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On the Conjecture of Cao, Gonska and Kacso

Gancho T. Tachev

Abstract. We consider the question if lower estimates in terms of the second or-
der Ditzian-Totik modulus are possible, when we measure the pointwise approx-
imation of continuous function by Bernstein operator. In this case we confirm
the conjecture made by Cao, Gonska and Kacs6. To prove this we first estab-
lish sharp upper and lower bounds for pointwise approximation of the function
g(z) =xIn(z) + (1 — x)In(1 — z), = € [0, 1] by Bernstein operator.
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1. Introduction
In [6] Cao, Gonska and Kacsé formulated the following

Conjecture 1.1. Let T), : Cla,b] — Cla,b] be a sequence of linear operators and
en >0, lim e, =0, () = @(T)[ap) = V(- a)(b—x), and 0 < B < XA <1 fived. If
for every f € Cla,b] one has

ITa(f,2) = F(2)] < C(Nws (Frenp' (@), (1.1)
then lower pointwise estimates
() (frenp' (@) < |Tulfo2) - f()], f € Cla,b], (1.2)

do not hold in general.

The case § = 0 was already solved by the same authors in Theorem 3.1 in [5].
The aim of this note is to confirm conjecture above for the case when T;, is replaced
by the Bernstein operator B,,. Instead of T, we consider further only the classical
Bernstein operator B,, applied to a continuous on [0, 1] function f(z) and defined by

Bo(f;z) = éj’ <fl> : <Z>zk(1 —2)" 2 e [0, 1]. (1.3)
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By usual translation all considerations over the interval [0,1] could be transformed
into the interval [a, b]. Let us define the function

gx)=zlnz+ (1 —2)In(l —z), z € (0,1) (1.4)

and ¢(0) = g(1) = 0. This function was studied and used by many authors in dif-
ferent problems in approximation theory - see [1,2,5,6,9,10,11,12,13,14]. For example
the function g(x) was used to establish Theorem 3.1 in [5]. Also g was studied to ob-
tain direct pointwise estimates for approximation of a continuous function by linear
positive operator L in [13-Lemma 3.2]. V.Maier considered the function g to establish
the saturation order of Kantorovich operator (see [11,12] and Ch. 10 in [3]). The first
uniform estimate for approximation of g(x) by B,, was given by Berens and Lorentz
in [1]:

B, (g,z) — g(x) < z, for all z € [0,1].
n

Different problems in approximation and learning theory, connected with approxima-
tion of g by B,, are also studied in [2]. The problem to evaluate in a pointwise form
the remainder term

R (g, %) := Bn(g, ) — g(x), x € [0,1] (1.5)
was formulated by the author in [14] as open problem during the fifth Romanian-
German seminar on approximation theory, held in Sibiu, Romania in 2002. More
precisely, we propose to find (best) bounds of the type

221 (1 — z)*2 (1 — x)?2
kl'T < Rn(g,7) SKQ'Tv (1.6)
for every z € [0, 1], where k1, K; are positive numbers, independent of z and n.
Some days after the conference prof. A.Lupag sent to me the proof of inequality (1.6)

Withoq:ag:ﬁ:l,kj:%andalzagzb:%,KQ:\/i,i.e.

Theorem 1.2. (see [10]) For all x € [0, 1] the following holds true

z(1—z) < Ry(g.2) < V3 x(l—x).

2n n (1.7)

Our first statement is motivated by the result of Lupag and considerations, made
in [5,6,13]. We prove that the values of a1 = ap = 1 and a1 = ap = % in (1.7) are
optimal , namely

1
27

Theorem 1.3. It is not possible to find a1 > %,

that

oras > s, ora; <1, oray <1, such

(] — a2 ar(] — az
cal z) SRn(g>$)§K2'm ( 2) )
n \/ﬁ
holds true for all x € [0, 1] with some positive numbers ki, Ko, independent of x and

n.

ey - (1.8)

Our next result confirms the conjecture of Cao, Gonska, Kacsé in [6] and states
the following
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Theorem 1.4. Let p(x) = /x(1 —z), z € [0,1] and 0 < 3 < A < 1 be fized. For the
function g(x), defined in (1.4) one has

[Bu(g.2) — 9(a)] < Clo)e (s —=9' (@) (1.9)
n\Jg» — 2 ) \/ﬁ ) .
but the lower pointwise estimate
& (g o)) < = 1.1
o5 (5 @) < 1B (002) sl (1.10)

18 not valid.

