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N -structures applied to associative-Z-ideals
in IS-algebras

Ali H. Handam

Abstract. In this paper the notion of N -Z-ideals and N-associative Z-ideals in
IS-algebra is introduced, as well as some of their properties are investigated.
The relations between N-Z-ideals and N -associative Z-ideals are discussed. A
characterization of N-associative Z-ideals is provided.
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1. Introduction

Imai and Iséki [1] in 1966 introduced the notion of a BCK-algebra. In the same
year, Iséki [2] introduced BCI-algebras as a super class of the class of BCK-algebras.
In 1993, Jun et al. [3] introduced a new class of algebras related to BCI-algebras
and semigroups, called a BCI-semigroup/BCI-monoid/BCI-group. In 1998, for the
convenience of study, Jun et al. [8] renamed the BCI-semigroup (respectively, BCI-
monoid and BCI-group) as the IS-algebra (respectively, IM-algebra and IG-algebra)
and studied further properties of these algebras (see [7]).

A (crisp) set A in a universe X can be defined in the form of its characteristic
function py : X — {0, 1} yielding the value 1 for elements belonging to the set A and
the value 0 for elements excluded from the set A. So far most of the generalization of
the crisp set have been conducted on the unit interval [0,1] and they are consistent
with the asymmetry observation. In other words, the generalization of the crisp set
to fuzzy sets relied on spreading positive information that fit the crisp point {1} into
the interval [0, 1]. Because no negative meaning of information is suggested, we now
feel a need to deal with negative information. To do so, we also feel a need to supply
mathematical tool. To attain such object, Jun et al. [5] introduced a new function
which is called negative-valued function, and constructed AV -structures. They applied
N-structures to BCK/BCl-algebras, and discussed N -subalgebras and N-ideals in
BCK/BClI-algebras. Jun et al. [6] considered closed ideals in BCH-algebras based on
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N-structures. Jun et al. [4] introduced the notion of a (created) N -ideal of subtraction
algebras, and investigated several characterizations of N -ideals.

In this paper, we introduced the notion of N-Z-ideals and A -associative Z-ideals
in IS-algebras, and studied several related properties.

2. Basic results on IS-algebras

The following necessary elementary aspects of IS-algebras will be used through-
out this paper.

By a BCl-algebra we mean an algebra (X, *,0) of type (2,0) satisfying the fol-
lowing axioms: for every z,y,z € X [2],
(1) (25 y) * (@5 2)) % (25 9) =0,
(I1) (2 + (w y)  y = 0,
(IIT) zxx =0,
(IV)z+xy=0and y*xxz =0 imply z = y.
A BCl-algebra X satisfying 0 < z for all x € X is called a BCK-algebra. In any
BClI-algebra X one can define a partial order “<” by putting x < y if and only if
zxy =0.
A BCl-algebra X has the following properties for any z,y,z € X [2]:
(A1) %0 =z,
(xxy)*xz=(x*xz2)*y,

(x*2)*(y*2) Jx*y,

2% (0 (@ry) —ary,
Ox(xxy)=(0xx)x(0xy),
05 (0 (5% 2) % (y2))) = (0% 9) % (02).

A non-empty subset I of a BCl-algebra X is called an ideal of X if (S1): 0 € I,
(52): xxy € I and y € I imply that x € I. A non-empty subset I of X is called a
associative ideal of X if it satisfies (S1) and (S3): ((x xy) x2) € I, (y *x z) € I imply
that z € I.

Definition 2.1. [8]. An IS-algebra is a non-empty set X with two binary operations
“” and “” and constant 0 satisfying the axioms

(B1) (X,%,0) is a BCI-algebra,
(B2) (X,-) is a semigroup,
(B3) the operation “” is distributive (on both sides) over the operation “x”, that is,

z-(yxz)=(x-y)*x(x-2)and (x*xy)-z2=(x-2)*(y-2) for all z,y,z € X.
Note that, the IS-algebra is a generalization of the ring (see [8]).
Proposition 2.2. [3]. Let X be an IS-algebra. Then we have

(1)0-z=2-0=0,
(2) © Xy implies that -z <y-zand z-x <X z -y, for all z,y,z € X.
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Definition 2.3. [8]. A non-empty subset A of an IS-algebra X is called a left (resp.
right) Z-ideal of X if
(1) z-a€ A (resp. a-x € A) whenever x € X and a € A,

(2) for any z,y € X, zxy € A and y € A imply that x € A.
Both a left and right Z-ideal is called Z-ideal.

Definition 2.4. [9]. A non-empty subset A of an IS-algebra X is called a left (resp.
right) associative Z-ideal of X if

(1) z-a€ A (resp. a-x € A) whenever x € X and a € A,

(2) for any x,y,z € X, (xxy)*xz € A and y x z € A imply that x € A.

