Sy reduces to the class S of normalized analytic univalent functions
if the co-analytic part of its member is zero. For this class f(z) may be expressed as

fz) =2+ az, z€U. (1.2)
k=2
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For 0 < o < 1, B () denote the class of functions of the form (1.2) such that
Re{f’(#)} > ain U. The functions in B («) are called functions of bounded turning

(cf. [5]).
Recently, Yalcin et al.[13] introduced the subclass HP («) of Sy consisting of
functions f of the form (1.1) satisfying the condition

Re{h' (2) + 4" (2)} > a. (1.3)

In [13], HP* () denote the subclass of HP («) consisting of functions f = h+g
such that h and g are of the form

z):z—Z|ak\zk, g(z):—Z|bk|zk. (1.4)
k=2 k=1

We note that for f of the form (1.2), HP («) reduces to the class B («) satisfying
the condition Re{f" ()} > ain U.
For f of the form (1.2), the Libera integral operator F' is given by

2 [? =2
S de = E k. 1.
z/o J(e)de Z+k:2k+1akz (1.5)

For f = h+ g in Sy, where h and g are given by (1.1), the Libera integral
operator led us to define integral operator given by

2 [# 2 [F =2 22
F()==] h(Q)ds+ = ds = k bezk. (1.
@=2 [ n@a? =zt Y et + 3 et 00

The nth partial sums F, (z) of the integral operator F (z) for functions f of the
form (1.1) are given by

n

n 2
F”(Z):Z+Zk+1a’“zk+;lk+1
Hy (2) + G (2).

The nth partial sums F), (z) of the Libera integral operator F'(z) for analytic
univalent functions of the form (1.2) have been studied by various authors in ([6],
[8]) ( See also [1], [7], [9], [10], [11], [12]), yet analogous results on harmonic univalent
functions have not been so far explored. Motivated with the work of Jahangiri and
Farahmand [6], an attempt has been made to systematically study the partial sums
of harmonic univalent functions.

b2k (1.7)

2. Main results

To derive our first main result, we need the following three lemmas. The first
lemma is due to Gasper [4], the second is due to Jahangiri and Farahmand [6] and
the third is a well-known and celebrated result (cf. [5]) that can be derived from the
Herglotz representation for positive real part functions.
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Lemma 2.1. Let 6 be a real number and let m and k be natural numbers. Then

1 < cos (k6)

> 0. (2.1)

3 — k+2 —

R i £ L (2.2)
e — ——. .
22 3

Lemma 2.3. Let P(z) be analytic in U, P(0) = 1 and Re (P (z)) > 3 in U. For
functions Q analytic in U, the convolution function P x Q) takes values in the convex
hull of the image on U under Q.

The operator “x" st(mds for the Hadamard product or convolution of two power

series f(z) = > peganz® and g(z) =Y 5, bz is given by

(f*9)(2) = f(2)%g(2) = D arbiz".
k=0

Lemma 2.2. For z € U,

Theorem 2.4. If f of the form (1.1) with by = 0 and f € HP («) , then F,, €
HP(‘M 1) ,fori§a<1.

Proof. Let f be of the form (1.1) and belong to HP () for 1 < a < 1.
Since

Re{l () + ¢ (2)} >,

we have

Re{l T (Zk_akzk 1+Zkbkz )} > % (2.3)

Applying the convolution properties of power series to H, (z) + G}, (z), we may

write
n n

/ / 2% .
H! (2)+ G ( kz akz ,;Qk’"‘lbk%
1 > -1 - 4 -1
‘(“m_@(g(“k”k”k ) (0o
= P(2) * Q(2). (2.4)

From Lemma 2.2 for m = n — 1, we obtain
"t gkt 1
R —_— —=. 2.5
¢ (Z k1) 7 73 (2:5)
k=2
By applying a simple algebra to inequality (2.5) and Q(z) in (2.4)), one may

obtain
Re(Q(2)) = R{ } 40‘3*1.
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On the other hand, the power series P(z) in (2.4) in conjunction with the con-
dition (2.3) yields
1
Re (P (z)) > 3
Therefore, by Lemma 2.3, Re {H], (z) + G/, ()} > &1,
This completes the proof of Theorem 2.4. O

If f of the form (1.2) in Theorem 2.4, we obtain the following result of Jahangiri
and Farahmand in [6].

Corollary 2.5. If f of the form (1.2) and f € B(a) , then F, € B (%) | for
i<a<l

To prove our next theorem, we need the following Lemma due to Yalcin et al. [13].

Lemma 2.6. Let f = h+ g be given by (1.4). Then f € HP* (a) if and only if

> klal+> kel <1-0a, 0<a<1.
k=2 k=1

Theorem 2.7. Let f be of the form (1.4) with by = 0 and f € HP*(a) , then the
functions F (z) defined by (1.6) belongs to HP* (p) , where p = 2% The result is
sharp. Further, the converse need not to be true.

Proof. Since f € HP* (o) , Lemma 2.6 ensures that

o0

Z% (Jak| + [be) < 1. (2.6)

k=2
Also, from (1.6) we have

F = —E k_ —= |b| Z.
(2) == k:2k+1|aklz k:2k+1|k|z

Let F (z) € HP* (o) , then, by Lemma 2.6, we have

—( k 2 2
) = = <1.
(1_0><k+1MH+k+le>l

k=2

Thus we have to find largest value of ¢ so that the above inequality holds. Now
this inequality holds if

— [ k 2 2 =k
[ —_ < .
Z(l_a> <k+1|ak|+k+1bk|> <7 = (lanl + o)

k=2

or, if

k 2 < i , foreach k=2,34......
l—-0c/)k+1 71—«

which is equivalent to

k—142a
<— = k=2,3,4......
S k+1 Pk » 9y



Partial sums of harmonic univalent functions 19

It is easy to verify that py is an increasing function of k. Therefore, p = ér>1f2 Pk = P2

and, hence
142«
=5
To show the sharpness, we take the function f (z) given by
1-— 1-—
P =2 = Eg Pl = 12, where fol + bl = 1.
Then
1-— 1-—
Py=z- LoDy Lo
=H(2)+G(2)
and therefore
2(1— 2(1—
H () + G (2) :1—%\x|z— (Ta)w\z
_3-2(1—a)(z[+[y]) 2
3
= 1—|—32a’ for z — 1.

