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Abstract. In this paper, we construct a Kantorovich type generalization of q-
Bernstein-Stancu operators by means of the Riemann type q-integral. We inves-
tigate some approximation properties and also establish a local approximation
theorem for these operators.
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1. Introduction

Let q > 0 be a fixed real number. For any nonnegative integer n, the q-integer
[n]q and the q-factorial [n]q! are respectively defined by (see [2])

[n]q =


1− qn

1− q
if q 6= 1

n if q = 1
,

and

[n]q! =

{
[1]q[2]q · · · [n]q if n ≥ 1
1 if n = 0

.

For the integers n ≥ k ≥ 0, the q-binomial coefficients are defined by[
n
k

]
q

=
[n]q!

[k]q![n− k]q!
.

Now suppose that 0 < a < b, 0 < q < 1 and f is a real-valued function. The
q-Jackson integral of f over the interval [0, b] and a general interval [a, b] are defined
by (see [11]) ∫ b

0

f(x)dqx = (1− q)b
∞∑

j=0

f
(
bqj
)
qj
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and ∫ b

a

f(x)dqx =
∫ b

0

f(x)dqx−
∫ a

0

f(x)dqx,

respectively, provided the series converge.
It is clear that q-Jackson integral of f over an interval [a, b] contains two infinite

sums, so some problems are encountered in deriving the q-analogues of some well-
known integral inequalities which are used to compute order of approximation of linear
positive operators containing q-Jackson integral. To solve this problem Marinković
et.al. (see [12]) defined the Riemann type q-integral as

Rq(f ; a, b) =
∫ b

a

f(x)dR
q x = (1− q)(b− a)

∞∑
j=0

f
(
a + (b− a)qj

)
qj

which contains only points within the interval of integral.
Dalmanoğlu and Doğru [4] proved that Riemann type q-integral is a linear positive
operator and satisfies the Hölder inequality

Rq(|fg|; a, b) ≤ (Rq(|f |m1 ; a, b))
1

m1 (Rq(|g|m2 ; a, b))
1

m2

where 1
m1

+ 1
m2

= 1.

In 2009 Nowak [13], for f ∈ C[0, 1], q > 0, α ≥ 0 and each n ∈ N defined the
q-Bernstein-Stancu operators

Bq,α
n (f ;x) =

n∑
k=0

P q,α
n,k (x)f

(
[k]q
[n]q

)
, x ∈ [0, 1] (1.1)

with

P q,α
n,k (x) =

[
n
k

]
q

∏k−1
i=0 (x + α[i]q)

∏n−k−1
s=0 (1− qsx + α[s]q)∏n−1

i=0 (1 + α[i]q)
(1.2)

and investigated Korovkin type approximation properties of these operators. Note
that in (1.2) an empty product is taken to be equal to 1. In [10], the authors studied
the rate of convergence and proved a Voronovskaya type theorem for the operator
defined by (1.1). After that Agratini [1] introduced some estimates for the rate of
convergence to the sequence Bq,α

n (f ;x) by means of the modulus of continuity and
Lipschitz type maximal function and also explored a probabilistic approach.

It is clear that for α = 0, Bq,α
n (f ;x) reduces to q-Bernstein polynomials defined

by Phillips [15]

Bn,q(f ;x) =
n∑

k=0

[
n
k

]
q

xk
n−k−1∏

s=0

(1− qsx)f
(

[k]q
[n]q

)
, x ∈ [0, 1].

For q = 1, Bq,α
n (f ;x) turns out to be the Bernstein- Stancu polynomials proposed by

Stancu in [16]

Sn(f ;x) =
n∑

k=0

(
n

k

)∏k−1
i=0 (x + αi)

∏n−k−1
s=0 (1− x + αs)∏n−1

i=0 (1 + αi)
f

(
k

n

)
, x ∈ [0, 1].
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For α = 0 and q = 1, Bq,α
n (f ;x) represents the classical Bernstein polynomials given

by

Bn(f ;x) =
n∑

k=0

f

(
k

n

)(
n

k

)
xk(1− x)n−k, x ∈ [0, 1].

