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Abstract. In the present paper we investigate the existence and uniqueness of
solutions of the Darboux problem for the initial value problems (IVP for short),
for some classes of hyperbolic fractional order differential equations by using some
fixed point theorems.
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1. Introduction

The idea of fractional calculus and fractional order differential equations and
inclusions has been a subject of interest not only among mathematicians, but also
among physicists and engineers. Indeed, we can find numerous applications in rhe-
ology, control, porous media, viscoelasticity, electrochemistry, electromagnetism, etc.
[14, 15, 19, 20, 22, 27]. There has been a significant development in ordinary and
partial fractional differential equations in recent years; see the monographs of Abbas
et al. [3], Kilbas et al. [17], Miller and Ross [21], Samko et al. [26], the papers of Abbas
and Benchohra [1, 2], Abbas et al. [4, 5], Belarbi et al. [8], Benchohra et al. [9, 10, 11],
Diethelm [13], Kaufmann and Mboumi [16], Kilbas and Marzan [18], Mainardi [19],
Podlubny et al [25], Vityuk [28], Vityuk and Golushkov [29], Vityuk and Mykhailenko
[30, 31], Zhang [32] and the references therein.

Applied problems require definitions of fractional derivative allowing the uti-
lization of physically interpretable initial conditions. Caputo’s fractional derivative,
originally introduced by Caputo [12] and afterwards adopted in the theory of lin-
ear viscoelasticity, satisfies this demand. For a consistent bibliography on this topic,
historical remarks and examples we refer to [6, 7, 23, 24].



470 Said Abbas and Mouffak Benchohra

In [33], Zhang considered the existence and uniqueness of positive solutions for
the following fractional order system

Dgu(x’ y) = f(a:7 y7 u(x’ y)? Dglu(m7 y)’ )
Dy u(z,y)); if (z,y) € (0,a] x (0,0], (1.1)
u(z,0) = u(0,y) = 0,

where r = (a, 8) € (0,1] x (0,1], pi = (0;,7vi); i=1,...,n,and 0 <, <, 0 < 6; <
B, and Dy is Riemann-Liouville fractional derivative.

In the present paper we investigate the existence and uniqueness of solutions to
fractional order system

“Dyu(z,y) = f(z,y,u(z,y)," Dju(z,y)); if (z,y) € J :=[0,a] x [0,0], (1.2)
u(x,O) = 50(33); T € [O,CL],
u(0,y) =¥(y); y € [0,0], (1.3)
©(0) = (0),

where a,b > 0, 6 = (0,0), r = (r1,72), p= (p1,p2), 0 < p; <r; <1;i=1,2, °Dj
is the standard Caputo’s fractional derivative of order v, f: J X R™ x R — R" is a
given function, ¢ : [0,a] — R™, and v : [0,b] — R™ are given absolutely continuous
functions. We present three results for the problem (1.2)-(1.3), the two first results
are based on Schauder’s Fixed Point Theorem (Theorems 3.3 and 3.4) and the third
one on Banach’s contraction principle (Theorem 3.5). As an extension to the problem
(4.1)-(4.2), we present two similar results (Theorems 4.1 and 4.2).

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. By C'(J) we denote the Banach space of all continuous
functions from J into R™ with the norm

[w]loo = sup JJw(z, )],
(z,y)ed
where ||.|| denotes a suitable complete norm on R™.

As usual, by AC(J) we denote the space of absolutely continuous functions from
J into R™ and L(J) is the space of Lebesgue-integrable functions w : J — R™ with

the norm
a b
ol = / / (e, )| dyde.
0 0

Definition 2.1. [29] Let r = (rq1,72) € (0,00) x (0,00), 8 = (0,0) and u € L*(J). The
left-sided mized Riemann-Liouville integral of order r of w is defined by

(Igu)(z,y) = m /096 /Oy(x — )"y — t)"2 (s, t)dtds.
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In particular,

(L) (. y) = ulz,y), (I§u)(xy) = / ’ / " u(s, Hdtds; for a.a (z.y) € J,

where o = (1,1).
For instance, Iju exists for all r1,72 € (0,00), when u € L'(.J). Note also that
when u € C(J), then (Iju) € C(J), moreover

(Tgu)(x,0) = (Iyu)(0,y) = 0; x € [0,a], y € [0,0].
Example 2.2. Let \,w € (—1,00) and r = (r1,r2) € (0,00) X (0,00), then

N P(L+ AD(1 +w I
Ihaty” = F(1+§\+7‘1§1“El+w)—|— TQ)m’\+ Ly t72 for almost all (z,y) € J.

