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Abstract. In this paper we introduce a certain general class @g(a, ¢, A,B) (8 >0,
a>0,¢>0 -1<B<A<LI1 peN ={1,2..}) of multivalent analytic
functions in the open unit disc U = {z : |z| < 1} involving the linear operator
Ly(a,c). The aim of the present paper is to investigate various properties and
characteristics of this class by using the techniques of Briot-Bouquet differential
subordination. Also we obtain coefficient estimates and maximization theorem
concerning the coefficients.
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1. Introduction

Let A(p) denote the class of functions of the form:

f(z) =2+ Zap+kzp+k (peN={1,2,..}), (1.1)
k=1

which are analytic and p-valent in the open unit disc U = {z : |z] < 1}. Let © denotes
the class of bounded analytic functions w(0) = 0 and |w(z)| < |z| for z € U. If f and
g are analytic in U, we say that f subordinate to g, written symbolically as follows:

f=g (zelU)or f(z) <g(2),

if there exists a Schwarz function w, which (by definition) is analytic in U with
w(0) = 0 and |w(2)| < 1 (2 € U) such that f(z) = g(w(z)) (2 € U). In particular, if
the function g(z) is univalent in U, then we have the following equivalence (cf., e.g.,
[5], [18]; see also [19, p. 4]):

f(2) < g(2) & f(0) = g(0) and f(U) C g(U).
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For functions f(z) € A(p), given by (1.1), and g(z) € A(p) given by

g(z) ="+ by’ (peN), (1.2)
k=1

then the Hadamard product (or convolution) of f(z) and g(z) is defined by

(f*9)(2) = 2"+ apirbpsnz”™ = (g5 £)(2) . (1.3)

k=1
We now define the function ¢,(a,c; z) by

pla,c; z) *szrZ i 2Ptk zEU;aER;cER\ZO_:ZO_:{O,fl,—Q,...}),

(1.4)
where (\), denoted the Pochhammer symbol defined (for A\,v € C and in terms of
the Gamma function) by

(A +v) :{ 1 (v =0;x € C\{0}),

e =Ty AA+ 1A +n=1) (veN;AeQ),

(1.5)

With the aid of the function ¢, (a,c; 2) defined by (1.4), we consider a function
@ (a,¢; z) given by the following convolution:

4P
cpp(a,c;z)*gp;(a,c;z) :m (A>—-p; z€U), (1.6)
which yields the following family of linear operator I;‘(a, c):
I;‘(a,c)f(z) =@l (a,c2) % f(z) (a,c€ R\Zj;A>—p;z€U). (1.7)
For a function f(z) € A(p), given by (1.1), it is easﬂy seen from (1.6) that

A+
IZ’,\(a o) f(z) =2 + Z ng ap+kzp+k (z€U). (1.8)

Tt is readily verified from the deﬁmtlon (1.8) that

2(13(a,0)f(2)) = (a—DI(a—1,0)f(2) + (p+1—a)}(a,0)f(2) . (1.9)
The operator I)(a, ¢) was recently introduced by Cho et al. [6].

We observe also that: ,

(i) I (p+1,1)f(2) = f(2) and I} (p,1) f(2) = 2LEL,

(ii) I} (a, a) f(z) = D™P~1 f(2) (n > —p), where D"~ f(z) is the (n+p—1)—th
order Ruscheweyh derivative of a function f(z) € A(p) (see Kumar and Shukla [15]);

(iii) I3(6+p+1,1) f(2) = Fs,(f)(2) (6 > —p), where Fs,(f)(z) is the generalized
Bernardi-Livingston operator (see [7]), defined by

oo

S4p [ 5+
Fsp(f)(2) = Z(;p t0 lf(t)dt =2+ Z <p> ap+kzp+k(5 > —p;p € N);
5 k=1

d+p+k
(1.10)
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(iv) Iy(n + p,1)f(2) = I.pf(z) (n > —p), where the operator I, is the
(n+p—1) — th Noor operator, considered by Liu and Noor [16];