The following identities hold [13]

Bq,α
n (1;x) = 1 (1.3)

Bq,α
n (t;x) = x (1.4)

Bq,α
n (t2;x) =

1
1 + α

(
x(x + α) +

x(1− x)
[n]q

)
(1.5)

for all x ∈ [0, 1] and n ∈ N.
Generalization of Bernstein polynomials based on q-integers was studied by a

number of authors. We now mention some papers related to integral modification of
the q-Bernstein polynomials. Gupta [7] constructed Durrmeyer type modification of
the q-Bernstein polynomials by means of the q-Jackson integral and studied their some
approximation properties. Thereafter, Finta and Gupta [6] obtained some local and
global direct results and also established a simultaneous approximation theorem for
these operators. In [8], Gupta and Heping defined another Durrmeyer type q-Bernstein
polynomials and obtained some approximation properties of such operators. Later
in [9], Gupta and Finta proved some direct local and global approximation theorems
for the operators given in [8]. Dalmanoğlu [3] presented Kantorovich type q-Bernstein
polynomials via q-Jackson integral and investigated their approximation properties
and the rate of convergence. Very recently, by introducing the following Kantorovich
type generalization of q-Bernstein polynomials by means of the q-Riemann type inte-
gral

B∗n(f ; q;x) = [n + 1]q
n∑

k=0

q−k

[
n
k

]
q

xk
n−k−1∏

s=0

(1− qsx)
∫ [k+1]q

[n+1]q

[k]q
[n+1]q

f(t)dR
q t, (1.6)

where x ∈ [0, 1] and 0 < q < 1, Dalmanoǧlu and Doǧru [4] studied statistical Korovkin
type approximation properties of these operators. The authors derived the formulas

B∗n(1; q;x) = 1,

B∗n(t; q;x) =
2q

1 + q

[n]q
[n + 1]q

x +
1

1 + q

1
[n + 1]q

,

B∗n(t2; q;x) =
(

q2

1 + q
+

3q4

(1 + q)(1 + q + q2)

)
[n]q[n− 1]q

[n + 1]2q
x2

+
(

1 +
2q

1 + q
+

q2 − 1
1 + q + q2

)
[n]q

[n + 1]2q
x +

1
1 + q + q2

1
[n + 1]2q

.

In this paper, for f ∈ C[0, 1], 0 < q < 1 and each n ∈ N, we consider the
Kantorovich type generalization of the q-Bernstein Stancu operators defined by (1.1)
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with the help of the Riemann type q-integral as follows:

Bα
n (f ; q;x) =

n∑
k=0

P q,α
n,k (x)

[n + 1]q
qk

∫ [k+1]q
[n+1]q

[k]q
[n+1]q

f(t)dR
q t, x ∈ [0, 1] (1.7)

where P q,α
n,k (x) is given by (1.2).

In the case α = 0 the operator Bα
n (f ; q;x) turns into the operator B∗n(f ; q;x)

defined by (1.6).

2. Estimation of moments

Lemma 2.1. Let m be a nonnegative integer. Then we have

In,k(tm) :=
∫ [k+1]q

[n+1]q

[k]q
[n+1]q

tmdR
q t

=
qk

[n + 1]q

(
[n]q

[n + 1]q

)m m∑
l=0

(
m

l

)(
[k]q
[n]q

)m−l

Cm,l(q, n),

where

Cm,l(q, n) =
1

([n]q)l

m−l∑
s=0

(
m− l

s

)
(−1)s (1− q)s

[l + s + 1]q
.

Proof. By definition of Riemann type q-integral and Binomial formula, we get

In,k(tm)

=(1− q)
qk

[n + 1]q

∞∑
j=0

(
[k]q

[n + 1]q
+

qk

[n + 1]q
qj

)m

qj

=(1− q)
qk

([n + 1]q)m+1

∞∑
j=0

(
[k]q + (1− (1− q)[k]q) qj

)m
qj

=(1− q)
qk

([n + 1]q)m+1

m∑
i=0

∞∑
j=0

(qj)i+1

(
m

i

)
(1− (1− q)[k]q)

i ([k]q)m−i.

Using the following fact

∞∑
j=0

(qj)i+1 =
1

1− qi+1
=

1
(1− q)

1
[i + 1]q
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and Binomial formula again, we can write

In,k(tm)

=
qk

([n + 1]q)m+1

m∑
i=0

(
m

i

)
(1− (1− q)[k]q)

i ([k]q)m−i

[i + 1]q

=
qk

([n + 1]q)m+1

m∑
i=0

(
m

i

)
([k]q)m−i

[i + 1]q

i∑
l=0

(
i

l

)
(−1)i−l ((1− q)[k]q)

i−l

=
qk

([n + 1]q)m+1

m∑
i=0

(
m

i

)
1

[i + 1]q

i∑
l=0

(
i

l

)
([k]q)m−l(−1)i−l(1− q)i−l

=
qk

([n + 1]q)m+1

m∑
l=0

m∑
i=l

(
m

i

)(
i

l

)
([k]q)m−l(−1)i−l (1− q)i−l

[i + 1]q

=
qk

([n + 1]q)m+1

m∑
l=0

m∑
i=l

m!
(m− i)!

