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On transformations groups of N−linear
connections on the dual bundle of k−tangent
bundle
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Abstract. In the present paper we study the transformations for the coefficients
of an N−linear connection on dual bundle of k−tangent bundle, T ∗kM, by a
transformation of a nonlinear connection on T ∗kM. We prove that the set T of
these transformations together with the composition of mappings isn’t a group.
But we give some groups of transformations of T , which keep invariant a part of
components of the local coefficients of an N−linear connection.
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1. Introduction

The notion of Hamilton space was introduced by Acad. R. Miron in [7] , [8] . The
Hamilton spaces appear as dual via Legendre transformation, of the Lagrange spaces.

The differential geometry of the dual bundle of k−osculator bundle was intro-
duced and studied by Acad. R. Miron [13] .

The importance of Lagrange and Hamilton geometries consists in the fact that
the variational problems for important Lagrangians or Hamiltonians have numerous
applications in various fields, as: Mathematics, Mecanics, Theoretical Physics, Theory
of Dynamical Systems, Optimal Control, Biology, Economy etc.

In the present section we keep the general setting from Acad. R. Miron [13] , and
subsequently we recall only some needed notions. For more details see [13] .

Let M be a real n−dimensional C∞ −manifold and let
(
T ∗kM,π∗k,M

)
, (k ≥ 2),

k ∈ N) be the dual bundle of k−osculator bundle (or k−cotangent bundle), where the
total space is:

T ∗kM = T ∗k−1M × T ∗M. (1.1)
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Let
(
xi, y(1)i, ..., y(k−1)i, pi

)
, (i = 1, ..., n) , be the local coordinates of a point

u =
(
x, y(1), ..., y(k−1), p

)
∈ T ∗kM in a local chart on T ∗kM.

The change of coordinates on the manifold T ∗kM is:

x̃i = x̃i
(
x1, ..., xn

)
,det

(
∂x̃i

∂xj

)
6= 0,

ỹ(1)i = ∂x̃i

∂xj y(1)j ,
.....................................

(k − 1) ỹ(k−1)i = ∂ỹ(k−2)i

∂xj y(1)j + ... + (k − 1) ∂ỹ(k−2)i

∂y(k−2)j y(k−1)j ,

p̃i = ∂xj

∂x̃i pj ,

(1.2)

where the following relations hold:

∂ỹ(α)i

∂xj
=

∂ỹ(α+1)i

∂y(1)j
= ... =

∂ỹ(k−1)i

∂y(k−1−α)j
,
(
α = 0, ..., k − 2; y(0) = x

)
. (1.3)

T ∗kM is a real differential manifold of dimension (k + 1)n.
With respect to (1.1) the natural basis of the vector space Tu

(
T ∗kM

)
at the

point u ∈ T ∗kM : {
∂

∂xi

∣∣∣∣
u

,
∂

∂y(1)i

∣∣∣∣
u

, ...,
∂

∂y(k−1)i

∣∣∣∣
u

,
∂

∂pi

∣∣∣∣
u

}
(1.4)

is transformed as follows:

∂
∂xi

∣∣
u

= ∂x̃j

∂xi
∂

∂x̃j

∣∣∣
u

+ ∂ỹ(1)j

∂xi
∂

∂ỹ(1)j

∣∣∣
u

+ ... + ∂ỹ(k−1)j

∂xi
∂

∂ỹ(k−1)j

∣∣∣
u

+ ∂p̃j

∂xi
∂

∂p̃j

∣∣∣
u

,

∂
∂y(1)i

∣∣∣
u

= ∂ỹ(1)j

∂y(1)i
∂

∂ỹ(1)j

∣∣∣
u

+ ... + ∂ỹ(k−1)j

∂y(1)i
∂

∂ỹ(k−1)j

∣∣∣
u

,

..............................................................
∂

∂y(k−1)i

∣∣∣
u

= ∂ỹ(k−1)j

∂y(k−1)i
∂

∂ỹ(k−1)j

∣∣∣
u

,

∂
∂pi

∣∣∣
u

= ∂xj

∂x̃i
∂

∂p̃j

∣∣∣
u

,

(1.5)

the conditions (1.3) being satisfied.
The null section 0 : M → T ∗kM of the projection π∗k is defined by 0 (x) ∈ M →

(x, 0, ..., 0) ∈ T ∗kM. We denote T̃ ∗kM = T ∗kM \ {0} .
Let us consider the tangent bundle of the differentiable manifold

T ∗kM
(
TT ∗kM,dπ∗k, T ∗kM

)
, where dπ∗k is the canonical projection and the ver-

tical distribution V : u ∈ T ∗kM → V (u) ∈ TuT ∗kM, locally generated by the vector
fields:

{
∂

∂y(1)i , ...,
∂

∂y(k−1)i ,
∂

∂pi

}
at every point u ∈ T ∗kM.