V) (p+1—p1)f(z) = QUP) f(2)(—00 < p < p + 1), where Q)
(=00 < < p+1) is the extended fractional differential integral operator (see [26]),
defined by

(k+p+)l(p+1—p)
up) — P p+k
1z +§:Fp+1 T(k+p+1—p) e
Fp+1—p) ,
=== Honph - 1.zeU 1.11
T+l - f(z) (moo<p<p+1;2€U), (1.11)

where D! f(z) is, respectively, the fractional integral of f(z) of order —u when —oo <
1 < 0 and the fractional derivative of f(z) of order p when 0 < p < p+ 1 (see, for
details [23], [25] and [26]). The fractional differential operator Q%" with 0 < p < 1
was investigated by Srivastava and Aouf [29].

Making use of the operator I))(a,c), we now introduce a subclass of A(p) as
follows:

Definition 1.1. A function f(z) € A(p) is said to be in the class @g(A,a,c,A,B)
(8>0,a,ce RANZ;,a>1; A>—-p,pe N, -1 < B < A<1) if and only if it
satisfies

L(a,)f(z)  Ipa—10f(x) 1+ Az

1— p p
( f) 2P +6 2P = 1+ Bz

(z€U). (1.12)

By specializing the parameters 8, A, a,c, A and B, we obtain the following sub-
classes of analytic functions studied by various authors:

(i) @h(L,p+1,1,1, 5 — 1) = S,(M) (M > 3) (Sohi [28]);

(i1) <I>113(17p+1, 1,8[B+(A-B)(p—«)],B) = Sp(a,3,A4,B),0<a<p,p€eN,
0< B <1 (see Aouf [2]);

(iii) ®L(1,p+1,1,[B+ (A= B)(p— a)],B) = Sp(A,B,a), 0 < a<p, pe N
(see Aouf and Chen [4]);

(iv) ®1(1,2,1,1,4; — 1) = R(M) (M > %) (see Goel [9));

(v) ®1(1,2,1,2083 — 1,28 — 1) = Ri(a, ) (0 <a <1, 0 < B < 1) (see Mogra
[20]);

(vi) ®1(1,2,1,(1 = 20)8,-8) = R(a,B) (0 < a <1, 0 < B < 1) (see Juneja
and Mogra [12]),

(vii) ®1(1,2,1,(1 — 20)3,—3) = Sp(a,8) (0 < a <1, 0 <3 < 1) (see Owa
(24]);

(viii) ®1(n+1,a,a—1, A, B) = V,,(A, B) (n € Ng = NU{0}) (see Kumar [14]);

(iz) ®1(n+1,a,a—1,[B+(A-B)(1-a)],B) = V,(A,B,a) (n € Ny, 0 < a < 1)
(see Aouf [3]);

(x) ®5(N\,a,c, 1,47 — 1) = @O\, a,c, M] (M > 3), where ®5[X, a, ¢, M] denotes

the class of functions f(z) € A(p) satisfying the condition:
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(1-p3)-2 + 82 -M| <M (M>%;zeU);

zP zP

‘ l DNayo)f(z)  IMa—1,¢)f(z)

(zi) ©p(Lp+1—p,1,1, 57 — 1) = @[, M] (M > 3,—00 < pu < p), where

D, [u, M] denotes the class of functions f(z) € A(p) satisfying the condition:

lel«,l-ﬂ?)f(z)

zp

1
-M| <M (M>§;—oo<u<p;z€U).

2. Preliminaries

To establish our main results, we shall need the following lemmas.

Lemma 2.1. [11] Let h be a convez (univalent) in U with h(0) = 1 and let the function
p given by
0(2) =1+dyz+de2® + ..., (2.1)

s analytic in U. If
o(2) + %ch/(z) <h(z) (z€U), (2.2)

where v # 0 and Re(y) > 0, then

z

olz) < () = - /t”’_lh(t)dt Sh(x) (e,
0

and 1 is the best dominant of (2.2).