By 1 —r we mean (1 —7;,1—73) € [0,1) x [0,1). Denote by D2, := the

mixed second order partial derivative.

Definition 2.3. [29] Let r € (0,1] x (0,1] and u € L*(J). The Caputo fractional-order
derivative of order v of u is defined by the expression *Dju(z,y) = (Iel_TDf:yu)(:c,y).

52
oxdy’

The case o = (1,1) is included and we have
(‘Dgu)(z,y) = (Diyu)(:c,y), for almost all (z,y) € J.
Example 2.4. Let \,w € (—1,00) and r = (r1,r2) € (0,1] x (0, 1], then
1+ M1 +w)
Fl4+A—r )14+ w—r9)

For w,* Djw € C(J), denote

lw(z,y)ll = llw(z, y)|| + 1°Dyw(z, y)l
We define the space X as the following

Dty = # A" y® T2 for almost all (z,y) € J.

X = {w € C(J) having the Caputo fractional derivative of order p,
and “Djw € C(J)}.
In the space X we define the norm

[wllx = sup |lw(z,y)l
(z,y)ed

It is easy to see that (X, ].]|x) is a Banach space.

3. Existence of solutions
Let us start by defining what we mean by a solution of the problem (1.2)-(1.3).

Definition 3.1. A function u € X is said to be a solution of (1.2)-(1.3) if u satisfies
equation (1.2) and conditions (1.3) on J.

For the existence of solutions for the problem (1.2)-(1.3) we need the following
lemma. Its proof is easily and left to the reader.
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Lemma 3.2. A function u € X is a solution of problem (1.2)-(1.3) if and only if u
satisfies
w(z,y) = ple,y) + I f(z,y, u(z,y),” Dyu(z,y)); (z,y) € J,
where
m(z,y) = o(x) + ¥(y) — ¢(0).

Further, we present conditions for the existence of a solution of problem (1.2)-
(1.3) by using Schauder’s Fixed Point Theorem. In the following result we assume a
sublinear growth condition on the right hand side, namely the function f.

Theorem 3.3. Assume
(H1) The function f:J x R™ x R — R™ is continuous,
(H2) There exist constants c¢,c; >0; i =0,1 and 0 < 7; <1; j=0,1 such that
I1f (2, y, u(z, ),° Dgu)|| < ¢+ collull™ + c1|“Dgul|™,
for any u € R™ and all (z,y) € J.
Then there exists at least a solution for IVP (1.2)-(1.3) on J.
Proof. Transform the problem (1.2)-(1.3) into a fixed point problem. Consider the
operator N : X — X defined by,
N(u)(@,y) = p(@,y) + I f (2,9, u(z,y),” Dgu(z,y))- (3.1)

By Lemma 3.2, the problem of finding the solutions of the IV P (1.2)-(1.3) is reduced
to finding the solutions of the operator equation N(u) = u. Differentiating both sides
of (3.1) by applying the Caputo fractional derivative, we get

‘Dy(Nu)(z,y) = “Dyu(x,y) + 1" f(z,y,u(z,y),° Dgu(z,y)). (3.2)

Since N(u) and “D§(Nu) are continuous on J, then N maps X into itself.

From (H;) and the Arzela-Ascoli Theorem, the operator N is completely con-
tinuous.

Let 7 = max{7, 71} and B = {u € X : |Jul]|x < R} be a closed bounded and
convex subset of X, where

R > max{1, A, B,C, D},

where
4ca™ b
F(l —|— rl)F(l —|— 7'2) ’
4ca7“1—P1b7“2—P2
F(]. + r — pl)F(l + ro — pg),

o (T4 )0+ o) =
~ \4(co+c1 +2)arrbre ’

A= dflpllo +

B =4|°Dgpllo +

D— L1471 —p)l'(1 472 — p2) T
~\4(co + ¢y +2)arr—rrbrz—rz '
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(Hz), for every u € Bg and (x,y) € J we have

IN

IN

IN

IA

IA

IA

IN

IN

IN

IN

IN

IN

[V (u)(@, )|
Hﬂ(x y)H ‘|’ '1”2 / / T — S 7“1 1 t)rg—l
£ (s, t, u(s, t) Dp (s, 1))l dtds