The following F
(
T ∗kM

)
− linear mapping:

J : χ
(
T ∗kM

)
→ χ

(
T ∗kM

)
,

defined by:

J

(
∂

∂xi

)
=

∂

∂y(1)i
, J

(
∂

∂y(1)i

)
=

∂

∂y(2)i
, ..., J

(
∂

∂y(k−2)i

)
=

=
∂

∂y(k−1)i
, J

(
∂

∂y(k−1)i

)
= 0, J

(
∂

∂pi

)
= 0, (1.6)
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at every point u ∈ T̃ ∗kM is a tangent structure on T ∗kM.
We denote with N a nonlinear connection on the manifold T ∗kM, with the

coefficients: (
N
(1)

j
i

(
x, y(1), ..., y(k−1), p

)
, ..., N

(k−1)

j
i

(
x, y(1), ..., y(k−1), p

)
,

Nij

(
x, y(1), ..., y(k−1), p

))
, (i, j = 1, 2, ..., n) .

The tangent space of T ∗kM in the point u ∈ T ∗kM is given by the direct sum
of vector spaces:

Tu

(
T ∗kM

)
= N0,u ⊕N1,u ⊕ ...⊕Nk−2,u ⊕ Vk−1,u ⊕Wk,u, ∀u ∈ T ∗kM (1.7)

A local adapted basis to the direct decomposition (1.7) is given by:{
δ

δxi
,

δ

δy(1)i
, ...,

δ

δy(k−1)i
,

δ

δpi

}
, (i = 1, 2, ..., n) , (1.8)

where: 

δ
δxi = ∂

∂xi − N
(1)

j
i

∂
∂y(1)j − ...− N

(k−1)

j
i

∂
∂y(k−1)j + Nij

∂
∂pj

,

δ
δy(1)i = ∂

∂y(1)i
− N

(1)

j
i

∂
∂y(2)j − ...− N

(k−2)

j
i

∂
∂y(k−1)j ,

..............................................................
δ

δy(k−1)i = ∂
∂y(k−1)i ,

δ
δpi

= ∂
∂pi

.

(1.9)

Under a change of local coordinates on T ∗kM, the vector fields of the adapted
basis transform by the rule:

δ

δxi
=

∂x̃j

∂xi

δ

δx̃j
,

δ

δy(1)i
=

∂x̃j

∂xi

δ

δỹ(1)j
, ...,

δ

δy(k−1)i
=

∂x̃j

∂xi

δ

δỹ(k−1)j
,

δ

δpi
=

δxj

δx̃i

δ

δp̃j
.

(1.10)
The dual basis of the adapted basis (1.8) is given by:{

δxi, δy(1)i, ..., δy(k−1)i, δpi

}
, (1.11)

where:

dxi = δxi,

dy(1)i = δy(1)i − N
(1)

i
jδx

j ,

......................................................................

dy(k−1)i = δy(k−1)i − N
(1)

i
jδy

(k−2)j − ...− N
(k−2)

i
jδy

(1)j − N
(k−1)

i
jδx

j ,

dpi = δpi + Njiδx
j .

(1.12)

With respect to (1.2) the covector fields (1.11) are transformed by the rules:

δx̃i = ∂x̃i

∂xj δxj , δỹ(1)i = ∂x̃i

∂xj δy(1)j , ..., δỹ(k−1)i = ∂x̃i

∂xj δy(k−1)j ,

δp̃i = ∂xj

∂x̃i δpj .
(1.13)
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Let D be an N−linear connection on T ∗kM, with the local coefficients in the
adapted basis (1.8) :

DΓ (N) =
(

Hi
jh, C

(α)

i
jh, Ci

jh

)
, (α = 1, ..., k − 1) . (1.14)

An N−linear connection D is uniquely represented in the adapted basis in the
following form:

D δ

δxj

δ
δxi = Hs

ij
δ

δxs , D δ

δxj

δ
δy(α)i = Hs

ij
δ

δy(α)s , (α = 1, ..., k − 1) ,

D δ

δxj

δ
δpi

= −Hi
sj

δ
δps

,

D δ

δy(α)j

δ
δxi = C

(α)

s
ij

δ
δxs , D δ

δy(α)j

δ
δy(β)i = C

(α)

s
ij

δ
δy(β)s ,

D δ

δy(α)j

δ
δpi

= −C
(α)

i
sj

δ
δps

, (α, β = 1, ..., k − 1) ,

D δ
δpj

δ
δxi = Ci

js δ
δxs , D δ

δpj

δ
δy(α)i = Ci

js δ
δy(α)s , (α = 1, ..., k − 1) ,

D δ
δpj

δ
δpi

= −Cs
ij δ

δps
.

(1.15)

2. The set of the transformations of N−linear connections

Let N̄ be another nonlinear connection on T ∗kM, with the local coefficients(
N̄
(1)

j
i

(
x, y(1), ...,y(k−1), p

)
, ..., N̄

(k−1)

j
i

(
x, y(1), ...,y(k−1), p

)
, Nij

(
x, y(1), ..., y(k−1), p

))
(i, j = 1, 2, ..., n).

Then there exists the uniquely determined tensor fields

A
(α)

j
i ∈ τ1

1

(
T ∗kM

)
, (α = 1, ..., k − 1)

and Aij ∈ τ0
2

(
T ∗kM

)
, such that:{

N̄
(α)

i
j = N

(α)

i
j − A

(α)

i
j , (α = 1, 2, ..., k − 1) ,

N̄ij = Nij −Aij , (i, j = 1, 2, ..., n) .
(2.1)

Conversely, if N
(α)

i
j and A

(α)

i
j , (α = 1, 2, ..., k − 1), respectively Nij and Aij are

given, then N̄
(α)

i
j , (α = 1, 2, ..., k − 1) , respectively N̄ij , given by (2.1) are the coeffi-

cients of a nonlinear connection.
Theorem 2.1. Let N and N̄ be two nonlinear connections on T ∗kM, (k ≥ 2, k ∈ N)
with local coefficients:(
N
(1)

j
i

(
x, y(1), ..., y(k−1), p

)
, ..., N

(k−1)

j
i

(
x, y(1), ...,y(k−1), p

)
, Nij

(
x, y(1), ..., y(k−1), p

))
,(

N̄
(1)

j
i

(
x, y(1), ..., y(k−1), p

)
, ..., N̄

(k−1)

j
i

(
x, y(1), ..., y(k−1), p

)
, N ij

(
x, y(1), ..., y(k−1), p

))
,

(i, j = 1, 2, ..., n) , respectively.
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If D is an N−linear connection on T ∗kM, with local coefficients

DΓ (N) =
(

Hi
jh, C

(α)

i
jh, Ci

jh

)
, (α = 1, ..., k − 1) ,

then the transformation: N −→ N̄ , given by (2.1) of nonlinear connections implies
for the coefficients

DΓ
(
N̄

)
=

(
H̄i

jh, C̄
(α)

i
jh, C̄i

jh

)
, (α = 1, ..., k − 1)

of the N̄−linear connection D, the relations (2.2) , that is the transformation:
DΓ (N) → DΓ

(
N

)
is given by:

H̄i
sj = Hi

sj + A
(1)

m
j

[
C
(1)

i
sm + N

(1)

l
m C

(2)

i
sl + ... + N

(k−2)

l
m C

(k−1)

i
sl + N

(1)

l
mN

(1)

t
l C
(3)

i
st+

... +
(

N
(1)

l
m N

(k−3)

t
l + ... + N

(k−3)

l
mN

(1)

t
l

)
C

(k−1)

i
st + ... + N

(1)
...N

(1)︸ ︷︷ ︸
(k−2)

C
(k−1)

+

+A
(2)

m
j

C
(2)

i
sm + N

(1)

l
m C

(3)

i
sl + ... + N

(k−3)

l
m C

(k−1)

i
sl + ... + N

(1)
...N

(1)︸ ︷︷ ︸
(k−3)

C
(k−1)

+

+... + A
(k−2)

m
j

(
C

(k−2)

i
sm + N

(1)

l
m C

(k−1)

i
sl

)
+ A

(k−1)

m
j C
(k−1)

i
sm −AjmCs

im,

C
(1)

i
sj = C

(1)

i
sj + A

(1)

m
j

[
C
(2)

i
sm + N

(1)

r
m C

(3)

i
sr + ... + N

(k−3)

r
m C

(k−1)

i
sr + ...+

+N
(1)
· ... · N

(1)︸ ︷︷ ︸
(k−3)

C
(k−1)

 + ... + A
(k−3)

m
j

[
C

(k−2)

i
sm + N

(1)

r
m C

(k−1)

i
sr

]
+ A

(k−2)

m
j C
(k−1)

i
sm,

.....................................................................................