1
l!(i− l)!

([k]q)m−l(−1)i−l (1− q)i−l

[i + 1]q

=
qk

([n + 1]q)m+1

m∑
l=0

m−l∑
s=0

m!
(m− l − s)!

1
l!s!

([k]q)m−l(−1)s (1− q)s

[l + s + 1]q

=
qk

([n + 1]q)m+1

m∑
l=0

m−l∑
s=0

m!
l!(m− l)!

(m− l)!
s!(m− l − s)!

([k]q)m−l

× (−1)s (1− q)s

[l + s + 1]q

=
qk

([n + 1]q)m+1

m∑
l=0

m−l∑
s=0

(
m

l

)(
m− l

s

)
([k]q)m−l(−1)s (1− q)s

[l + s + 1]q

=
qk

([n + 1]q)

(
[n]q

[n + 1]q

)m m∑
l=0

m−l∑
s=0

(
m

l

)(
m− l

s

)(
[k]q
[n]q

)m−l 1
([n]q)l

× (−1)s (1− q)s

[l + s + 1]q

=
qk

([n + 1]q)

(
[n]q

[n + 1]q

)m m∑
l=0

(
m

l

)(
[k]q
[n]q

)m−l 1
([n]q)l

m−l∑
s=0

(
m− l

s

)
× (−1)s (1− q)s

[l + s + 1]q
.

Thus, if we take

1
([n]q)l

m−l∑
s=0

(
m− l

s

)
(−1)s (1− q)s

[l + s + 1]q
= Cm,l(q, n),

then the proof is completed. �
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In the light of Lemma 2.1, we can state the following lemma.

Lemma 2.2. Let m be a nonnegative integer. Then for the operator Bα
n (f ; q;x) defined

by (1.7), we have

Bα
n (tm; q;x) =

(
[n]q

[n + 1]q

)m m∑
l=0

(
m

l

)
Cm,l(q, n)Bq,α

n (tm−l;x),

where Bq,α
n is given by (1.1) and Cm,l(q, n) is defined as in Lemma 2.1.

Proof. Indeed, by using Lemma 2.1 we can write

Bα
n (tm; q;x) =

n∑
k=0

P q,α
n,k (x)

[n + 1]q
qk

In,k(tm)

=
(

[n]q
[n + 1]q

)m n∑
k=0

P q,α
n,k (x)

m∑
l=0

(
m

l

)(
[k]q
[n]q

)m−l

Cm,l(q, n)

=
(

[n]q
[n + 1]q

)m m∑
l=0

(
m

l

)
Cm,l(q, n)

n∑
k=0

P q,α
n,k (x)

(
[k]q
[n]q

)m−l

=
(

[n]q
[n + 1]q

)m m∑
l=0

(
m

l

)
Cm,l(q, n)Bq,α

n (tm−l;x).

�

Corollary 2.3. The operator Bα
n (f ; q;x) defined by (1.7) satisfies

Bα
n (1; q;x) = 1 (2.1)

Bα
n (t; q;x) =

2q

1 + q

[n]q
[n + 1]q

x +
1

1 + q

1
[n + 1]q

(2.2)

Bα
n (t2; q;x)

=
1

1 + α

4q4 + q3 + q2

(1 + q)(1 + q + q2)
[n]q[n− 1]q

[n + 1]2q
x2

+

{
α

1 + α

4q3 + q2 + q

(1 + q)(1 + q + q2)
[n]2q

[n + 1]2q
+
(

1
1 + α

4q3 + q2 + q

(1 + q)(1 + q + q2)

+
4q2 + 2q

(1 + q)(1 + q + q2)

)
[n]q

[n + 1]2q

}
x +

1
1 + q + q2

1
[n + 1]2q

.

(2.3)

With the help of Lemma 2.2 and identities (1.3)- (1.5) it can be easily proved.
So we omit it.



Kantorovich type q-Bernstein-Stancu operators 95

Lemma 2.4. For the operator Bα
n (f ; q;x) defined by (1.7), we have

Bα
n ((t− x)2; q;x) ≤

(
1

1 + α

4q2

(1 + q)2
[n]2q

[n + 1]2q
− 4q

1 + q

[n]q
[n + 1]q

+ 1

)
x2

+

(
α

1 + α

[n]2q
[n + 1]2q

+
1

1 + α

1
[n + 1]q

)
x

+
1

1 + q + q2

1
[n + 1]2q

.