Lemma 2.2. [27] Let ®(z) be analytic in U with

| —

®(0) =1 and Re {®(2)} > (z€U).

—~ N

Then, for any F(z) analytic in U, the set (D x F)
of F(U), i.e., (®x F)U C co F(U).

U) is contained in the convex hull

For complex numbers a,b and ¢(c # 0, —1, -2, ...), the Gaussian hypergeometric
function is defined by
abz ala+1)bb+1) 2>

oFi(a,bye2) =14+ —— +

o 1l W?Jr? zeU. (23)

We note that the above series converges absolutely for z € U and hence represents an
analytic function in U (see, for details, [30, Chapter 14]).

Each of the identities (asserted by Lemmas below) is well-known (cf., e.g., [30,
Chapter 14]).
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Lemma 2.3. [30] For complex numbers a,b and ¢ (c # 0,—1, =2, ...), the next equalities
hold:

/tb_l(l — 1)1 — t2) "%t = LOIr(c=b) 2o F1(a, b;¢; z), (2.4)
J I
(Re(c) > Re(b) > 0),
oF(a,b;¢;,2) =(1—2)"%aF 1 (a,c—b;c sz), (2.5)
and
(b+1) 2F1(L,b;0+1;2) = (b+1) +bz oF1(1,b+1;0+2;2) . (2.6)

Lemma 2.4. [13] Let w(z) = Z dp2* € Q, if v is any complex number, then
k=1

|dy — vd}| < max {1, |v|}. (2.7)

Equality may be attained with the functions w(z) = 2% and w(z) = 2.

3. Main results

Unless otherwise mentioned, we assume throughout of this paper that g > 0,
a,c€ R\Zy,A>—-p,pe Nand -1<B<A<1.

Theorem 3.1. Let the function f defined by (1.1) be in the class ®5 (X, a,c, A, B).
Then

IMa,c)f(2) 1+ Az
p AT ST
por < Q(z) =< T B, (z€U), (3.1)
where the function Q(z) given by
A A a—1 Bz
—+(1-=)(1+B2) L, Fi(1,1 1 B
Q(Z)_ B+( B)(+ Z) 21(77 6 + ’BZ+1), #07
B a—1
+ a—1 +ﬂ Z 07
is the best dominant of (3.1). Furthermore,
IMa,
I%{ijﬂ”}>mmmAB> (zev), (32)
where
A A -1 B
L a-50-B) " LR1,LY " +1,—-=—), B#£o0,
B B é] B-1
77(/87Q’A7B): a*]_
— A B =0.
a—14+p38" 0

The estimate in (3.2) is the best possible.
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Proof. Consider the function ¢(z) defined by

Ma,c)f(z
p(z) = M (z€U). (3.3)

zp

Then ¢(z) is of the form (2.1) and is analytic in U. Differentiating (3.3) logarithmically
with respect to z and using the identity (1.9) in the resulting equation, we obtain

Na,e)f(z)  IMa—1,¢)f(2) 2p (2) 14 Az
1- )2 e ’ = :
(1-5) o +0 o @(Z)+(a_1)/ﬁ<1+Bz (z€U)
Now, by using Lemma 2.1 for v = “Tgl, we deduce that
Ma, o) f(2) a—1 120 [ aor_, (14 At
p\% _ 1oe -1
o < Q(z) 3 z P /t g <1+Bt) dt
0
A A a—1 Bz
Z 4+ (1->3)1+Bx) LER((1,1 1; B
_ B+( 1B)( =+ Z) 2 1( s Ly ﬂ =+ ’Bz—i—l)’ #Oa
a—
T B=0

by change of variables followed by use of the identities (2.4), (2.5) and (2.6) (with
a=1¢c=b+1, b= “Tgl) This proves the assertion (3.1) of Theorem 3.1.

