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1. Introduction

Using a well-known method of construction for the pairs of linear positive op-
erators, we give an estimate of the difference between the terms of these pairs. Let
(Ln)n≥1 be a sequence of linear positive operators, Ln : L −→ F(I) having the form

Ln(f ;x) =
∑
k≥0

hn,k(x)νn,k(f), x ∈ I, f ∈ L, (1.1)

where L is the space of all real measurable bounded functions on I, for which Lnf is
well defined and F(I) is the space of all real valued functions defined on I.

Also the functions f ∈ L are µn,k- integrable on I, µn,k being probability Borel
measures on I and so that, the linear positive functional

νn,k(f) =
∫
I

f(u)dµn,k(u), f ∈ L (1.2)

is well defined for each n ≥ 1 and k ≥ 0. We assume that, xn,k ∈ I is the barycenter
of the probability Borel measure µn,k, i.e.

xn,k = νn,k (e1) =
∫
I

udµn,k(u). (1.3)

As usual, ei(x) = xi, x ∈ I, i = 0, 1, 2, . . . denote the test functions. In (1.1) we
consider the positive functions hn,k ∈ CB(I) so that,

∑
k≥0

hn,k(x) = 1. With these

remarks, the linear positive operators (1.1) preserve the constant functions. It is well
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known (see [3], [4], [8], [9], [22], [25]) that the sequence of positive linear operators
(1.1) is associated with the next sequence of linear positive operators

Pn(f ;x) =
∑
k≥0

hn,k(x)f (xn,k) , n ≥ 1, k ≥ 0, x ∈ I, f ∈ L (1.4)

where we consider that L is the common set of all real functions f on I for which
Lnf , νn,k(f), Pnf are well defined. We remark that

Ln (e1;x) = Pn (e1;x) =
∑
k≥0

hn,k(x)xn,k.

In the next section, we present an estimate on the difference between the terms of the
pair of operators (Ln, Pn).

2. An estimate on the difference |Lnf − Pnf |
The basic result for the next theorem is the barycenter inequality of ν a proba-

bility Radon measure on I

ν(h) ≥ h(b), h ∈ CB(I) convex,

with b = ν(e1) the barycenter of probability Radon measure ν.

Indeed, if h =
‖f ′′‖

2
e2 ± f, f ∈ C2

B(I), then the barycenter inequality becomes

|ν(f)− f(b)| ≤ ‖f ′′‖
2

[
ν(e2)− b2

]
,

where ‖·‖ is the uniform norm.

Theorem 2.1. If (Ln)n≥1, (Pn)n≥1, are two sequences of linear positive operators
defined as (1.1) respectively (1.4) for f ∈ C2

B(I) ⊂ L, then for x ∈ I we shall have
the estimation

|Ln(f ;x)− Pn(f ;x)| ≤ ‖f ′′‖
2

∑
k≥0

hn,k(x)
[
νn,k(e2)− (νn,k(e1))

2
]
. (2.1)

3. Some examples

The main purpose of the present paper is to establish results of type (2.1) for a
number of well-known pairs operators (Ln, Pn) used in approximation theory. In our
examples, the functions hn,k(x) are the next discrete probability functions:

(i). pn,k(x) =
(
n
k

)
xk(1 − x)n−k, x ∈ [0, 1], 0 ≤ k ≤ n, n ≥ 1 (the binomial proba-

bility)

(ii). sn,k(x) = e−nx (nx)k

k!
, x ≥ 0, k ≥ 0, n ≥ 1 (the Poisson probability)

(iii). πn,k(x) =
(
n+k−1

k

) xk

(1 + x)n+k
, x ≥ 0, k ≥ 0, n ≥ 1 (the negative binomial

probability or the Pascal probability).
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Also, we consider the next probability density functions:

(iv). γn(x) =

0 , x < 0
1

Γ(n)
xn−1e−x , x ≥ 0, n > 0

(the Gamma probability density

function),

Γ(a) =

∞∫
0

e−xxa−1dx, a > 0 (the Gamma function)

(v). βk,n(x) =

0 , x /∈ [0, 1]
1

B(k, n)
xk−1(1− x)n−1 , x ∈ [0, 1], k > 0, n > 0

(the Beta

probability density function),

B(k, n) =

1∫
0

xk−1(1−x)n−1dx, k > 0, n > 0 (the Beta function of the first kind)

(vi). bk,n(x) =

0 , x < 0
1

B(k, n)
· xk−1

(1 + x)n+k
, x ≥ 0, k > 0, n > 0

(the Inverse-Beta

probability density function),

B(k, n) =

∞∫
0

xk−1

(1 + x)n+k
dx, k > 0, n > 0 (the Beta function of the second kind)

(vii). ω(x) =

0 , x /∈ [a, b]
1

b− a
, x ∈ [a, b], a < b

(the uniform continuous probability den-

sity function on [a, b]).