(2.4)

Proof. From the linearity of Bα
n and the equalities (2.1)- (2.3), we may write

Bα
n ((t− x)2; q;x)

=
{

1
1 + α

4q4 + q3 + q2

(1 + q)(1 + q + q2)
[n]q[n− 1]q

[n + 1]2q
− 4q

1 + q

[n]q
[n + 1]q

+ 1
}

x2

+

{
α

1 + α

4q3 + q2 + q

(1 + q)(1 + q + q2)
[n]2q

[n + 1]2q

+
(

1
1 + α

4q3 + q2 + q

(1 + q)(1 + q + q2)
+

4q2 + 2q

(1 + q)(1 + q + q2)

)
[n]q

[n + 1]2q

− 2
1 + q

1
[n + 1]q

}
x +

1
1 + q + q2

1
[n + 1]2

.

(2.5)

In [4], for 0 < q < 1 and n ∈ N it was showed that

q2

1 + q
+

3q4

(1 + q)(1 + q + q2)
=

4q4 + q3 + q2

(1 + q)(1 + q + q2)
<

4q2

(1 + q)2
.

Since [n− 1]q < [n]q this leads to

(
4q4 + q3 + q2

(1 + q)(1 + q + q2)

)
[n]q[n− 1]q

[n + 1]2q
<

4q2

(1 + q)2
[n]2q

[n + 1]2q
. (2.6)

On the other hand, for 0 < q < 1 we have

4q3 + q2 + q

(1 + q)(1 + q + q2)
− 1 =

(3q2 + 2q + 1)(q − 1)
(1 + q)(1 + q + q2)

< 0

which gives

4q3 + q2 + q

(1 + q)(1 + q + q2)
< 1. (2.7)
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Hence using (2.6), (2.7) and the inequality [n]q
[n+1]2q

< 1
[n+1]q

into (2.5), one gets

Bα
n ((t− x)2; q;x)

≤

(
1

1 + α

4q2

(1 + q)2
[n]2q

[n + 1]2q
− 4q

1 + q

[n]q
[n + 1]q

+ 1

)
x2

+

{
α

1 + α

[n]2q
[n + 1]2q

+
(

1
1 + α

+
4q2 + 2q

(1 + q)(1 + q + q2)
− 2

1 + q

)
1

[n + 1]q

}
x

+
1

1 + q + q2

1
[n + 1]2

.

Finally, for 0 < q < 1 by means of the fact

4q2 + 2q

(1 + q)(1 + q + q2)
− 2

1 + q
=

2(q2 − 1)
(1 + q)(1 + q + q2)

< 0

we get

Bα
n ((t− x)2; q;x) ≤

(
1

1 + α

4q2

(1 + q)2
[n]2q

[n + 1]2q
− 4q

1 + q

[n]q
[n + 1]q

+ 1

)
x2

+

(
α

1 + α

[n]2q
[n + 1]2q

+
1

1 + α

1
[n + 1]q

)
x

+
1

1 + q + q2

1
[n + 1]2q

which is the required result. �

3. Main results

In this part, we study some approximation properties of the operator Bα
n (f ; q;x)

defined by (1.7).

Theorem 3.1. Let q = qn ∈ (0, 1) and α = αn ≥ 0 such that lim
n→∞

qn = 1 and

lim
n→∞

αn = 0. Then for each f ∈ C[0, 1], Bαn
n (f ; qn;x) converges uniformly to f on

[0, 1].

Proof. By the Bohman-Korovkin Theorem it is sufficient to show that

lim
n→∞

||Bαn
n (tm; qn;x)− xm||C[0,1] = 0, m = 0, 1, 2.

By (2.1), it is clear that

lim
n→∞

||Bαn
n (1; qn;x)− 1||C[0,1] = 0

Since Bαn
n (t; qn;x) = B∗n(t; qn;x), where B∗n is defined by (1.6), from the formula (22)

in [4] we have

||Bαn
n (t; qn;x)− x||C[0,1] ≤

1− qn

1 + qn
+

3
1 + qn

1
[n + 1]qn
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which implies that

lim
n→∞

||Bαn
n (t; qn;x)− x||C[0,1] = 0.