Next, in order to prove the assertion (3.2) of Theorem 3.1, it suffices to show
that

inf {Re(Q(z)} = Q(-1) . (34)

|z|<1
Indeed we have, for |z| < r < 1,

1+ Az 1—Ar
> .
Re<1+Bz> ~—1-DBr

Upon setting

g(s, 2)

1

—1\ o
a )sﬁds(Ogsgl),

B

which is a positive measure on the closed interval [0, 1], we get

1+ Asz
1+ Bsz

and du(s) = (

so that

1
Re(Q)) 2 [ (15 ) o) = Q) (=7 <),
0
Letting » — 1~ in the above inequality, we obtain the assertion (3.2) of Theorem
3.1. Finally, the estimate in (3.2) is the best possible as the function Q(z) is the best
dominant of (3.1).
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Corollary 3.2. For 0 < (82 < 1, we have
B
<I>§1(/\,a7 c,A,B) C ®2(\a,c,A,B) .
Proof. Let f € <I>£1()\, a,c, A, B). Then by Theorem 3.1, we have
A
I}a,c)f(z) . 1+ Az

o B> (ze€U).
Since
A Ao —
SRLACLHC PR ACRI (6
(1-2) Bledte) o { o R@ASE) | T Lc)f(Z)}
B zP B 2P 2P
14+ Az
1+ Bz (z€U),

we see that f € <I>§2 (A, a,c, A, B). This proves Corollary 3.2.
Taking 6=c=1,a=0+p+1 (6 >—p), A=4, 14:1—27’JK (0 <a<p)and
B = —1 in Theorem 3.1, we obtain the the following corollary.

Corollary 3.3. If f € A(p) satisfies
Re{f(z)}>a 0<a<pzel),

zP p
then the function Fs,(f)(z) defined by (1.10) satisfies

Re{F‘S”’g)(Z)}>Z+ (1—;‘) [2F1(1,1;p+5+1;;)—1 (zeU) .

The result is the best possible.

Remark 3.4. We note that Corollary 3.3 improves the corresponding result obtained
by Obradovic [22] for p = 1.

Taking A= =c=1,a=p+1—p, foo<,u<p,A:1—27a (0<a<p)
B = —1 in Theorem 3.1, we obtain the following corollary.

Corollary 3.5. Let the function f(z) given by (1.1) satisfy

Q(lJrM’P)
Re{zzpf(z) >% (—oo<u<p0<a<ppeN;zeU).
Then
qu,p) 1
Re 7“2) >a+(1_a> [2F1(1a1§p+1—ﬂ;)—1 (z€U).
zP p p 2

The result is the best possible.

Taking p = 0 in Corollary 3.5, we obtain the following corollary.
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Corollary 3.6. Let the function f(z) given by (1.1) satisfy

Re{f/(z)}>a 0<a<pzel),

zp—1

Then
Re{f(z)} >34 (1— ‘;) [2F1(1,1;p+ 1;%) - 1} (zeU).

2P p
The result is the best possible.

Remark 3.7. We note that Corollary 3.6 improves the corresponding result obtained
by Lee and Owa [17, Theorem 1] with n = 1.

Remark 3.8. If f € A(p) satisfies Re {f'(z)/zpfl} >a(0<a<p;zel), then with
the aid of Corollaries 2 and 4, we deduce that

Re{F5’Pi£)(Z)} > %-i- (1 - 2) [(2F1(1,1;p+1;;) - 1)

Flnprs 1) (- (nnen )]

which improve the result of Fukui et al. [8] for p = 1.
Corollary 3.9. Let the function f(z) given by (1.1) satisfy

Re{[;(n —1,n)f(z)

a
o }> 0<a<pzel),

p
Then

2P

Re{wlf(z)} >%+ (1—;“) [2F1(1,1;n;;)—1 (zeU).

The result is the best possible.