In Section 2 we give the proof of Theorem 1.3. In Section 3 we establish the
proof of Theorem 1.4.

2. Proof of Theorem 1.3

Proof. Due to symmetry it is enough to consider in (1.8) only x € [0, ] and to study
the possible values of the parameters oy and a;. It is easy to compute that

1
! = — 0,1 2.1
(@) = s 7 € (0.1, (21)
i.e. g is a convex function on [0, 1]. Therefore
B, (g,z) > g(x),for allz € [0, 1]. (2.2)
If S, (g, ) is the piecewise linear interpolant for g at the points 0, %, ..., 1, then
Bn(Sngv x) = Bn(97 l‘),
B (Sng; ) > Sn(g, x), (2.3)
due to the fact that S,,g is also convex function. Consequently from (2.2)-(2.3) we get
Bu(g,2) — g(x) 2 Sn(g,x) — g(x). (2.4)

First let us consider the r.h.s. of (1.8). We suppose that (1.8) holds with a; > 1. Then
from (2.4) it follows that

(1 — x)?2 1
We compute for 0 < z < % that
Salga) =ne-g(D)=me[Im)+A-Dwa-D]

— 2 [n(2) + (- Din(L - 1)].
Also we verify that for € [0, 1],
glx)=azlnz+ (1 —2)In(l —z) <zlnz. (2.7)
Consequently (2.5) and (2.7) yield

1 (1 —x)*
—Inn+n—-1n(l-=) —azhas <Ky ————
nn+ (n—1)In( n) zlnz < Ky Tn
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forO0<z< % Therefore

1 (1 —x)%
—xl —1)In(l——)| <Ky ————— 2.9
ein(ne) + o (0= D1 - )] < g6y 202 (2.9)
Hence we get
1 1 a1(] — g)a2
oln {(1 Lyn, ] <K, " (1—2x)
n nx Vvn
Consequently
_ Ko (1 —x)*
lman < ——2 2.10
We set © = 51— in (2.10) and take n — oco. Then we arrive at
1 Ky
= lim nm "2 < —= 2.11
+oo = Jim T < 1 240

when a; > %, which is a contradiction.

To study the best possible value of a; in (1.8) we may use the following estimate,

proved firstly by Cao in 1964 for all continuous functions, and in particular for g(x)-see
[4]:
z(1—x)
|Bn(g,2) — g(2)| < Cuwz(g,\| ——
This nice estimate can not help us to establish the impossibility of the first inequality
n (1.8). We suppose that (1.8) holds with oy < 1. It is easy to observe that

). (2.12)

Rn(g,x) < lg(x)]. (2.13)
Then we would have
1—z)* o
L ]
which for x — 0 gives
LI
n
a contradiction. The proof of Theorem 1.3 is completed. O

3. Proof of Theorem 1.4

Proof. We recall the definition of the moduli wy A, 0 < X <1, which is in complete
analogy to those of wa(f,-), (A =0) and w3 (f,-), (A =1), (see [8], Chap.2):

A
wg (f,t) = sup A7 flloos (3.1)
0<h<t

where
fl@ = hpMz)) = 2f(2) + f(2 + hp?(2)),
A,QWA f(z):= ¢ if [x — ho*(2), 2 + he*(2)] C [0,1]; (3.2)

0, otherwise.
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The direct pointwise estimate (1.9) was proved by Ditzian in [7] for all continuous
functions, defined in [0,1] and in particular it holds for g(z) too. We suppose that
(1.10) holds true. Setting = § in (3.2) we obtain

1 1 1 1
A2 S) o2 2B(D) . () > R ()2 T p2.920-8)
o (3) =) 1O 20 G s
Hence by
1
t:= %@17A(x), x € [0, 1] — fixed
it follows 1
W (g, 1) > 2. 220-P) = ~(a(1 - )= . 220-8), (3.3)

From our supposition and (3.3) we get

=21 — )
) T B (g, — o) (3.4)

for 0 < 8 < X < 1. It is clear that for A =1 (3.4) is not possible, because due to (1.7)

it would lead to
1 _
c(g) - 220-8) < /2. 1/%, for allz € [0, 1], (3.5)

which is a contradiction.

Consequently for 0 < g < A < 1 (3.4) would imply, that (1.8) is valid with
a1 =1 — X < 1, which contradicts the statement of Theorem 1.3. Thus the proof of
Theorem 1.4 is completed. O

c(g) - 22F
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