Now using (2.3), (2.7) and the inequality [n]qn

[n+1]2qn

< 1
[n+1]qn

we get

∣∣Bαn
n (t2; qn;x)− x2

∣∣
≤
∣∣∣∣ 1
1 + αn

4q4
n + q3

n + q2
n

(1 + qn)(1 + qn + q2
n)

[n]qn
[n− 1]qn

[n + 1]2qn

− 1
∣∣∣∣x2

+

{
αn

1 + αn

4q3
n + q2

n + qn

(1 + qn)(1 + qn + q2
n)

[n]2qn

[n + 1]2qn

+
(

1
1 + αn

4q3
n + q2

n + qn

(1 + qn)(1 + qn + q2
n)

+
4q2

n + 2qn

(1 + qn)(1 + qn + q2
n)

)
[n]qn

[n + 1]2qn

}
x

+
1

1 + qn + q2
n

1
[n + 1]2qn

≤
∣∣∣∣ 1
1 + αn

4q4
n + q3

n + q2
n

(1 + qn)(1 + qn + q2
n)

[n]qn
[n− 1]qn

[n + 1]2qn

− 1
∣∣∣∣x2

+

{
αn

1 + αn

[n]2qn

[n + 1]2qn

+
(

1
1 + αn

+
4q2

n + 2qn

(1 + qn)(1 + qn + q2
n)

)
1

[n + 1]qn

}
x

+
1

1 + qn + q2
n

1
[n + 1]2qn

.

(3.1)

Since (see [4]),

[n]qn [n− 1]qn

[n + 1]2qn

=
1
q3
n

(
1− 2 + qn

[n + 1]qn

+
1 + qn

[n + 1]2qn

)
the inequality (3.1) takes the form∣∣Bαn

n (t2; qn;x)− x2
∣∣

≤

{∣∣∣∣ 1
1 + αn

4q2
n + qn + 1

qn(1 + qn)(1 + qn + q2
n)
− 1
∣∣∣∣

+
1

1 + αn

4q2
n + qn + 1

qn(1 + qn)(1 + qn + q2
n)

∣∣∣∣ 1 + qn

[n + 1]2qn

− 2 + qn

[n + 1]qn

∣∣∣∣
}

x2

+

{
αn

1 + αn

[n]2qn

[n + 1]2qn

+
(

1
1 + αn

+
4q2

n + 2qn

(1 + qn)(1 + qn + q2
n)

)
1

[n + 1]qn

}
x

+
1

1 + qn + q2
n

1
[n + 1]2qn

.

(3.2)
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Taking maximum of both sides of (3.2) on [0, 1], we find∥∥Bαn
n (t2; qn;x)− x2

∥∥
C[0,1]

≤
∣∣∣∣ 1
1 + αn

4q2
n + qn + 1

qn(1 + qn)(1 + qn + q2
n)
− 1
∣∣∣∣

+
1

1 + αn

4q2
n + qn + 1

qn(1 + qn)(1 + qn + q2
n)

∣∣∣∣ 1 + qn

[n + 1]2qn

− 2 + qn

[n + 1]qn

∣∣∣∣
+

αn

1 + αn

[n]2qn

[n + 1]2qn

+
(

1
1 + αn

+
4q2

n + 2qn

(1 + qn)(1 + qn + q2
n)

)
1

[n + 1]qn

+
1

1 + qn + q2
n

1
[n + 1]2qn

which yields

lim
n→∞

||Bαn
n (t2; qn;x)− x2||C[0,1] = 0.

Thus the proof is completed. �

Remark 3.2. If we choose qn = n
n+1 , it is easily seen that lim

n→∞
qn = 1 and lim

n→∞
qn
n =

e−1. Hence we guarantee that lim
n→∞

[n]qn = ∞. Since [n + 1]qn = qn[n]qn + 1 and

[n]qn

[n+1]qn
= 1

qn+ 1
[n]qn

we have lim
n→∞

1
[n + 1]qn

= 0 and lim
n→∞

[n]qn

[n + 1]qn

= 1.

For q ∈ (0, 1) it is obvious that lim
n→∞

[n]q =
1

1− q
. In order to reach to conver-

gence results of the operator Bαn
n we take a sequence qn ∈ (0, 1) such that lim

n→∞
qn = 1.

So we get that lim
n→∞

[n]qn
= ∞.

By the above explanation, Remark 3.2 provides an example that such a sequence can
always be found.

Next, we compute the approximation order of the operator Bα
n (f ; q;x) in terms

of the elements of the usual Lipschitz class.
Let f ∈ C[0, 1], M > 0 and 0 < β ≤ 1. We recall that f belongs to the class

LipM (β) if the inequality

|f(t)− f(x)| ≤ M |t− x|β ;x, t ∈ [0, 1]

holds.

