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1. Introduction

The concept of fuzzy set theory was first introduce by Zadeh[13] in
1965 and thereafter, the concept of fuzzy set theory applied on different
branches of pure and applied mathematics in different ways by several au-
thors. The concept of fuzzy norm was introduced by Katsaras [9] in 1984. In
1992, Felbin[7] introduced the idea of fuzzy norm on a linear space. Cheng-
Moderson [4] introduced another idea of fuzzy norm on a linear space whose
associated metric is same as the associated metric of Kramosil-Michalek [10].
In 2003, Bag and Samanta [1] modified the definition of fuzzy norm of Cheng-
Moderson [4] and established the concept of continuity and boundednes of a
linear operator with respect to their fuzzy norm in [2].

Later on Jebril and Samanta [8] introduced the concept of fuzzy anti-
norm on a linear space depending on the idea of Bag and Samanta [3]. The
motivation of introducing fuzzy anti-norm is to study fuzzy set theory with
respect to the non-membership function. It is useful in the process of decision
making.

In this paper various types of fuzzy anti-continuities and fuzzy anti-
boundedness; namely, fuzzy anti-continuity, sequential fuzzy anti-continuity,
strong fuzzy anti-continuity, weak fuzzy anti-continuity, strong fuzzy anti-
boundedness and weak fuzzy anti-boundedness are defined. The intra-
relations among fuzzy anti-continuities and intra-relation among strongly
fuzzy anti-bounded and weakly fuzzy anti-bounded are studied. Also, the
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inter relation between fuzzy anti-continuities and fuzzy anti-boundedness
are studied. Also it is established an important property for fuzzy anti-
continuity; namely, any linear operator between fuzzy anti-normed linear
spaces is strongly and weakly fuzzy anti-continuous if and only if it is strongly
and weakly fuzzy anti-bounded respectively.

2. Preliminaries

This section contain some basic definition and preliminary results which
will be needed in the sequel.

Definition 2.1. [12] A binary operation ¢ : [0,1] x [0,1] — [0,1] is continuous
t-conorm if ¢ satisfies the following conditions :

(i) © is commutative and associative ,

(it) © is continuous ,

(i5i) ao0=a, Vael0,1],

(iv) aob<cod whenevera<c,b<d anda,b,c,de€[0,1].

A few examples of continuous t-conorm are a<ob =a+b— ab,aob =
max{a,b},aob=min{a + b, 1}.

Definition 2.2. [5] Let V' be linear space over the field F(= RorC). A fuzzy
subset v of VX R is called a fuzzy antinorm on V with respect to a t-conorm
o if and only if for all x,y € V

(1) VteR witht <0,v(z,t)=1;

(13) YteR witht>0,v(x,t) =0 if and only if x = 0;

(#91) ¥Vt € R witht > 0,v(cx,t) =v(z, |L‘) ifc#0, ce F;

(iv) Vs, t e R withv(z+y,s+1t) <wv(z,s)ov(yt);

(v hr& v(z,t) = 0.

We further assume that for any fuzzy anti-normed linear space (V, A*)
with respect to a t-conorm o,
(vi) v(z,t) <1, Vt>0=x=0.
(vii) v(z,-) is a continuous function of R and strictly decreasing on the subset
{t:0<v(x,t) <1} of R.
(vili) ava =a, ¥ a € [0,1].
Theorem 2.3. [5] Let (V, A*) be a fuzzy antinormed linear space satisfying
(vi) and (vii) and (viii). Let ||z||7, = A{t : v(z,t) <1—a},a € (0,1). Also,
let V' : V xR — [0,1] be defined by

Mi—aslalll <th i (@0 # (6,0
Viz,t) = o T ’
(@.1) {1, if (z,t)=(0,0)

Then v = v.
Definition 2.4. [8]. Let (V, A*) be a fuzzy antinormed linear space. A sequence

{Zn}n in V is said to be convergent to x € V if given t > 0,r € (0,1) there
exist an integer ng € N such that

v(xy —x,t) <1 ¥ n>ng.
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Definition 2.5. [8]. Let (V, A*) be a fuzzy antinormed linear space. A sequence
{Zn}n in V is said to be Cauchy sequence to x € V if given t > 0,7 € (0,1)
there exist an integer ng € N such that

V(Tpyp — Tn,t) <TVn>ng,p=123,---.

Definition 2.6. [8]. A subset A of a fuzzy antinormed linear space (V, A*) is
said to be bounded if and only if there exist t > 0,7 € (0,1) such that

viz,t)<rVaozeA

3. Fuzzy anti-continuity

Throughout this section unless otherwise stated (U, A*) and (V, B*) are
any two fuzzy anti-normed linear spaces over the same field F'.