C
(k−2)

i
sj = C

(k−2)

i
sj + A

(1)

l
j C
(k−1)

i
sl,

C̄
(k−1)

i
sj = C

(k−1)

i
sj ,

C̄s
ij = C ij

s ,

A
(1)

h
ipj = 0,

Aihpj = 0, (i, j, h = 1, 2..., n) ,
(2.2)

where p denotes the h−covariant derivative with respect to DΓ (N) .
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Proof. It follows first of all that the transformations (2.1) preserve the coefficients
C

(k−1)

h
ij , Ci

jh.

Using the relations (1.9) , (1.15) and (2.1) we obtain:

δ̄
δxi = δ

δxi + A
(1)

j
i

∂
∂y(1)j + ... + A

(k−1)

j
i

∂
∂y(k−1)j −Aij

∂
∂pj

,

δ̄
δy(1)i = δ

δy(1)i + A
(1)

j
i

∂
∂y(2)j + ... + A

(k−2)

j
i

∂
∂y(k−1)j ,

..........................................................
δ̄

δy(k−1)i = δ
δy(k−1)i ,

δ̄
δpi

= δ
δpi

.

(2.3)

Using (1.15) , (2.3) and (1.9) we get:

D δ̄

δxj

δ̄
δy(k−1)i = H̄s

ij
δ̄

δy(k−1)s = H̄s
ij

δ̄
δy(k−1)s .

D δ̄

δxj

δ̄
δy(k−1)i = D(

δ
δxj + A

(1)
l
j

∂

∂y(1)l
+ A

(2)
l
j

∂

∂y(2)l
+...+ A

(k−1)
l
j

∂

∂y(k−1)l
−Ajl

∂
∂pl

) δ
δy(k−1)i =

= Hs
ij

δ
δy(k−1)s +

(
A
(1)

l
j C
(1)

s
il

δ
δy(k−1)s + A

(2)

l
j C
(2)

s
il

δ
δy(k−1)s + ...

... + A
(k−1)

l
j C
(k−1)

s
il

δ
δy(k−1)s −AjlC

ls
i

δ
δy(k−1)s

)
+

+A
(1)

l
j N
(1)

r
lD(

δ

δy(2)r
+N

(1)
sr ∂

∂y(3)s
+...+ N

(k−3)
sr δ

δy(k−1)s

) δ
δy(k−1)i +

+A
(1)

l
j N
(2)

r
lD(

δ

δy(3)r
+N

(1)
sr ∂

∂y(4)s
+...+ N

(k−4)
sr δ

δy(k−1)s

) δ
δy(k−1)i + ...

+A
(1)

l
j N
(k−2)

r
l C
(k−1)

s
ir

δ

δy(k−1)s
+A

(2)

l
j N
(1)

r
lD(

δ

δy(3)r +N
(1)

sr ∂

∂y(4)s
+...+ N

(k−4)
sr δ

δy(k−1)s

) δ

δy(k−1)i
+

+... + A
(2)

l
j N
(k−3)

r
l C
(k−1)

s
ir

δ
δy(k−1)s + ... =

=
(

Hs
ij + A

(1)

l
j C
(1)

s
il + A

(2)

l
j C
(2)

s
il + ... + A

(k−1)

l
j C
(k−1)

s
il −AjlC

ls
i

)
δ

δy(k−1)s +

+
(

A
(1)

l
j N
(1)

r
l C
(2)

s
ir

δ
δy(k−1)s + A

(1)

l
j N
(2)

r
l C
(3)

s
ir

δ
δy(k−1)s + ... + A

(1)

l
j N
(k−2)

r
l C
(k−1)

s
ir

δ
δy(k−1)s

)
+

(
A
(1)

l
j N
(1)

r
lN
(1)