Theorem 3.10. Let f(z) € ®)(X,a,¢, A, B) and let the function Fs,(f)(z) defined by
(1.10). Then

I} (a,0)Fsp(f)(2) 1+ Az
P\ P
po <q(z) < 7B (3.5)
where the function q(z) given by
A A _1 Bz
4 PO 4 B=0.
p+d+1
is the best dominant of (3.5). Furthermore,
1 (a, ¢)F.
Re{ oo C)ij(f)(z)} >¢ (zel), (3.6)
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where
A A » B
C*: E+(1_§)(1_B) 2F1(1717p+6+1aﬁ)a 3#07
1o POy B=0.
p+o+1
The estimate in (3.6) is the best possible.
Proof. From (1.10) it follows that
2 (1)(a,0)Fs,(f)(2)) = (8 +p)Ip(a,0)f(2) = 0L, (a, ) Fsp(f)(2) - 3.7)
By setting
a, ¢)F.

2P
we note that ¢(z) is of the form (2.1) and is analytic in U. Differentiating (3.8) with
respect to z and using the identity (3.7) in the resulting equation, we get

20 (2 IMa,o)f(2) 1+ Az
d+p ZP 1+ Bz
which with the aid of Lemma 2.1 with v = § 4 p, yields

Ié\(a» C)Fé,p(f)(z)

(z€eU),

(3.9)

1+At>dt

— —(6+p) d+p—1
<q(z)=(6+p)z /t (1+Bt
0

Now the remaining part of Theorem 3.10 follows by employing the techniques that
we used in proving Theorem 3.1 above.
Taking A =1 — Qf (0 < a < p)and B = —1 in Theorem 3.10, we obtain the

following corollary.

Corollary 3.11. If f € A(p) satisfies

Re{W}>Z 0<a<pzel),

zp
then
A
Re{f,, (a,c)l;f,p(f)(Z)} - % N (1 _ Z) {2F1(1,1;p+6+ L; %) - 1} (z€U).

The result is the best possible.

Taking A = ¢ = 1 and a = p in Corollary 3.11, we get the following corollary
which in turn improves the corresponding result of Fukui et al. [8] for p = 1.

Corollary 3.12. If f € A(p) satisfies

Re{fl(z)}>oz 0<a<pzel),

zp—1
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then

F; z 1
Re{‘s’zg)l()} >a+(p—a){2F1(1,1;p+5+1;2)—1} (z€U).
The result is the best possible.

TakingA=c=1landa=p+1—p (—o0o < p<p+1,p € N) in Corollary 3.11,
we obtain the following corollary.

Corollary 3.13. If f(z) € A(p) satisfies

qu,p)
%{a“”}>§ Osa<p-oo<p<ptLpeNizel),
then
Q(Zum)F 1
Re M >Oé+(10l> {QFl(l,l,p+§+17)1} (ZGU)
2P p p 2

The result is the best possible.
Theorem 3.14. We have

fe @g(a, ¢, A,B) s Fopo1(f)(2) € <I>117(a7c,A7B)
Proof. Using the identity (3.7) and

z (I (a, C)Fﬁ,p(f>(z))/ = (a=DI(a—1,0)F5,(f)(2) + (0 + 1= a) I} (a,¢) F5(f)(2)
for 6 = a — p— 1, we deduce that

L(a,e)f(2) = Ij(a = 1,6) Fap1(f)(2)
and the assertion of Theorem 3.14 follows by using the definition of the class
@g(a,c,A,B).

Theorem 3.15. If f, given by (1.1), belongs to the class @g(a,c,A,B), then

(A= B)a— (1
@1t Do 2 (310)

lap+i| <
The result is sharp.
Proof. Since f € @g(a,c,A,B), we have

Aac z )‘a— c z
I( ;p)f( )+51p( le’ )f(2) = p(2) (3.11)

(1—-5)

where p(z) = 1+ Zpkzk € P(A, B). Substituting the power series expansion of
k=1
I)a,0)f(2), I}(a—1,¢)f(2) and p(2) in (3.11) and equating the coefficients of z* on
both sides of the resulting equation, we obtain
(a =1+ BE)A+ Kk (k

(@ = Dit1 malﬂ'k =pe (k=1). (3.12)
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Using the well-known [1] coefficient estimates
el <(A=B) (k=1

in (3.12), we get the required estimate (3.10).
In order to establish the sharpness of (3.10), consider the functions fj(z) defined
by
(1-p) I;‘(a,c)f(z) +ﬁ]§(a —1,0)f(2) _ 14 AzF
2P 2P 1+ Bzk
Clearly, fi(z) € @g(/\, a,c, A, B) for each k > 1. Tt is easy to see that the functions
frx(2) have the expansion

(k>1).