Definition 3.1. A mapping T : (U, A*) — (V,B*) is said to be fuzzy anti-
continuous at xg € U, if for any given € > 0,0 € (0,1) there exist 6 =
0(a,€) >0, 8= p(a,e) € (0,1) such that for all z € U

vy(x —x0,0) < B = vy(T(x) —T(x),€) < a.

Definition 3.2. A mapping T : (U, A*) — (V, B*) is said to be sequentially
fuzzy anti-continuous at xg € U, if for any sequence {xn}n, T, € U, ¥V n with
Xy — xo implies T(xy,) — T(xg) in V, that is for all t > 0,

lim vy (z, — ®o,t) = 0= lim vy (T(x,) — T(x0),t) =0.
Definition 3.3. A mapping T : (U, A*) — (V, B*) is said to be strongly fuzzy
anti-continuous at zo € U, if for any given € > 0 there exist § = 6(a,€) > 0
such that for all x € U,

vy (T(x) — T(xg),€) < vy(x — x0,0)

Definition 3.4. A mapping T : (U, A*) — (V, B*) is said to be weakly fuzzy
anti-continuous at o € U, if for any given € > 0, € (0,1) there exist
0 =0(a,€) > 0 such that for all x € U,

vy(x —20,0) <1—a=vy(T(x) = T(xg),e) <1—a.

Theorem 3.5. If a mapping T from a fuzzy anti-normed linear space (U, A*)
to a fuzzy anti-normed linear space (V, B*) is strongly fuzzy anti-continuous
then it is weakly fuzzy anti-continuous. But not conversely.

Proof. From the definition it follows obviously. To show the converse result
may not be true we consider the following example.

Example 3.6. As in the example of Note 3.3 of [6], we consider the fuzzy

anti-normed linear spaces (X,vq) and (X,v5). Let f(z) = % VzelR
Now from Example 3 of [11] it directly follows that f is not strongly fuzzy
anti-continuous. Here we now show that f is weakly fuzzy anti-continuous on

X.
Let zp € X,e > 0and ¢ € (0,1). Now



126 Bivas Dinda, T.K. Samanta and Igbal H. Jebril

va(f(a) — f(xo),e) <1 —aif SOl o

ie., if
€
>«
et k| 1+a~2 - 1+1 |
ie., if
e(1+2?)(1+af)
% 2521 221 o2
‘IJFWOHCEZCEOJFx +5| >«
e(1+x2)(14a2) + | T |
klztzo|lz2z2+a2 o3| 0

ie., if

¢ (1+ad)(1+a})
o l< (- a)S
o @ —ao < a)k:|x+:c0||:c2x%+x2+x%|

< (1—0()%

So, depending upon (1 — a)f we may choose § > 0 such that

a(d+ |z — a0 |) < die, vy (x —20,0) <1 — .

Thus we see that for every e > 0, € (0,1)30 > 0 such that
vi(z —x0,0) <1—a=w(f(z)— f(zy),e) <1-—a.

i.e., f is weakly fuzzy anti-continuous at xg.

Theorem 3.7. A mapping T from a fuzzy anti-normed linear space (U, A*) to
a fuzzy anti-normed linear space (V, B*) is fuzzy anti-continuous if and only
if it is sequentially fuzzy anti-continuous.

Proof. The proof of the above theorem is directly follows from Theorem 13
of [11].

Theorem 3.8. If a mapping T from a fuzzy anti-normed linear space (U, A*)
to a fuzzy anti-normed linear space (V, B*) is strongly fuzzy anti-continuous
then it is sequentially fuzzy anti-continuous.

Proof. The proof of the above theorem is directly follows from Theorem 12
of [11].

Theorem 3.9. Let T : (U, A*) — (V, B*) be a linear operator. If T is sequen-
tially fuzzy anti-continuous at a point xo € U, then it is sequentially fuzzy
anti-continuous on U.

Proof. Let, x € U be an arbitrary point and let {x,}, be a sequence in U
such that z,, — . Then V¢ >0

lim vy(x, —z,t) =0

n—oo
e., lim vy((zn —x + o) — 2o, t) =0
n—oo
Since T is sequentially fuzzy anti-continuous at zo V ¢t > 0 we have

lim vy ((z, —x + xo) — 20,t) =0

n—oo

e ,nli_{rgo vy (T(xy) — T(x) + T(xo) — T(xo),t) =0
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i.e., lim vy (T(x,) —T(z),t) =0

Thus,
lim vy(z, —x,t) =0, Vt>0= lim vy (T(z,) —T(x),t) =0, Vi>O0.

Hence the proof.