s
rD ∂

∂y(3)s

δ
δy(k−1)i + ... + A

(1)

l
j N
(1)

r
l N
(k−3)

s
r C
(k−1)

m
is

δ
δy(k−1)m

)
+

(
A
(1)

l
j N
(2)

r
lN
(1)

s
rD ∂

∂y(4)s

δ
δy(k−1)i + ... + A

(1)

l
j N
(2)

r
l N
(k−4)

s
r C
(k−1)

m
is
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δ
δy(k−1)m

)
+ ... +

(
A
(2)

l
j N
(1)

r
l C
(3)

s
ir

δ
δy(k−1)s + ... + A

(2)

l
j N
(k−3)

r
l C
(k−1)

s
ir

δ
δy(k−1)s

)
+

+
(

A
(2)

l
j N
(1)

r
lN
(1)

s
rD ∂

∂y(4)s

δ
δy(k−1)i + ... + A

(2)

l
j N
(1)

r
l N
(k−4)

s
r C
(k−1)

m
is

δ
δy(k−1)m

)
+ ...

So, we have obtained (2.11).

D δ̄

δy(1)j

δ̄
δy(k−1)i = C̄

(1)

s
ij

δ̄
δy(k−1)s = C̄

(1)

s
ij

δ
δy(k−1)s .

D δ̄

δy(1)j

δ̄
δy(k−1)i = D(

δ

δy(1)j
+ A

(1)
l
j

∂

∂y(2)l
+ A

(2)
l
j

∂

∂y(3)l
+...+ A

(k−2)
l
j

δ

δy(k−1)l

) δ
δy(k−1)i =

=
(

C
(1)

s
ij + A

(1)

l
j C
(2)

s
il + A

(2)

l
j C
(3)

s
il + ... + A

(k−2)

l
j C
(k−1)

s
il

)
δ

δy(k−1)s +

+A
(1)

l
j N
(1)

s
lD ∂

∂y(3)s

δ
δy(k−1)i + ... + A

(1)

l
j N
(k−3)

r
l C
(k−1)

s
ir

δ
δy(k−1)s +

+A
(2)

l
j N
(1)

s
lD ∂

∂y(4)s

δ
δy(k−1)i + ... + A

(2)

l
j N
(k−4)

r
l C
(k−1)

s
ir

δ
δy(k−1)s + ...

So, we have obtained (2.22).

D δ̄

δy(k−2)j

δ̄
δy(k−1)i = C̄

(k−2)

s
ij

δ̄
δy(k−1)s = C̄

(k−2)

s
ij

δ
δy(k−1)s .

D δ̄

δy(k−2)j

δ̄
δy(k−1)i = C̄

(k−2)

s
ij

δ̄
δy(k−1)s + A

(1)

l
j C̄
(k−1)

s
il

δ
δy(k−1)s .

D δ̄
δpj

δ̄
δy(k−1)i = C̄ js

i
δ̄

δy(k−1)s = C̄ js
i

δ
δy(k−1)s ;

D δ̄
δpj

δ̄
δy(k−1)i = D δ̄

δpj

δ
δy(k−1)i = C js

i
δ

δy(k−1)s ;

So, we have obtained (2.2k−1).

D δ̄
δpj

δ̄
δy(k−2)i = C̄ js

i
δ̄

δy(k−2)s = C̄ js
i

(
δ

δy(k−2)s + A
(1)

l
s

∂
∂y(k−1)l

)
=

= C̄ js
i

δ
δy(k−2)s + C̄ js

i A
(1)

l
s

δ
δy(k−1)l .

D δ̄
δpj

δ̄
δy(k−2)i = D δ̄

δpj

(
δ

δy(k−2)i + A
(1)

l
i

∂
∂y(k−1)l

)
=

= C js
i

δ̄
δy(k−2)s +

(
δ A
(1)

s
i

δpj
+ A

(1)

l
iC

js
l

)
δ̄

δy(k−1)s .