(A-B)a—Drtr Dk _pyx
z) =2F + SLE PR
&) = 24 T B0+ e
showing that the estimates in (3.10) are sharp.
Takingf=A=c=A=1 a=p+1—pu, —oo<u<pandB:$—1 (M > %)
in Theorem 3.15, we obtain the following corollary.

Corollary 3.16. If f, given by (1.1), belongs to the class ®,[u, M], then

(2AF) (0 — )

(p+ i (hz1).

laptk| <

The result is sharp.

Theorem 3.17. Let f, given by (1.1), belongs to the class @g()\,a,c,A,B) and ¢ is
any complex number. Then

2 (A - B)(a—1)3(1)s
tp12 = o] < i phata— 1+ 23 ™

(A-=B)a—1)oA+p+1)(c+1)(a—1+20)
B+¢ 2c(a+1)(A+p)la—1+p5)? ‘} ’ (3.13)
The result is sharp.
Proof. From (1.12), we have
1= RO Bl 1OM6)
Ja_p {(1 _5 Iﬁ(a,z A | gl -L 0)f(2) H o) (314)

where
w(z) = dezk € Q.
k=1

Substituting the power series expansion of I)(a,c) f(2), I, (a —1,¢)f(z) and w(z) in
(3.14), and equating the coefficients of z and 22 we obtain
__(A=B)la—1),
ap4+1 =
(@ =1+ p8)(c)(A+p)

dq (3.15)
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and
o 2(A—B)(a—1)3
T a=1420)(0200 +p)2
Using (2.7), (3.15) and (3.16), we get:
|a _ ¢a? |: (A= B)(a—1)3
PE2STH T (g (A 4 p)ala — 1+ 26)

(dy — Bd7) . (3.16)

|@7Vf,
where

(A-B)la—1+28)(c+1)(A+p+1)(a—1)
2e(at 1)(a—1+ BRO\+p)
Since (2.7) is sharp, (3.13) is also sharp.
Taking3=A=c=A=1,a=p+l—p(-o<p<p)and B=5;—1(M > 1)
in Theorem 3.17, we obtain the following corollary.

v=B+(

Corollary 3.18. If f, given by (1.1), belongs to the class ®,[u, M|, then

lapss — a2y < ) 0 =ms (1) (p— p)(p +2)
p+ p+1 —(1+p) (p+27 ) ’ (p+17 )(p+1) .

1
——1
Mo

The result is sharp.

Theorem 3.19. Let f € @g(a,c,A,B) and g € A(p) with Re (g(i)) > % (z € U).
z

Then h= fxg € ®£(a,c,A,B).

Proof. We have

I)a, c)h(z) IMa—1,c)h(2)

(1-p)-" + 6"

zP zP

{(l_mma,c)f(z) N( 1C)f()}*g(z) . 517)

2P 2P 2P

1+ A4
Since Re 9(z) > 1 (2 € U) and the function + A
zP 14+ Bz

it follows from (3.17) and Lemma 2.2 that h(z) = (f * g)(z) € @g(a,c,A,B). This
completes the proof of Theorem 3.19.

is convex (univalent) in U,

Corollary 3.20. Let f € ®F(a,c, A, B) and g(z) € A(p) satisfy

' 3-2.R(L,L;24+1;1
Re{<1_m9<z>+ug<z>}> 2P 1§+ 155)
2[2— 2F1(171;§+1§§)

o " , (L>0; zeU). (3.18)

Then f*g € @g(a,c,A,B).
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2F1(a7u+1a%) 1
2= LA (LLE+ 11