4. Fuzzy anti-boundedness

Definition 4.1. A mapping T : (U, A*) — (V, B*) is said to be strongly fuzzy
anti-bounded on U if and only if there exist a positive real number M such
that for all x € U and for all t € RT,

vy (T(x),t) < wvy(z, %)

Example 4.2. The zero and identity operators are strongly fuzzy anti-
bounded.

Example 4.3. It is an example of a strongly fuzzy anti-bounded linear oper-
ator other than the zero and the identity operator.

Let (V,].||) be a normed linear space over the field K (= RorC). Let,
aj,as € R such that a3 > as > 0. Again, let vq,15 : V x RT — [0,1] be
defined by

ay ||z
t+ a|z|
Also, define a ¢ b, = max{a, b} for all a,b € [0,1].
Now we shall first show that (V,v1) and (V,v3) are fuzzy anti-normed linear
space.
(7) The condition (i) is obvious.

ag ||l

vi(z,t) = [t Lt | B
1@ t) t+ azl|z||

andvs(x,t) =

(i) v (z,t) =0 2t =0 & a| =0 2 =9.
(71) Let ¢ € K and ¢ # 0
o | ez |
)= ——
l/l(Cx7 ) t+a1 || cx ||
o |z || ¢
-t e, —)
Tz el
(iv)
ar ||z +y|
t =
I/1(I+y,8+) S+t+0[1”l’+y”
_ 1
- s+t
arflatyl 1
1
S s+t +1

a||z||+aalyll
_ ozl 4oyl
stttar || +arlyl
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Now if
o || || o |ly |
> t) = ;
Vl(x78)—yl(y’) S+a1||xH_t+a1||y||7
Stz -=sllyll
Therefore,
afleltallyll — aaflzf
sttt+ar|z||+ta |yl st+tofz] ~
Thus

ar [zl +ea |yl

nex+ys+t) <
@yt < e e faa [y ]

a1 ||JC||
— =v1(x,8) o1 (Y,

Again if 14 (y,t) > v1(x, s) Similarly it can be shown that

o ||yl
v(x+ys+t) < ———— =wv(z,s) ovi(y,t)
t+ar |yl

Hence
Vl(.’L'—i—y,S +t) < 1/1(1‘,8) <>Vl(ya.lf)
(v)
lim 14 (z,t) = lim M =0
o et o
Hence (V,11) is a fuzzy anti-normed linear space. Similarly (V,vs) is also
fuzzy anti-normed linear space.
We now define a mapping T : (V,v1) — (V,v2) by T(x) = rx where r(#£ 0) €
R is fixed. Clearly T is a linear operator.
Let us choose an arbitrary but fixed M > 0 such that M >|r | and z € V.
Now,
M2=|r[=aM|z|zag|r|]z]

S>t+aMz||>t+ax|r]||z| YVi>O0.
t

= > vVit>0.
t+as|r|lz] “t+arM | x|
t t
> —M Vi>0.
ttaz|rz| ~ gzt |z
t t
Sl <l-—M___ vy
raalrel = T Lralel
oallrel ezl oy
ttaz|rz| T gzt |z

ie.,
t
vo(T(z),t) < 1y (x, M) Vt>0andV zelV.

Hence T is strongly fuzzy anti-bounded on V.
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Definition 4.4. A mapping T : (U, A*) — (V, B*) is said to be weakly fuzzy
anti-bounded on U if and only if for any o € (0,1) there exist My (> 0) such
that for all x € U and for all t € RT,

t
vy (x, ﬁ) <l—-a=vwl(z)t)<l-«a

[e3

Theorem 4.5. Let T : (U, A*) — (V, B*) be a linear operator. If T is strongly
fuzzy anti-bounded then it is weakly fuzzy anti-bounded. But not conversely.

Proof. First we suppose that T is strongly fuzzy anti-bounded. Then there
exist M > 0 such that Vx € U and Vt € R,

t
T t) < —
VV( (LE), )7 VU(xa M)
Thus for any « € (0, 1), there exists M, (= M) such that

t
vy (x, ﬁ) <l-a=vwl(x),t)<l-«a

«@
Hence T is weakly fuzzy anti-bounded.
The converse of the above theorem is not necessarily true. For example

Example 4.6. Let (V, || - ||) be a linear space over the field K (= RorC) and
vi,va 1 V X RT — [0,1] be defined by
2|2
£+ ]
=1,if0 < ¢t < |jz|
[ ]
t+ ||

vi(x,t) = ift > |lz|

andvy(z,t) =

Also define a ¢ b = maz{a, b}

Already we have seen that (V,15) is a fuzzy anti-normed linear space. Now
we shall prove that (V1) is a fuzzy anti-normed linear space.

(i) Clearly follows from the definition of v;.