It is easy to see that, between the discrete probability functions and the proba-
bility density functions there are a link in the next sense:

pn,k(x) =
1

n + 1
βk+1,n−k+1(x)

= βk+1,n−k+1(x)
1∫
0

pn,k(x)dx, 0 ≤ k ≤ n, n ≥ 1, x ∈ [0, 1],

sn,k(x) = γk+1(nx), k ≥ 0, n ≥ 1, x ≥ 0,

πn,k(x) =
1

n− 1
bk+1,n−1(x), k ≥ 0, n > 1, x ≥ 0.

Using a general method of construction for the pairs of linear positive operators,
we give the next examples.

A. Let hn,k(x) = pn,k(x) =
(
n
k

)
xk(1 − x)n−k, n ≥ 1, k = 0, n, I = [0, 1] be, the

binomial probability.
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A1. Taking

νn,k(f) =


1∫
0

f(u)βk,n−k(u)du , 1 ≤ k ≤ n− 1, n ≥ 2

f(0) , k = 0
f(1) , k = n

=


(n− 1)

1∫
0

f(u)pn−2,k−1(u)du , 1 ≤ k ≤ n− 1, n ≥ 2

f(0) , k = 0
f(1) , k = n

and

xn,k = νn,k(e1) =


1∫
0

uβk,n−k(u)du =
k

n
, 1 ≤ k ≤ n− 1, n ≥ 2

0 , k = 0
1 , k = n

we obtain the pair of operators (DBn(f ;x), Bn(f ;x)) where

DBn(f ;x) = pn,0(x)f(0) + (n− 1)
n−1∑
k=1

pn,k(x)

1∫
0

f(u)pn−2,k−1(u)du

+pn,n(x)f(1)

is the genuine Bernstein - Durrmeyer operator, defined and investigated by Good-

man, T.N.T., Sharma, A. [15], [16] and Bn(f ;x) =
n∑

k=0

pn,k(x)f
(

k

n

)
is the classical

Bernstein operator.
We have with (2.1), for f ∈ C2[0, 1] the next estimation

|DBn(f ;x)−Bn(f ;x)| ≤ ‖f ′′‖
2

· n− 1
n + 1

· x(1− x)
n

.

A2. If we have

ν∗n,k(f) =

1∫
0

f(u)βk+1,n−k+1(u)du = (n + 1)

1∫
0

f(u)pn,k(u)du

and

xn,k := ν∗n,k(e1) =
B(k + 2, n− k + 1)
B(k + 1, n− k + 1)

=
k + 1
n + 2

, 0 ≤ k ≤ n,
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then, we get the pair of operators (DB∗
n(f, x), B∗

n(f, x)) with

DB∗
n(f ;x) =

n∑
k=0

pn,k(x)

1∫
0

f(u)βk+1,n−k+1(u)du

= (n + 1)
n∑

k=0

pn,k(x)

1∫
0

f(u)pn,k(u)du

the classical Bernstein-Durrmeyer operator defined by Durrmeyer J.L.[12] and exten-
sively studied by Derriennic M. M. [10], Ditzian Z., Ivanov K. [11], Gonska H.H., Zhou

X. [14] and B∗
n(f ;x) =

n∑
k=0

pn,k(x)f
(

k + 1
n + 2

)
, the Bernstein-Stancu operator [27]. For

they, if f ∈ C2[0, 1] then

|DB∗
n(f ;x)−B∗

n(f ;x)| ≤ ‖f ′′‖
2

· n(n− 1)x(1− x) + n + 1
(n + 2)2(n + 3)

.

A3. For the functional λn,k(f) = (n+1)

k+1
n+1∫
k

n+1

f(u)du associated with the uniform

continuous probability density function

ωn,k(u) =


0 , u /∈

[
k

n + 1
,
k + 1
n + 1

]

n + 1 , u ∈
[

k

n + 1
,
k + 1
n + 1

]
we have

xn,k := λn,k(e1) = (n + 1)

k+1
n+1∫
k

n+1

udu =
2k + 1

2(n + 1)
, 0 ≤ k ≤ n, n ≥ 1.