Theorem 3.3. Let q = qn ∈ (0, 1) and α = αn ≥ 0 such that lim
n→∞

qn = 1 and

lim
n→∞

αn = 0. Then for each f ∈ LipM (β) we have

||Bαn
n (f ; qn;x)− f(x)||C[0,1] ≤ Mδβ

n
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where

δn =

{(
1

1 + αn

4q2
n

(1 + qn)2
+

αn

1 + αn

)
[n]2qn

[n + 1]2qn

− 4qn

1 + qn

[n]qn

[n + 1]qn

+
1

1 + αn

1
[n + 1]qn

+
1

1 + qn + q2
n

1
[n + 1]2qn

+ 1

} 1
2

.

Proof. By the monotonicity of Bαn
n , we can write

|Bαn
n (f ; qn;x)− f(x)| ≤ Bαn

n (|f(t)− f(x)| ; qn;x)

≤ M
n∑

k=0

P qn,αn

n,k (x)
[n + 1]qn

qk
n

∫ [k+1]qn
[n+1]qn

[k]qn
[n+1]qn

|t− x|β dR
qn

t.

On the other hand, by using the Hölder inequality for the Riemann type q-integral
with m1 = 2

β and m2 = 2
2−β , we have

|Bαn
n (f ; qn;x)− f(x)|

≤M

n∑
k=0

P qn,αn

n,k (x)

(
[n + 1]qn

qk
n

∫ [k+1]qn
[n+1]qn

[k]qn
[n+1]qn

(t− x)2dR
qn

t

) β
2

.

Now applying the Hölder inequality for the sum with p1 = 2
β and p2 = 2

2−β and
taking into consideration (1.3) and (2.4), one may write

|Bαn
n (f ; qn;x)− f(x)|

≤M

(
n∑

k=0

P qn,αn

n,k (x)
[n + 1]qn

qk
n

∫ [k+1]qn
[n+1]qn

[k]qn
[n+1]qn

(t− x)2dR
qn

t

) β
2 ( n∑

k=0

P qn,αn

n,k (x)

) 2−β
2

=M
(
Bαn

n ((t− x)2; qn;x)
) β

2 (Bqn,αn
n (1;x))

2−β
2

≤M

{(
1

1 + αn

4q2
n

(1 + qn)2
[n]2qn

[n + 1]2qn

− 4qn

1 + qn

[n]qn

[n + 1]qn

+ 1

)
x2

+

(
αn

1 + αn

[n]2qn

[n + 1]2qn

+
1

1 + αn

1
[n + 1]qn

)
x +

1
1 + qn + q2

n

1
[n + 1]2qn

} β
2

.

This implies that

‖Bαn
n (f ; qn;x)− f(x)‖C[0,1] ≤M

{(
1

1 + αn

4q2
n

(1 + qn)2
+

αn

1 + αn

)
[n]2qn

[n + 1]2qn

− 4qn

1 + qn

[n]qn

[n + 1]qn

+
1

1 + αn

1
[n + 1]qn

+
1

1 + qn + q2
n

1
[n + 1]2qn

+ 1

} β
2

.
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Hence if we choose δ := δn, then we arrive at the desired result. �

Finally, we establish a local approximation theorem for the operator Bα
n (f ; q;x)

defined by (1.7).
Let W 2 = {g ∈ C[0, 1] : g′, g′′ ∈ C[0, 1]} . For any δ > 0, Peetre’s K-functional

is defined by
K2(f ; δ) = inf

g∈W 2
{‖f − g‖+ δ ‖g′′‖}

where ‖.‖ is the uniform norm on C[0, 1] (see [14]). From ( [5], p.177, Theorem 2.4)
there exists an absolute constant C > 0 such that

K2(f ; δ) ≤ Cω2(f ;
√

δ), (3.3)

where the second order modulus of smoothness of f ∈ C[0, 1] is denoted by

ω2(f ;
√

δ) = sup
0<h≤

√
δ

sup
x,x+2h∈[0,1]

|f(x + 2h)− 2f(x + h) + f(x)| .

The usual modulus of continuity of f ∈ C[0, 1] is defined by

ω(f ;
√

δ) = sup
0<h≤

√
δ

sup
x,x+h∈[0,1]

|f(x + h)− f(x)| .

Now consider the following operator

Ln(f ; q;x) = Bα
n (f ; q;x)− f

(
2q

1 + q

[n]q
[n + 1]q

x +
1

1 + q

1
[n + 1]q

)
+ f(x) (3.4)

for f ∈ C[0, 1].