7‘1 1 7t7‘271
I + oy // )

(¢ +collu(s,t)||™ +61IICD’J u(s,t)||™)dtds
leTZ T C T
lleell oo + TR )(C+Co||u||)? +e1||“Dyully)
T’le‘g
. 1)R™ + 1 R“)
elle + S T ) (c+ (co+ DR? + (c1 +1)
anb™ 2R
HM|OO+F(1—|—T T(1+7r9) (c—|— (cot+e1+2) )
an b RT'R( 2
HuHOOJrF(l—i—r (14 r9) (C+ (co+er+ )>
R R_R
4 4 2’

[°DyN (u)(z,y)||
“Dfu(x, + // (x—s8)"~ p1—l
I“Dgule )l +

(y —

t)"2P2 7 f (s, u(s t) Dpu(s,t)))||dtds

<DPu(r 1 r—s ri—p1—1
I"Dail Wl L(ri = p1)L(r2 — p2) /0 /0 ( )

(y —

)27 e+ collu(s, £)[|™ + e1]|“Dhu(s, t)|| ™ )dtds
DLl o b (c+ collull 2 + e1[°DLullR)
oo c+ collul|R + c1||°Dhul||
,M I‘(1+r1—p1)I‘(1—|—r2—p2) 0 X 1 4 X
aT1*P1bT2*P2
1°Dg | oo +

LI 471 —p)I' (A + 712 — p2)

(c + (co+1)R™ + (c1 + 1)R“>

R

a"lt P12 P2

CDP oo+

Dol (1471 —p) (1472 — p2)
R_R
4 27

4

(c + R 'R(co +c1 + 2))
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Thus, for every u € Br and (z,y) € J we have

IN@) (@9l = IN(uw) @yl + [[“DgN (w)(z, y)]
< §+§:R.

Hence ||N(u)||x < R for uw € Bpg, that is, N(Bg) C Bpg. Schauder’s fixed point
theorem implies that the operator N has at least a fixed point u* € Br. By Lemma
3.2, the problem (1.2)-(1.3) has a solution u* € Bp.

In the following result we assume a superlinear growth condition on the function f.

Theorem 3.4. Assume (Hy) and the following hypothesis holds
(H5) There exist constants d; > 0; ¢ =0,1 and v; > 1; j =0,1 such that
1f (2, y, u(z, y),” Dgu)l| < dollul|”® + da[|° Dgul|™,
for any u € R™ and all (z,y) € J.
Then the IVP (1.2)-(1.3) has at least a solution on J.

Proof. Consider the operator N defined by (3.1). In a similar way as in Theorem 3.3,
we can complete this proof, provided if we take the closed, bounded and convex subset
Br ={u € X : ||lul|x < R} of the space X, where

R < min{l,wﬁ,A,B},

where
1
F(1+T1)F(1+T2) -
./4 = I
3(co + 1 +2)ambre
1
B— F(l +r — pl)F(l + ro — pg) 1—v
3(00 +c + 2)aT1*P1bT2*P2 ’
and

v = min{vy, v1 }.

Now, we present a uniqueness result for the problem (1.2)-(1.3) based on Ba-
nach’s contraction principle.

Theorem 3.5. Assume (Hy) and the following hypothesis holds
(H3) There exist positive functions g,h € C(J) satisfying
. . 1, . 1
(199)(xvy) + (IH p)g(xvy) < 5’ (Ieh)(%y) + (Ie ph)(x7y) < 5;
such that
1f (z, y,u,° Dgu) — f(z,y,v,° Dgo)|| < g(@,y)llu — vl + h(z, y)||*Dgu —* Dol

for all (z,y) € J and u,v € R™.
Then the IVP (1.2)-(1.3) has a unique solution on J.
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Proof. Counsider the operator N defined in (3.1). Let u,v € X. By assumption (Hs),
for (x,y) € J, we have

[N (u)(z,y) = N(v)(z,y)h
= ng( (aj Y, u (xay)’CD u ) f(.%',y,’l)(l’,y>7cDg’Up(.’L',y)))H

+ D515 (f (@, ulz, ), o D @wD—ﬂ%%M%waw%%wDH

< (@,WMxm—vuyw+waanwy>CDm@wm)
+ 1 (gl pllute,y) - o(@y) + hiz,y)| Dyulz,y) = Div(z,y)]|)
< (Bgle.y) + L g(@y)) fule,y) - vy

+ (G, 0) + 17 hw,v)) I Dyu(e,y) = Dhol, )]

< Slute.y) — o)l + I Dyutr.y) = Dyu(a,y)|

< Slute.y) — o)l

Hence 1
1N () = N()llx < 5llu—vlx,

which implies that N is a contraction operator. Then Banach’s Contraction Principle
assures that the operator N has a unique fixed point u* € X.