So, the pair of operators becomes (KBn(f ;x), B∗∗
n (f ;x)) with

KBn(f ;x) = (n + 1)
n∑

k=0

pn,k(x)

k+1
n+1∫
k

n+1

f(u)du (3.1)

the Bernstein-Kantorovich [18] operator and

B∗∗
n (f ;x) =

n∑
k=0

pn,k(x)f
(

2k + 1
2(n + 1)

)
the Bernstein-Stancu [27] operator.

Using the Theorem 2.1 we have for f ∈ C2[0, 1] the estimate

|KB∗
n(f ;x)−B∗∗

n (f ;x)| ≤ ‖f ′′‖
24(n + 1)2

.
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A4. Consider now, the linear positive functional

λ∗n,k(f ; an, bn) =
n + 1

bn − an

k+bn
n+1∫

k+an
n+1

f(u)du, 0 ≤ an < bn ≤ 1,

which can be associated with the uniform continuous probability density function

ω∗n,k(u; an, bn) =


0 , u /∈

[
k + an

n + 1
,
k + bn

n + 1

]
n + 1

bn − an
, u ∈

[
k + an

n + 1
,
k + bn

n + 1

]
, 0 ≤ an < bn ≤ 1

and

xn,k := λ∗n,k(e1; an, bn) =
2k + an + bn

2(n + 1)
, 0 ≤ k ≤ n, n ≥ 1.

We obtain the pair of operators (ALn(f ;x), BSn(f ;x)) with

ALn(f ;x) =
n∑

k=0

pn,k(x)

 n + 1
bn − an

k+bn
n+1∫

k+an
n+1

f(u)du


0 ≤ an < bn ≤ 1, f ∈ C[0, 1], x ∈ [0, 1], a generalization of Bernstein-Kantorovich
operators (3.1) which was given by Altomare F., Leonessa V. [2] and its associated
operators is the Bernstein-Stancu type operator [27]

BSn(f ;x) =
n∑

k=0

pn,k(x)f
(

2k + an + bn

2(n + 1)

)
, (an → 0, bn → 1, n →∞).

If f ∈ C2[0, 1] we obtain with (2.1) the next estimate

|ALn(f ;x)−BSn(f ;x)| ≤ ‖f ′′‖ (bn − an)2

24(n + 1)2
.

A5. Taking for a, b > −1, α ≥ 0, c := cn = [nα] the positive linear beta func-
tional

T a,b,c
k,n (f) =

1
B (ck + a + 1, c(n− k) + b + 1)

1∫
0

f(u)uck+a(1− u)c(n−k)+bdu

and its associated linear positive beta operator

T a,b,c
n (f ;x)

=
1

B (cnx + a + 1, cn(1− x) + b + 1)

1∫
0

f(u)ucnx+a(1− u)cn(1−x)+bdu
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x ∈ [0, 1], we have with (1.1) a linear positive operator defined and investigated by
Mache D. H. [19], [20], which represents a link between the Durrmeyer operator with
Jacobi weights (for α = 0) and the classical Bernstein operator

DMn(f ;x) =
n∑

k=0

pn,k(x)T a,b,c
n,k (f) = Bn

(
T a,b,c

n

)
(f ;x).

Because T a,b,c
n,k (e1) =

ck + a + 1
cn + a + b + 2

, Rasa I. [25] using (1.4) defined and investigated

a new linear positive operator associated with DMn(f),

Rn(f ;x) =
n∑

k=0

pn,k(x)f
(

ck + a + 1
cn + a + b + 2

)
.

If f ∈ C2[0, 1] then for the pair of operators (DMnf,Rnf) with Theorem 2.1 we have
the estimate

|DMn(f ;x)−Rn(f ;x)|

≤ ‖f ′′‖
2

· c2n(n− 1)x(1− x) + cn(b− a)x + cn(a + 1) + (a + 1)(b + 1)
2(cn + a + b + 2)2(cn + a + b + 3)

.

B. Let hn,k := sn,k(x) = e−nx (nx)k

k!
, x ≥ 0, k ≥ 0, n ≥ 1 be, the Poisson

probability function.
B1. If

τn,k(f) =



n
∞∫
0

f(u)γk(nu)du = n
∞∫
0

f(u)sn,k−1(u)du

=

∞∫
0

f(u)sn,k−1(u)du

∞∫
0

sn,k−1(u)du

, k ≥ 1

0 , k = 0

is a linear positive functional and

xn,k := τn,k(e1) =

n
∞∫
0

uγk(nu)du = n
∞∫
0

sn,k−1(u)du =
k

n
, k ≥ 1

0 , k = 0

then we have with (1.4) the classical Szasz-Mirakjan operator

Sn(f ;x) =
∞∑

k=0

sn,k(x)f
(

k

n

)
. (3.2)
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and with (1.1) the Phillips operator [23] or the genuine Szasz-Durrmeyer operator