So, we have:
C̄ js

i = C js
i (2.4)
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C̄ jl
i A

(1)

s
l =

δ A
(1)

s
i

δpj
+ A

(1)

l
iC

js
l . (2.5)

Analogous if we calculate D δ̄

δy(k−1)j

δ̄
δy(k−2)i in two manner we obtain:

C
(k−1)

s
ij = C

(k−1)

s
ij , (2.6)

C
(k−1)

l
ij A

(1)

s
l =

δ A
(1)

s
i

δy(k−1)j + A
(1)

l
i C
(k−1)

s
lj . (2.7)

We have:

A
(α)

i
jpk =

δ A
(α)

i
j

δxk
+ A

(α)

m
jH

i
mk − A

(α)

i
mHm

jk, (α = 1, 2, ..., k − 1). (2.8)

Using (2.8), (2.7), (2.6), (2.5), (2.4), (2.2k−1), (2.22) in the relation obtained analogous
from D δ̄

δxj

δ̄
δyi , we obtain: A

(1)

h
ipj = 0. In the same manner we get Aihpj = 0. �

Theorem 2.2. Let N and N̄ be two nonlinear connections on T ∗kM , (k ≥ 2, k ∈ N),
with local coefficients(
N
(1)

j
i

(
x, y(1), ...,y(k−1), p

)
, ..., N

(k−1)

j
i

(
x, y(1), ...,y(k−1), p

)
, Nij

(
x, y(1), ..., y(k−1), p

))
,

(
N̄
(1)

j
i

(
x, y(1), ...,y(k−1), p

)
, ..., N̄

(k−1)

j
i

(
x, y(1), ..., y(k−1), p

)
, N ij

(
x, y(1), ..., y(k−1), p

))
,

(i, j = 1, 2, ..., n), respectively.
If

DΓ (N) =
(

Hi
jh, C

(α)

i
jh, Ci

jh

)
and

DΓ̄
(
N̄

)
=

(
H̄i

jh, C̄
(α)

i
jh, C̄i

jh

)
,

(α = 1, ..., k − 1) are the local coefficients of two N−, respectively N̄ -linear connec-
tions, D, respectively D̄ on the differentiable manifold T ∗kM, (k ≥ 2, k ∈ N) , then
there exists only one system of tensor fields(

A
(1)

i
j , ..., A

(k−1)

i
j , Aij , B

i
jh, D

(1)

i
jh, ..., D

(k−1)

i
jh, Di

jh

)
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such that:

N̄
(α)

i
j = N

(α)

i
j − A

(α)

i
j , (α = 1, ..., k − 1),

N̄ij = Nij −Aij ,

H̄i
sj = Hi

sj + A
(1)

m
j

[
C
(1)

i
sm + N

(1)

l
m C

(2)

i
sl + ... + N

(k−2)

l
m C

(k−1)

i
sl + N

(1)

l
mN

(1)

t
l C
(3)

i
st+

+... +
(

N
(1)

l
m N

(k−3)

t
l + ... + N

(k−3)

l
mN

(1)

t
l

)
C

(k−1)

i
st + ... + N

(1)
...N

(1)︸ ︷︷ ︸
(k−2)

C
(k−1)

+

+A
(2)

m
j

C
(2)

i
sm + N

(1)

l
m C

(3)

i
sl + ... + N

(k−3)

l
m C

(k−1)

i
sl + ... + N

(1)
...N

(1)︸ ︷︷ ︸
(k−3)

C
(k−1)

+

+... + A
(k−2)

m
j

(
C

(k−2)

i
sm + N

(1)

l
m C

(k−1)

i
sl

)
+ A

(k−1)

m
j C
(k−1)

i
sm −AjmCs

im −Bi
sj ,

C
(1)

i
sj = C

(1)

i
sj + A

(1)

m
j

[
C
(2)

i
sm + N

(1)

r
m C

(3)

i
sr + ... + N

(k−3)

r
m C

(k−1)

i
sr + ...+

+N
(1)
· ... · N

(1)︸ ︷︷ ︸
(k−3)

C
(k−1)

 + ... + A
(k−3)

m
j

[
C

(k−2)

i
sm + N

(1)

r
m C

(k−1)

i
sr

]
+

+ A
(k−2)

m
j C
(k−1)

i
sm − D

(1)

i
sj ,

C
(k−2)

i
sj = C

(k−2)

i
sj + A

(1)

l
j C
(k−1)

i
sl − D

(k−2)

i
sj ,

C̄
(k−1)

i
sj = C

(k−1)

i
sj − D

(k−1)

i
sj ,

C̄s
ij = C ij

s −Ds
ij ,

(2.9)
with: {

A
(1)

h
ipj = 0,

Aihpj = 0, (i, j, h = 1, 2..., n) ,
(2.10)

where ”p ” denotes the h−covariant derivative with respect to DΓ (N) .