Lemma 3.4. Let g ∈ W 2. Then we have

|Ln(g; q;x)− g(x)| ≤

{(
2 + α

1 + α

4q2

(1 + q)2
[n]2q

[n + 1]2q
− 8q

1 + q

[n]q
[n + 1]q

+ 2

)
x2

+

(
α

1 + α

[n]2q
[n + 1]2q

+
1

1 + α

1
[n + 1]q

)
x

+
2q2 + 3q + 2

(1 + q + q2)(1 + q)2
1

[n + 1]2q

]}
‖g′′‖ .

(3.5)

Proof. From (3.4), (2.1) and (2.2) it is immediately seen that

Ln(t− x; q;x) =Bα
n (t− x; q;x)−

(
2q

1 + q

[n]q
[n + 1]q

x +
1

1 + q

1
[n + 1]q

− x

)
=Bα

n (t; q;x)− xBα
n (1; q;x)

−
(

2q

1 + q

[n]q
[n + 1]q

x +
1

1 + q

1
[n + 1]q

− x

)
=0.

(3.6)

For x ∈ [0, 1] and g ∈ W 2, using the Taylor formula

g(t)− g(x) = (t− x)g′(x) +
∫ t

x

(t− u)g′′(u)du
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and (3.6) we have

Ln(g; q;x)− g(x)

=g′(x)Ln(t− x; q;x) + Ln

(∫ t

x

(t− u)g′′(u)du; q;x
)

=Ln

(∫ t

x

(t− u)g′′(u)du; q;x
)

=Bα
n

(∫ t

x

(t− u)g′′(u)du; q;x
)

−
∫ 2q

1+q

[n]q
[n+1]q

x+ 1
1+q

1
[n+1]q

x

(
2q

1 + q

[n]q
[n + 1]q

x +
1

1 + q

1
[n + 1]q

− u

)
g′′(u)du.

By means of the monotonicity of Bα
n this gives

|Ln(g; q;x)− g(x)|

≤Bα
n

(∣∣∣∣∫ t

x

(t− u)g′′(u)du

∣∣∣∣ ; q;x)

+

∣∣∣∣∣
∫ 2q

1+q

[n]q
[n+1]q

x+ 1
1+q

1
[n+1]q

x

(
2q

1 + q

[n]q
[n + 1]q

x +
1

1 + q

1
[n + 1]q

− u

)
g′′(u)du

∣∣∣∣∣ .
(3.7)

On the other hand, it is clear that

∣∣∣∣∫ t

x

(t− u)g′′(u)du

∣∣∣∣ ≤ (t− x)2 ‖g′′‖ . (3.8)

Now let

I :=
∫ 2q

1+q

[n]q
[n+1]q

x+ 1
1+q

1
[n+1]q

x

(
2q

1 + q

[n]q
[n + 1]q

x +
1

1 + q

1
[n + 1]q

− u

)
g′′(u)du.

Then we may write

I ≤
[(

2q

1 + q

[n]q
[n + 1]q

− 1
)

x +
1

1 + q

1
[n + 1]q

]2
‖g′′‖

=

{(
2q

1 + q

[n]q
[n + 1]q

− 1
)2

x2 +
(

4q

(1 + q)2
[n]q

[n + 1]2q
− 2

1 + q

1
[n + 1]q

)
x

+
1

(1 + q)2
1

[n + 1]2q

}
‖g′′‖ .
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Use of the facts [n]q
[n+1]2q

< 1
[n+1]q

and for 0 < q < 1, 4q
(1+q)2 −

2
1+q = 2(q−1)

(1+q)2 < 0 yields

I ≤

{(
2q

1 + q

[n]q
[n + 1]q

− 1
)2

x2 +
(

4q

(1 + q)2
− 2

1 + q

)
1

[n + 1]q
x

+
1

(1 + q)2
1

[n + 1]2q

}
‖g′′‖

≤

{(
2q

1 + q

[n]q
[n + 1]q

− 1
)2

x2 +
1

(1 + q)2
1

[n + 1]2q

}
‖g′′‖

=

{(
4q2

(1 + q)2
[n]2q

[n + 1]2q
− 4q

1 + q

[n]q
[n + 1]q

+ 1

)
x2 +

1
(1 + q)2

1
[n + 1]2q

}
‖g′′‖ .