DSn(f, x) = sn,0(x)f(0) +
∞∑

k=1

sn,k(x)

∞∫
0

f(u)sn,k−1(u)du

= sn,0(x)f(0) +
∞∑

k=1

sn,k(x)

∞∫
0

f(u)γk(nu)du

For these two operators, with the Theorem 2.1, we obtain the estimation

|DSn(f ;x)− Sn(f ;x)| ≤ ‖f ′′‖
2

∑
k≥0

sn,k(x)
[
τn,k(e2)− (τn,k(e1))

2
]

=
‖f ′′‖

2
· x

n
,

x ≥ 0, f ∈ C2
B [0,∞).

B2. We consider the linear positive functional

τ∗n,k(f) = n

∞∫
0

f(u)sn,k(u)du = n

∞∫
0

f(u)γk+1(nu)du

and

xn,k := τ∗n,k(e1) = n

∞∫
0

uγk+1(nu)du =
k + 1

n
, k ≥ 0.

So, using (1.4) we get a modification of Szasz-Mirakjan operator

S∗n(f ;x) =
∞∑

k=0

sn,k(x)f
(

k + 1
n

)
and with (1.1) the Szasz-Durrmeyer type operator, which was defined and studied by
Mazhar, Totik [21]

DS∗n(f, x) = n
∞∑

k=0

sn,k(x)

∞∫
0

f(u)sn,k(u)du

= n
∞∑

k=0

sn,k(x)

∞∫
0

f(u)γk+1(nu)du.

If f ∈ C2
B [0,∞) then

|DS∗n(f ;x)− S∗n(f ;x)| ≤ ‖f ′′‖
2

∑
k≥0

sn,k(x)
[
τ∗n,k(e2)−

(
τ∗n,k(e1)

)2
]

≤ ‖f ′′‖
2

(
x

n
+

1
n2

)
.
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B3. Taking the linear positive functional

ϕn,k(f) =

f(0) , k = 0
∞∫
0

f(u)bk,n+1(u)du , k > 0,

with bk,n+1(u) =

0 , u ≤ 0 or k = 0
1

B(k, n + 1)
· uk

(1 + u)n+k+1
, u > 0, k > 0

the Inverse-Beta

probability density function we obtain the knots

xn,k := ϕn,k(e1) =

0 , k = 0
∞∫
0

ubk,n+1(u)du =
B(k + 1, n)
B(k, n + 1)

=
k

n
, k > 0.

According to (1.1) we have the Szasz-Inverse Beta operator, defined by Govil N.K.,
Gupta, V., Noor M. A., [17] and studied by Finta Z., Govil N. K., Gupta V., [13],
Cismaiu C., [5], [6], [7]

SAn(f, x) = f(0)sn,0(x) +
∞∑

k=1

sn,k(x)

∞∫
0

f(u)bk,n+1(u)du

and according to (1.4) we have the Szasz-Mirakjan Snf operator (3.2). For the pair
of operators (SAnf, Snf), if f ∈ C2

B [0,∞) we get the next estimate

|SAn(f ;x)− Sn(f ;x)| ≤ ‖f ′′‖
2

∞∑
k=1

sn,k(x)
[
ϕn,k(e2)− (ϕn,k(e1))

2
]

≤ ‖f ′′‖
2

· 1
n− 1

(
x(x + 1) +

x

n

)
, n > 1.

B4. For the linear functional

φn,k(f) =

k+1
n∫

k
n

f(u)ρn,k(u)du = n

k+1
n∫

k
n

f(u)du, n ≥ 1, k ≥ 0

with

ρn,k(u) =


0 , u /∈

[
k

n + 1
,
k + 1
n + 1

]

n , u ∈
[

k

n + 1
,
k + 1
n + 1

]
, n ≥ 1, k ≥ 0

the uniform continuous probability density function, we have

xn,k := φn,k(e1) =

k+1
n∫

k
n

uρn,k(u)du =
2k + 1

2n
, n ≥ 1, k ≥ 0
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and with (1.4) we obtain a modification of Szasz-Mirakjan operator

S∗∗n (f ;x) =
∞∑

k=0

sn,k(x)f
(

2k + 1
2n

)
.