Proof. The first equality (2.9) determines uniquely the tensor fields:
A
(α)

i
j , (α = 1, ..., k − 1) .The second equality (2.9) determines uniquely the tensor field

Aij . Since C
(α)

i
jh, (α = 1, ..., k − 1) and C jh

i are d−tensor fields, the third equation

(2.9) determines uniquely the tensor field Bi
jh. Similarly the fourth,... and the last

equation (2.9) determines the tensor field Di
jh respectively. �

We have immediately:
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Theorem 2.3. If DΓ (N) =
(

Hi
jh, C

(α)

i
jh, Ci

jh

)
(α = 1, ..., k − 1) , are the local coeffi-

cients of an N−linear connection D on T ∗kM and(
A
(1)

i
j , ..., A

(k−1)

i
j , Aij , B

i
jh, D

(1)

i
jh, ..., D

(k−1)

i
jh, Di

jh

)
,

is a system of tensor fields on T ∗kM, then DΓ̄
(
N̄

)
=

(
H̄i

jh, C̄
(α)

i
jh, C̄i

jh

)
, (α =

1, ..., k−1), given by (2.9)−(2.10) are the local coefficients of an N̄−linear connection,
D̄, on T ∗kM, (k ≥ 2, k ∈ N).

Following the definition given by M. Matsumoto [4, 5] in the case of Finsler
spaces, we have:
Definition 2.1. i) The system of tensor fields:(

A
(1)

i
j , ..., A

(k−1)

i
j , Aij , B

i
jh, D

(1)

i
jh, ..., D

(k−1)

i
jh, Di

jh

)
, (k ≥ 2, k ∈ N)

is called the difference tensor fields of DΓ (N) to DΓ̄
(
N̄

)
.

ii) The mapping: DΓ (N) −→ DΓ̄
(
N̄

)
given by (2.9) − (2.10) is called a trans-

formation of N−linear connection to N̄−linear connection on T ∗kM, and it is noted
by:

t

(
A
(1)

i
j , ..., A

(k−1)

i
j , Aij , B

i
jh, D

(1)

i
jh, ..., D

(k−1)

i
jh, Di

jh

)
.

Theorem 2.4. The set T of the transformations of N−linear connections to N̄−linear
connections on T ∗kM, (k ≥ 2, k ∈ N) together with the composition of mappings isn’t
a group.
Proof. Let

t

(
A
(1)

i
j , ..., A

(k−1)

i
j , Aij , B

i
jh, D

(1)

i
jh, ..., D

(k−1)

i
jh, Di

jh

)
: DΓ (N) −→ DΓ̄

(
N̄

)
and

t

(
Ā
(1)

i
j , ..., Ā

(k−1)

i
j , Āij , B̄

i
jh, D̄

(1)

i
jh, ..., D̄

(k−1)

i
jh, D̄i

jh

)
: DΓ̄

(
N̄

)
−→ D

=

Γ
(

=

N

)
,

be two transformations from T , given by (2.9)− (2.10) .
From (2.9) we have:

=

N
(α)

i
j = N

(α)

i
j −

(
A
(α)

i
j + Ā

(α)

i
j

)
, (α = 1, ..., k − 1) ,

=

N ij = Nij −
(

Aij +
=

Aij

)
.

We obtain for example:
=

C
(k−2)

i
jh = C

(k−2)

i
jh +

(
A
(1)

l
h + Ā

(1)

l
h

)
· C
(k−1)

i
jl −

(
D

(k−2)

i
jh + D̄

(k−2)

i
jh + D

(k−1)

i
jl Ā

(1)

l
h

)
.

So
=

C
(k−2)

i
jh hasn’t the form (2.9) . It follows that the composition of two trans-

formations from T isn’t a transformation from T , that is T , together with the com-
position of mappings isn’t a group. �
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Remark 2.1. If we consider A
(α)

i
j = 0, (α = 1, ..., k − 1) and Aij = 0 in (2.10) we

obtain the set TN of transformations of N−linear connections corresponding to the
same nonlinear connection N :

TN =

t

0, ..., 0︸ ︷︷ ︸
(k)

, Bi
jh, D

(1)

i
jh, ..., D

(k−1)

i
jh, Di

jh

 ∈ T

 .