I

Proof. From Theorem 3.1 (fora =p+1,¢c=1,80=p>0,A=
and B = —1), condition (3.18) implies

Re{g(z)}>1 (z€U).

zP 2
Using this, it follows from Theorem 3.19, that (f * g)(2) € @g(a, ¢, A, B).
Theorem 3.21. If each of the functions f(z) given by (1.1) and

g(z) = P + pr+kzp+k
k=1
belongs to the class @g(/\, a,c, A, B), then so does the function
h(z) = (1= )L (a,0)(f * 9)(2) + BL(a — 1,¢)(f * g)(2) -

Proof. Since f € ®(a,c, A, B), it follows from (3.14) that
I} (a,0)f(2) ﬁfﬁ(a—l 0)f(2)

zP 2P

B { AL R {C c)f(Z)}

(1-0) -1

<

b

which is equivalent to

IMa,c)f(z IMa—1,¢)f(z
(1_5)1,( () ﬁp( >f()—§ <n (z€U), (3.19)
2P yA4
1-AB A B

where £ = 1T 2 and n = 1 Tt is known [21] that H(z kzo 2" is analytic

in U and |H(2)| < M, then
(oo}
> Il < M2 (3.20)
k=0

Applying (3.18) to (3.19), we get

1+5k)( k(A + Pk
T Z { (@a—=Drr1(Dr

2
} lapril® <7,

that is, that

% ((a—14BE)()ph+E)x ) > . (4B
; { (a — 1)k+1(1)k¢ } ‘ap+k| < ﬁ . (3_21)
Similarly, we have
= (a1 IO+ R, o (A= B
{ (a— 1)k+1121)k k } bpti]” < Tz (3.22)

k=1
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Now, for |z| = r < 1, by applying Cauchy-Schwarz inequality, we find that
a,)h(2) ﬁfg(a— 1,¢)h(2) 52

zP zP

a— 1 + Bk)( A+ 2
+ { BE) )il p)k} ap+kbp+k2k
— (a—1) k+1( k

s<1—5>2+2<1—5>2{ oo P 2 o } (gl By

(@—1)p41(

1-p)-=+

2

2

[ { et }
<= g [S{ LG ]
DR e e A
S {eorem o,

[E ey, e
<07 s [S{p e ]
| i flemte B0 Y, o tL

o {(a—l+ﬁk)(c)k()\+p)k}2|a o2
= (@ = D1 (D)k " .

1
5 { (a— 1+ BE)(c)r(A +p)k} |b,,+k|2]

BF= (a—=1Drr1(Dx
(A-B)*  (A-B)
§(1_§)2+2(1_£) 1— B2 (1_32)2

B(A—B)\> _B(A-B)® (A-B)* A2(A- B)?

1-B2)2  (1- B2)? (1 - B?)?
by using (3.21) and (3.22).
Thus, again with the aid of (3.20), we have h € @g()\, a,c, A, B).
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Theorem 3.22. Let f € @g(A,a,c,A,B) (8>0) and
n—1

Sp(z) = 2P + Z apir2PE (n > 2).
k=1

Then for z € U, we have

z

/ tP(I)(a,c)Sy(t))dt

Re 0 B >n(ﬁ,a,A,B) )

where n(B,a, A, B) is defined as in Theorem 3.1.
Proof. Singh and Singh [27] prove that

n—1 k
z 1
Re{1+zk+1}>2 (zel). (3.23)

Writing

I)\ , n—1 k
_ p(ac)f(z)* 1+Z z
z zP k+1
and making use of (3.23), Theorem 3.1 and Lemma 2.2, the assertion of Theorem 3.22
follows at once.

Taking =A=c=1, a=p+1, A:l—%‘" (0 <a<p) and B=—-1in
Theorem 3.22, we obtain the following corollary.

Corollary 3.23. Let f € A(p) satisfies Re {{;p(_zl)} >a (0<a<p)inU, then

z

/ tPS, (t)dt

1
Re Of >z+<1—z>{2F1<1,1;p+1;2)—1} (zeU).
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