3. N -associative Z-ideals

Denote by F(X,[—1,0]) the collection of functions from a set X to [—1,0]. We
say that, an element of F(X,[—1,0]) is a negative-valued function from X to [—1,0]
(briefly, N-function on X). By an A/-structure we mean an ordered pair (X, £), where
¢ is an NV-function on X. In what follows, let X be an IS-algebra and ¢ an N -function
on X unless otherwise specified.

Definition 3.1. Let X be an IS-algebra. An N -structure (X, £) is called a left N -I-ideal
(resp. a right N'-I-ideal) of X if

(C1) (E(zy) < &(y)) (resp. E(wy) < &(x)) for all z,y € X;

(€2) §(z) < max {{(x*y),{(y)} for all z,y € X.

An N-structure (X&) is called an N-Z-ideal of X if it is both a left N-Z-ideal
and a right N-Z-ideal of X.
Definition 3.2. Let X be an IS-algebra. An N -structure (X, &) is called a left N -
associative L-ideal (resp. a right N -associative I-ideal) of X if it satisfies (C1) and
(C3) &(z) <max {£((x xy) * 2),E(y * 2)} for all z,y,z € X.

An N-structure (X, €) is called an NM-associative Z-ideal of X if it is both a left
N-associative Z-ideal and a right M -associative Z-ideal of X.

Example 3.3. Consider an IS-algebra X = {0, a, b, ¢} with Cayley tables as follows:

*‘Oabc -‘Oabc
0/{0 0 b 00 0 0 O
ala 0 ¢ b al0 a 0 a
b|b b 0 0 bl0 O b b
cle b a O c|0 a b c

(1) Let (X, &) be an N-structure in which £ is given by
0 a b ¢ .
&= < ot te >, where ty < t; in [—1,0].
Then (X, ) is an N -Z-ideal of X.
(2) Let (X,¢) be an N-structure in which ¢ is given by

0 a b ¢ .
C:(to th t 4 ),Wheret0<t1 in [—1,0].
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Then (X, ¢) is an NM-associative Z-ideal of X.

Proposition 3.4. Every left (resp. right) N -associative T-ideal (X, &) satisfies the fol-
lowing inequality:

(Ve € X) (£(0) <&()) 3.1

Theorem 3.5. Every left (resp. right) N -associative Z-ideal is a left (resp. right) N -
T-ideal.

Proof. Let (X, &) be a left (resp. right) NM-associative Z-ideal of X. Then, &(xy) < &(
(resp. &(zy) < &(x)) for all z,y € X. Now, let 2 = 0 in (C3), we have £(z)

maz {((x xy) x0),£(y*+0)} for all x,y € X. So, £(x) < max{&{((x*y)),{(y)}.
Therefore, (X, £) is a left (resp. right) N -Z-ideal of X. O

TINE

The next example shows that the converse of Theorem 3.5 is not always true.

Example 3.6. Consider the N-Z-ideal (X, ¢) given in Example 3.3. By routine calcu-
lations, it is easy to check that (X&) is not an N -associative Z-ideal of X.

Proposition 3.7. Every left (resp. right) N -associative I-ideal (X, ) satisfies the fol-
lowing inequality:

(Va,y € X) (§(z) < &((wxy) xy)) (3.2)

Proof. Let (X,€) be a left (resp. right) NM-associative Z-ideal of X. If we let z 1=y
in (C3), then we have £(x) < max {{((x xy) *y),&(y xy)} for all z,y € X. Using 3.1
and (II7), it follows that, £(x) < &((x xy) x y) for all z,y € X. O

Proposition 3.8. If (X,£) is a left (resp. right) N -associative T-ideal of X, then

(Vz,ye X) (z =y =£&(x) <&(y)) (3-3)

Proof. Let x,y € X be such that x < y. If we let z := 0 in (C3), then we have
&(z) < max{&((zxy) *0),£(y x0)} for all ,y € X. Since, x =< y implies z x y = 0,
&(z) < max{€(0x0),&(y*0)}. It follows from axiom (III) and (Al) that &(x) <
£(y). O

Proposition 3.9. Let (X, &) be a left (resp. right) N- T-ideal of X. Then, x xy < z
implies £(x) < max {£(2),&(y)} for all z,y,z € X.

Theorem 3.10. Let (X&) be a left (resp. right) N -associative T-ideal of X. Then, for
any x,y,z € X,

(1) x *y < z implies £(z) < &(y * 2).

(i) §(z) < £(0* ).
(iid) E((2 - y) * (z - 2)) <E&(y * 2) (vesp. E((x - 2)  (y - 2)) < E(2 *y)).
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Proof. (i) Suppose that (X, &) is a left (resp. right) N -associative Z-ideal of X, by
(C3) we have &(x) < maz {&((z *xy) * w),&(y*w)} for all z,y,w € X. Since, zxy < 2
implies (x * y) * w < z x w, by (3.3), it follows that &((z * y) *x w) < &(z x w).
Hence, {(z) < max {({(z*w),&(y*w)}. If we let w = z, then we have, £(z) <

maz {(£(0),§(y * 2)} = &(y * 2).
(i3) Let z = z * y in (C3), then

§(x) < max{£(0),E(y * (xxy)} = E(y * (v xy) (3.4)
If we let y = 0 in (3.4), then we obtain also

f@) < €0%(@+0))
— &(0+a) by (A1)

(91) It follows directly from (B3) and (C1). O
Definition 3.11. [5]. Let (X, €) and (X, () be two N -structures.