Hence, the result is sharp.
We now show that the converse of above theorem need not to be true. To this
end, we consider the function

o)

1-— 1-—
F) =z D - Co Dy
where ) )
a4+
o[ +lyl =1, 0= ——.

Lemma 2.6 guarantees that F (z) € HP* (o).

But the corresponding function

2(1-o0) 2(1-a)
3 3

does not belong to HP* («) , since, for this f (z) the coefficient inequality of Lemma
2.6 is not satisfied. d

‘.’E|Z3 - |y|237

In next theorem, we improve the result of Theorem 2.4 for functions f of the
form (1.4) for this we need the following Lemma due to Yalcin et al. [13].

Lemma 2.8. If0 < a1 < as <1, then

HP" (ag) C HP" (o).
Theorem 2.9. Let f of the form (1.4) with by = 0 and f € HP* («). Then the function
F, (2) defined by (1.7) belong to HP* <2a + 1).

3
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Proof. Since

o0 o0
z)=2z— Z lax| 2% — Z |br| 2"
k=2 k=2

Then
— 2 — 2
F(z)=2z—- — b —— |bi| Z*.
@ =23 lad = Xy s
By using Theorem 2.7, we have
N 200+ 1
F(z) € HP*(0), where 0 = 5
Now N N
= Z |ak|2k— %H|bk|2k
k: k=2

To show that F, (z) € HP* (o) , we h
- k 2
Z( )(k+1a’“+k+1|b’“|)

k=2
( ) (2 fad + 2 )
Thus F, (z) € HP* (a).

In next theorem, we improve a result of Jahangiri and Farahmand in [6] when
f has form f(z) =z — Y 7o, |ax| 2* , for this we need the following Lemma. O

A IN
\TMg

IN

Lemma 2.10. I[f0 < oy < as <1, then
B (Ozg) Q B (al) .
Proof. The proof of the above lemma is straightforward, so we omit the details. [

Theorem 2.11. Let f(z —Z—Z|ak|z If f(2) € B(«) , then
k=2

n 2
-3 |ax| 2*
= k+1
belongs to B (%) .

Proof. The proof of this theorem is much akin to that of Theorem 2.9 and therefore
we omit the details. g

Remark 2.12. For } < a <1, f(z) € B(«) Jahangiri and Farahmand [6] shows that
F,(2) € B (*%) and our result states that F, (z) € B (2%H) .

Since 2‘”1 > 4"‘3 L for i < a <1, and using Lemma 2.10, we have

20+ 1 4o —1
B B .
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Hence our result provides a smaller class in comparison to the class given by Jahangiri
and Farahmand [6].

Acknowledgement. The present investigation was supported by the University Grant
Commission under grant No. F- 11-12/2006(SA-I).

References

[1] Campbell, D.M., Singh, V., Valence properties of the solution of a differential equation,
Pacific J. Math., 84(1)(1979), 29-33.
[2] Clunie, J., Sheil-Small, T., Harmonic univalent functions, Ann. Acad. Sci. Fenn. Ser. A
I Math., 9(1984), 3-25.
[3] Duren, P., Harmonic mappings in the plane, Camb. Univ. Press, 2004.
[4] Gasper, G., Nonnegative sums of cosine, ultraspherical and Jacobi Polynomials, J. Math.
Anal. Appl., 26(1969), 60-68.
[5] Goodman, A.W., Univalent functions, Vol. I, II, Marnier Publishing, Florida, 1983.
[6] Jahangiri, J.M., Farahmand, K., Partial sums of functions of bounded turning, J. In-
equal. Pure Appl. Math., 4(4)(2003), 1-3.
[7] Kumar, V., Shukla, S.L., On a Libera integral operator, Kyungpook Math. J., 24(1)
(1984), 39-43.
[8] Li, J.L., Owa, S., On partial sums of the Libera integral operator, J. Math. Anal. Appl.,
213(2)(1997), 444-454.
[9] Libera, R.J., Some classes of regular univalent functions, Proc. Amer. Math. Soc.,
16(1965), 755-758.
[10] Livingston, A.E., On the radius of univalence of certain analytic functions, Proc. Amer.
Math. Soc., 17(1966), 352-357.
[11] Miller, S.S., Mocanu, P.T., Reade, M.O., Starlike integral operators, Pacific J. Math.,
79(1978), 157-168.
[12] Mocanu, P.T., Reade, M.O., Ripeanu, D., The order of starlikeness of a Libera integral
operator, Mathematica (Cluj), 19(42)(1)(1977), 67-73.
[13] Yalcin, S., Oztiirk, M., Yamankaradeniz, M., 4 subclass of harmonic univalent functions
with negative coefficients, Appl. Math. Comput., 142(2003), 469-476.

Saurabh Porwal

Department of Mathematics

Janta College, Bakewar, Etawah
(U.P.) India-206124

e-mail: saurabh.8400@rediffmail.com

Kaushal Kishore Dixit
Department of Mathematics
Janta College, Bakewar, Etawah
(U.P.) India-206124