(3.9)

Substituting (3.8) and (3.9) into (3.7), we have

|Ln(g; q;x)− g(x)|

≤

{
Bα

n

(
(t− x)2; q;x

)
+

(
4q2

(1 + q)2
[n]2q

[n + 1]2q
− 4q

1 + q

[n]q
[n + 1]q

+ 1

)
x2

+
1

(1 + q)2
1

[n + 1]2q

}
‖g′′‖ .

(3.10)

Using (2.4), from (3.10) it follows that

|Ln(g; q;x)− g(x)| ≤

{(
2 + α

1 + α

4q2

(1 + q)2
[n]2q

[n + 1]2q
− 8q

1 + q

[n]q
[n + 1]q

+ 2

)
x2

+

(
α

1 + α

[n]2q
[n + 1]2q

+
1

1 + α

1
[n + 1]q

)
x

+
2q2 + 3q + 2

(1 + q + q2)(1 + q)2
1

[n + 1]2q

]}
‖g′′‖ .

This completes the proof. �

Theorem 3.5. Let f ∈ C[0, 1]. Then for each x ∈ [0, 1] we have

|Bα
n (f ; q;x)− f(x)| ≤Cω2(f ;

√
δn(x))

+ ω

(
f ;
∣∣∣∣( 2q

1 + q

[n]q
[n + 1]q

− 1
)

x +
1

1 + q

1
[n + 1]q

∣∣∣∣) ,
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where

δn(x) =

(
2 + α

1 + α

4q2

(1 + q)2
[n]2q

[n + 1]2q
− 8q

1 + q

[n]q
[n + 1]q

+ 2

)
x2

+

(
α

1 + α

[n]2q
[n + 1]2q

+
1

1 + α

1
[n + 1]q

)
x

+
2 + 3q + 2q2

(1 + q + q2)(1 + q)2
1

[n + 1]2q

and C is a positive constant.

Proof. From (3.4), we have

|Ln(f ; q;x)| ≤ |Bα
n (f ; q;x)|+ 2 ‖f‖ ≤ ‖f‖Bα

n (1; q;x) + 2 ‖f‖ = 3 ‖f‖ (3.11)

and

Bα
n (f ; q;x)− f(x) =Ln(f − g; q;x)− (f − g)(x) + Ln(g; q;x)− g(x)

+ f

(
2q

1 + q

[n]q
[n + 1]q

x +
1

1 + q

1
[n + 1]q

)
− f(x).

In the light of (3.5) and (3.11), this equality implies that

|Bα
n (f ; q;x)− f(x)|

≤ |Ln(f − g; q;x)|+ |(f − g)(x)|+ |Ln(g; q;x)− g(x)|

+
∣∣∣∣f ( 2q

1 + q

[n]q
[n + 1]q

x +
1

1 + q

1
[n + 1]q

)
− f(x)

∣∣∣∣
≤4 ‖f − g‖+ |Ln(g; q;x)− g(x)|

+ ω

(
f ;
∣∣∣∣( 2q

1 + q

[n]q
[n + 1]q

− 1
)

x +
1

1 + q

1
[n + 1]q

∣∣∣∣)
≤4 ‖f − g‖+

{(
2 + α

1 + α

4q2

(1 + q)2
[n]2q

[n + 1]2q
− 8q

1 + q

[n]q
[n + 1]q

+ 2

)
x2

+

(
α

1 + α

[n]2q
[n + 1]2q

+
1

1 + α

1
[n + 1]q

)
x

+
2q2 + 3q + 2

(1 + q + q2)(1 + q)2
1

[n + 1]2q

]}
‖g′′‖

+ ω

(
f ;
∣∣∣∣( 2q

1 + q

[n]q
[n + 1]q

− 1
)

x +
1

1 + q

1
[n + 1]q

∣∣∣∣)
=4 ‖f − g‖+ δn(x) ‖g′′‖+ ω

(
f ;
∣∣∣∣( 2q

1 + q

[n]q
[n + 1]q

− 1
)

x +
1

1 + q

1
[n + 1]q

∣∣∣∣) .
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Hence taking infimum on the right-hand side over all g ∈ W 2 and considering (3.3),
we get

|Bα
n (f ; q;x)− f(x)|

≤4Kn(f ; δn(x)) + ω

(
f ;
∣∣∣∣( 2q

1 + q

[n]q
[n + 1]q

− 1
)

x +
1

1 + q

1
[n + 1]q

∣∣∣∣)
≤Cω2(f ;

√
δn(x)) + ω

(
f ;
∣∣∣∣( 2q

1 + q

[n]q
[n + 1]q

− 1
)

x +
1

1 + q

1
[n + 1]q

∣∣∣∣)
which is the desired result. �
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