We have:
Theorem 2.5. The set TN of the transformations of N−linear connections to N−linear
connections on T ∗kM, (k ≥ 2, k ∈ N), together with the composition of mappings is a
group. This group, acts effectively and transitively on the set of N−linear connections.

Proof. Let t

0, ..., 0︸ ︷︷ ︸
(k)

, Bi
jh, D

(1)

i
jh, ..., D

(k−1)

i
jh, Di

jh

 : DΓ (N) −→ DΓ̄ (N) be a trans-

formation from TN ,given by (2.11) :

N̄
(α)

i
j = N

(α)

i
j , (α = 1, ..., k − 1) ,

N̄ij = Nij ,
H̄i

jh = Hi
jh −Bi

jh,

C̄
(α)

i
jh = C

(α)

i
jh − D

(α)

i
jh, (α = 1, ..., k − 1) ,

C̄i
jh = Ci

jh −Di
jh, (i, j, h = 1, 2, ..., n) .

(2.11)

The composition of two transformations from TN is a transformation from TN , given
by:

t

0, ..., 0︸ ︷︷ ︸
(k)

, B̄i
jh, D̄

(1)

i
jh, ..., D̄

(k−1)

i
jh, D̄i

jh

 ◦ t

0, ..., 0︸ ︷︷ ︸
(k)

, Bi
jh, D

(1)

i
jh, ..., D

(k−1)

i
jh, Di

jh



= t

0, ..., 0︸ ︷︷ ︸
(k)

, Bi
jh,+B̄i

jh, D
(1)

i
jh + D̄

(1)

i
jh, ..., D

(k−1)

i
jh + D̄

(k−1)

i
jh, Di

jh + D̄i
jh

 .

The inverse of a transformation from TN is the following transformation from TN :

t

(
0, 0, 0,−Bi

jh,−D
(1)

i
jh, ...,− D

(k−1)

i
jh,−Di

jh

)
: DΓ (N) −→ DΓ̄ (N) .

The transformations (2.11) preserve all N−linear connections D if:

Bi
jh = D

(1)

i
jh = ... = D

(k−1)

i
jh = Di

jh = 0, (i, j, h = 1, 2, ..., n) .

Therefore TN acts effectively on the set of N−linear connections. From the Theorem
2.2 results that TN acts transitively on this set. �
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Let us consider:

TNH =

t

0, ..., 0︸ ︷︷ ︸
(k+1)

, D
(1)

i
jh, ..., D

(k−1)

i
jh, Di

jh

 ∈ TN

 ,

TN C
(1)

=

t

0, ..., 0︸ ︷︷ ︸
(k)

, Bi
jh, 0, D

(2)

i
jh, ..., D

(k−1)

i
jh, Di

jh

 ∈ TN

 ,

...............................................................

TN C
(k−1)

=

t

0, ..., 0︸ ︷︷ ︸
(k)

, Bi
jh, D

(1)

i
jh, ..., D

(k−2)

i
jh, 0, Di

jh

 ∈ TN

 ,

TNC =

t

0, ..., 0︸ ︷︷ ︸
(k)

, Bi
jh, D

(1)

i
jh, ..., D

(k−1)

i
jh, 0

 ∈ TN

 ,

TN C
(1)

... C
(k−1)

C =

t

0, ..., 0︸ ︷︷ ︸
(k)

, Bi
jh, 0, ..., 0︸ ︷︷ ︸

(k)

 ∈ TN

 , (k ≥ 2, k ∈ N).

Proposition 2.1. The sets:TNH , TN C
(1)

, ..., TN C
(k−1)

, ..., TNC , TN C
(1)

... C
(k−1)

C are Abelian sub-

groups of TN .
Proposition 2.2. The group TN preserves the nonlinear connection N, TNH pre-
serves the nonlinear connection N and the component Hi

jh of the local coefficients
DΓ (N) ; TN C

(1)
preserves the nonlinear connection N and the component C

(1)

i
jh of the

local coefficients DΓ (N) , ..., TN C
(k−1)

preserves the nonlinear connection N and the

component C
(k−1)

i
jh of the local coefficients DΓ (N) , TNC preserves the nonlinear con-

nection N and the component Ci
jh of the local coefficients DΓ (N) and TN C

(1)
... C

(k−1)
C

preserves the nonlinear connection N and the components C
(1)

i
jh, , ..., C

(k−1)

i
jh, Ci

jh of

the local coefficients DΓ (N) .
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