The associated operator with (1.1) is the classical Szasz-Kantorovich operator [18]
KnS∗∗n : L1([0,∞)) −→ B([0,∞)),

L1([0,∞)) =

f : [0,∞) −→ R, measurable on [0,∞),

∞∫
0

|f(x)| dx < ∞


defined

KnS∗∗n (f ;x) = n

∞∑
k=0

sn,k(x)

k+1
n∫

k
n

f(u)du

and so, using the Theorem 2.1 we obtain

|KnS∗∗n (f ;x)− S∗∗n (f ;x)| ≤ ‖f ′′‖
2

· 1
12n2

, f ∈ C2
B [0,∞).

C. Now, we consider the negative binomial probability or the Pascal probability

hn,k(x) := πn,k(x) =
1

n− 1
bk+1,n−1(x) =

(
n + k − 1

k

)
xk

(1 + x)n+k

x ≥ 0, k ≥ 0, n > 1.

C1. Let σn,k(f) = (n− 1)
∞∫
0

f(u)πn,k(u)du =
∞∫
0

f(u)bk+1,n−1(u)du,be the linear

functional which is defined whenever f is either a real-valued bounded measurable
function on [0,∞) or a continuous function on [0,∞) such that f(x) = O (xr) , 0 <
r < n− 1. We obtain

xn,k := σn,k(e1) =

∞∫
0

ubk+1,n−1(u)du =
B(k + 2, n− 2)
B(k + 1, n− 1)

=
k + 2
n− 2

, n > 2.

We get with (1.1) the Baskakov-Durrmeyer operator, defined and investigated by
Sahai A., Prasad G. [26]:

DMn(f, x) = (n− 1)
∞∑

k=0

πn,k(x)

∞∫
0

f(u)πn,k(u)du

=
∞∑

k=0

πn,k(x)

∞∫
0

f(u)bk+1,n−1(u)du, n > 1, x ≥ 0

and with (1.4) a modification of Baskakov operator

Mn(f ;x) =
∞∑

k=0

πn,k(x)f
(

k + 1
n− 2

)
, n > 2.
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So, for n > 3, x ≥ 0, f ∈ C2
B [0,∞) with (2.1) we obtain the estimate

|DMn(f ;x)−Mn(f ;x)| ≤ ‖f ′′‖
2

· n(n + 1)x2 + (n− 2)(nx + 1)
(n− 2)2(n− 3)

.

C2. If the functional (1.2) is

νn,k(f) := (n + 1)

∞∫
0

f(u)πn+2,k−1(u)du =

∞∫
0

f(u)bk,n+1(u)du, k ≥ 1

then we get

xn,k := νn,k(e1) =


∞∫
0

ubk,n+1(u)du =
B(k + 1, n)
B(k, n + 1)

=
k

n
, k > 0

0 , k = 0

So, we have with (1.1) the genuine Baskakov-Durrmeyer operator

DM∗
n(f, x) = f(0)πn,0(x) + (n + 1)

∞∑
k=1

πn,k(x)

∞∫
0

f(u)πn+2,k−1(u)du

= f(0)πn,0(x) + (n + 1)
∞∑

k=1

πn,k(x)

∞∫
0

f(u)bk,n+1(u)du

and with (1.4) the classical Baskakov operator

M∗
n(f ;x) =

∞∑
k=0

πn,k(x)f
(

k

n

)
.

Using the Inverse-Beta operator or the Stancu operator of the second kind [28]:

Wn(f ;x) =


f(0) , x = 0

1
B(nx, n + 1)

∞∫
0

f(u)
unx−1

(1 + u)nx+n+1
du , x > 0,

for which 
Wn(e0;x) = 1
Wn(e1;x) = x

Wn(e2;x) = x2 +
x(x + 1)
n− 1

, n > 1

we have DM∗
n(f) = M∗

n(Wn)(f ;x). If f ∈ C2
B [0,∞), n > 1, x ≥ 0, then we obtain

the next estimation

|DM∗
n(f ;x)−M∗

n(f ;x)|

≤ ‖f ′′‖
2

∞∑
k=1

πn,k(x)

[
Wn

(
e2;

k

n

)
−

(
Wn

(
e1,

k

n

))2
]

≤ ‖f ′′‖
2

· (n + 1)x2 + x

n(n− 1)
+

x

n− 1
.
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[6] Cismaşiu, C., Szasz-Inverse Beta operators revisited, Bull. Transilvania Univ. Braşov,
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[23] Phillips, R.S., An inversion formula for Laplace transforms and semi-groups of operators,
Annals of Math., Second Series, 59(1954), 325-356.

[24] Rathore, R.K.S., Linear combinations of linear positive operators and generating rela-
tions on special functions, Ph. D. Thesis, Delhi, 1973.
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