(1) The union, £ U ¢ of £ and ( is defined by (£ U ¢)(x) = max {&(z),((z)} for all
e X.
(2) The intersection, £ N ¢ of £ and ¢ is defined by (£ N ¢)(x) = min {&(z),((z)} for
all z € X.

Obviously, (X,£U() and (X, £N() are N-structures which are called the union
and the intersection of (X, &) and (X, (), respectively.

Proposition 3.12. If (X&) and (X, () are left (resp. right) N -associative T-ideals of
X, then the union (X,£U() is a left (resp. right) N -associative T-ideal of X.

Now, we give an example to show that the intersection of two N-Z-ideals may
not be an NV-Z-ideal.

Example 3.13. Consider the two A-Z-ideals (X&) and (X, () given in Example 3.3.
The intersection £ N ( is given by
0 a b ¢ .
EN¢ = ( to to to t >7 where ty < t; in [-1,0].
€N¢ is not an N-Z-ideal of X, since (£N¢)(c) =1 £ max {(EN¢)(exb),(ENC)(b)} =
to.
For any N-function £ on X and t € [—1,0), define the set C(&,t) as

C&t) ={r e X [&(x) <t}.

Theorem 3.14. An N -structure (X, &) is a left (resp. right) N -associative T-ideal of
X if and only if every non-empty set C(&,t) is a left (resp. right) associative T-ideal
of X for allt € [-1,0).

Proof. Assume that (X, €) is a left (resp. right) A -associative Z-ideal of X and let t €
[-1,0) be such that C(£,t) # 0. Let € X and a € C(&,t). Then, £(a) < t. It follows
from (C1) that {(z-a) < €(a) <t (resp. {(a-z) < &(a) < t). Hence, z-a € C(,1) (resp.
a-x €C(&t)). Now, let (xxy)*xz € C(§,t) and (y*z) € C(§,t). Then, {((zxy)*z) <t
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and &(yx*z) < t. Using (C3) we obtain, {(z) < max {{((z xy) * 2),&(y * 2)} < t. Thus
x € C(&,t). Therefore, C(£,t) is a left (resp. right) associative Z-ideal of X for all
€ [-1,0).
Conversely, suppose that every non-empty set C(&,¢t) is a left (resp. right) associative
Z-ideal of X for all ¢ € [—1,0). If there are a,b € X such that {(a - b) > £(b) (resp.
&(ab) > &(a)), then, £(a-b) > tg > &(b) (resp. £(ab) > to > &(a)) for some ty € [—1,0).
Hence, b € C(&,tp) (resp. a € C(,tp)) and a - b ¢ C(&,tp). This is a contradiction.
Thus, £(z - y) < &(y) (resp. £(x - y) < &(x)) for all z,y € X. Now, assume that there
exist a,b,¢ € X such that £(a) > mazx {{((a*b) *c),&(b*c)}. Then, &(a) > t; >
max {&((a*b) xc),£(bxc)} for some t; € [—1,0). Hence, (a*b) x c,bxc € C({,t1)
and a ¢ C(&,t1), which is a contradiction. Therefore, (X,€) is a left (resp. right)
N-associative Z-ideal of X. O

Theorem 3.15. Let A be a left (resp. right) associative T-ideal of X and let (X, &) be
an N -structure in X defined by

_ to ifxe A
¢(@) _{ t; otherwise ’

where 9 < t; in [—1,0]. Then, the N-structure (X,¢) is a left (resp. right) N-
associative Z-ideal of X.

Proof. 1t follows directly from Theorem 3.14. O

For any N-structure (X, &) and any element w € X, consider the set

Dy :={z € X [§{(x) <(w)}.
Then, D,, is non-empty subset of X.

Theorem 3.16. If an N -structure (X,&) is a left (resp. right) N -associative I-ideal
of X, then Dy, is a left (resp. right) associative T-ideal of X for all w € X.

Proof. Let a € D, and © € X. Then, £(a) < {(w). By (C1) it follows that &(x -

&(a) < &(w) (resp. £(a-x) < €&(a) < &(w)). Hence z-a € D, (resp. a-x € D,,). Now, let
z,y,z € X be such that (zxy)*z € D, and y*z € D,,. Then, {((x*xy)*2) < {(w) and
§(y * 2) < §(w). By (C3) it follows that {(x) < max {{((z * y) * 2),£(y * 2)} < {(w).
Hence, © € D,,. Therefore, D,, is a left (resp. right) associative Z-ideal of X for all
we X. 0

a) <
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