4. More general existence results

In this section, we present (without proof) two existence results to the more
general class of fractional order IVP for the system

“Dyu(z,y) = f(z,y, u(z,y),” Dg u(z,y),” Dg*u(z,y), ..,

°Dimu(z,y)); if (z,y) € J, (4.1)
u(z,0) = p(z); x € 0,a],
u(0,y) = ¥(y); y € 10,0, (42)
¢(0) = 1(0),
where J := [0,a] x [0,b], a,b >0, 0 =(0,0), r=(r1,72), pi = (pi1,piz2), 0<pi; <
r;<1;4=1,...,m, j=1,2 and f is a given continuous function.

For w,° Djyw € C(J); i =1,...,m, denote
lw(@, )l = Jwz,y)ll + Y Dy wlz,y)].
i=1
We define the following space

X = {w € C(J) having the Caputo fractional derivative of order p;,
and ‘Dfw e C(J); i=1,...,m}.
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The space X is a Banach space with the norm

[wllg = sup [lw(z,y)l.
(z,y)ed

The following result for the problem (4.1)-(4.2) is based on Schauder’s fixed point
theorem.
Theorem 4.1. Assume that the function f satisfying one of the following conditions:

(H4) There exist constants c,¢; >0; i =0,...,m and 0 < 7; <1; j=1,...,m such
that

m
1f (., u(@, ). DG . Dg*u, ..t D u)l| < e+ collull™ + Y cil “Dp'u
i=1

™
)

for any u € R™ and all (z,y) € J.
(H}) There exist constants d; > 0; ¢ = 0,1,...,m and v; > 1; j =0,1,...,m such
that

1f (2, y, ula, ). Dy u. Dy, .. Dy u)|l < dollul] + ) dil|“Dgul|
i=1
for any uw € R™ and all (x,y) € J.
Then there exists at least a solution for IVP (4.1)-(4.2) on J.
By means of the Banach contraction principle, we have the following result for
problem (4.1)-(4.2).
Theorem 4.2. Assume

(Hs) There exist positive functions g, h; € C(J); i =1,...,m satisfying

(T59) e 0) + D (5 )(w.) < 5.
=1
S + Y0 S0 ) < 5,

such that

If(@,y,u,° Dg'u,....  Dg™u) — f(x,y,0,° Dg'v, ... Dgmo)|| < g(@,y)lu — v

+> hile,y)|°Dgu~* Dol

i=1
for all (z,y) € J and u,v € R™.
Then the IVP (4.1)-(4.2) has a unique solution on J.
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5. An example

As an application of our results we consider the following partial hyperbolic
differential equations of the form

72
“Dy = ;o if 0,1 0,1 5.1
Ou(xvy) 72+9xy2|u(x,y)| +8$2y|0D5’U/($,y)|’ 1 ('Tvy) € [ s } x [ ) ]a ( )
u(z,0) =z, u(0,y) =y% z,y €[0,1]. (5.2)

Set for (z,y) € [0,1] x [0,1]

72
CDT‘ — .

Clearly, the function f is continuous. For each u,u, v,v € R and (z,y) € [0, 1] x [0, 1]
we have

\f(x,y,u(%y),v(:r,y)) - f(x,y,ﬂ(x,y)ﬂ(%y)ﬂ
< <aylu—7] + za’ylo — 7]
—zy’llu—u —z7y|lv — .
s 3 Yy 9 Yy
Hence condition (Hj) is satisfied with

1 1
9(@,y) = goy* and h(z,y) = 5a’y.
For each (x,y) € [0,1] x [0,1] and 0 < r; < p; <1; i = 1,2 we have
_ AM2)I(B3) 1 1
T T—pP < — _ _
and
(Igh)(z,y) + Iy "h)(z,y) <

9
Consequently, Theorem 3.5 implies that problem (5.1)-(5.2) has a unique solution on
[0,1] x [0, 1].
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