2
(#) v1(z,t) =0 & t221ﬁ1\|2 =0& |z]| =0 x=0.

(7i1) Let, c € K and ¢ # 0. If t > ||cz]],

emty = el APl el ot
P ell 2Pl (5) + Il el
Again if 0 < t < ||cz| then v;(cx,t) =1
and 0 <t < |lcz|]| = 0 < ﬁ < |lz|]| = Vl(x,ﬁ) =1
(iv) Let s,t e RT,z,y €V
If 0 < s+t < |z +y|, we have the following possibilities
(a) 0 <s <|lz] and 0 <t < |y
(b) 0 <s < [zf| and ¢ > [jy|
(¢) 0 <t <|y| and s > ||zl
In each case vi(x +y,s+t) =1 = vi(x,s) ovi(y,t) Again, if s+t >
|z + y||, we have the following four possibilities
(a) s > [z, ¢ <y
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(b) s <l 2 > |yl
(c) s < |l=ll,t <yl
(d) s > [lzfl,t > [lyl
In the cases (a), (b), (¢)
2|z +y|”
(s +1)* + [lz +yl]?
<1=wv(z,s)ovi(y,t)
So, we now suppose that s > ||z|landt > ||y|| Now, s+t > [|z||+|y| > |z+y]
Therefore,

nz+y,s+t)=

o + yl?
, t) =
A P E Py
2]« + lglD)?

T (5024 (llzll + [lyl)?
Hence we have

2(/|=( + llyl)?
yl(x—l—y,s-i-t) <
(s+1)2+ (=]l + llyl)?
2||y|?
S 5 e & l/l(yat)
2+ [ly|?
when v (z, 5) < 11(y,t)
Similarly,
2(ll=l + llyl)?
yl(x+y,8+t) <
(s +1)% + ([[z]| + [[y]])?
2||[|?
- = V12, S
SE+ e - o)

when v1(y,t) <wvi(x,s)
Thus
Vl(l' +y,s+ t) < Vl(xv S) ¢ Vl(y7t)

, N
(v) i vi(z,t) = Hm PP P
Thus we see that (V,14) is a fuzzy anti-normad linear space.
Now we define a linear operator T : (U,v1) — (V,v2) by T(z) =z, V2 € V.
Let, o € (0,1),2 € Vandt € R* and choose M, = ﬁ We now prove that
t
v (x, ﬁ) <l—-a=wnT(),t) <l-oa

[0

t
Vl(x,ﬁa) Sl—a

2
2|« ||
2(1—a)?+ ||~

2|  ||”
s>1-(1-a)=a
21 —a)p+ |z

=1-
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Pl—ap—| x|
21—a)?+|z|®
=t21-a) >0 +a)| |’
t(l—a)y1—a
Vita
1-a)VI-a+VIi+a
Vita
ot Vita
tHlz] ~ (1-a)VI-a+vVita
t Vita
el S s avicas Vit
[ (I-a)Vl-—a
t+lz] - Q—a)VI—a+VI+a

=z l<

St |z |<t

Now

(1-a)V1-—«
<l-asVlil-a<(l-a)Vll—-a++V]1+a«
l-a)Vl—-a+vV1i4+a ™ = )
Savl—a< Vit
<:>1+a+a32a2

which is true for all a € (0,1).
Hence

4
Vl(ﬂj,ﬁ) <l-—a=1T(x),t)<1l-oa

Thus T is weakly fuzzy anti-bounded on V.
Now for ¢t > ||z, z # 6 we have
t =l 2M]j|?

T t) < —
Tk @ 30 @ ] = E M

& |zl + Mlla|® < 26M|l2]|* + 2M | z|®
& (2tlal® + |2]%) M = ¢]|]|

M — o ast— oo

Hence T is not strongly fuzzy anti-bounded on V.
Definition 4.7. A linear operator T : (U, A*) — (V, B*) is said to be uniformly
fuzzy anti-bounded if and only if there exist M > 0 such that

1T (@)l = M ||zl ;o € (0,1)
where {||-||”, : « € (0,1)} is ascending family of fuzzy a-norms.
Theorem 4.8. Let T : (U, A*) — (V, B*) be a linear operator and (U, A*) and
(V, B*) satisfies (vi), (vii) and (viii). Then T is strongly fuzzy anti-bounded if

and only if it is uniformly fuzzy anti-bounded with respect to fuzzy a-norms,
a e (0,1).
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Proof. Let {||-|| : « € (0,1)} be ascending family of a-norms. First suppose
that T is strongly fuzzy anti-bounded. Then there exist M > 0 such that
VzeUand Vsé€ER,

s
VV(T@S)’t) < VU($7M)

|Mz||: >t= As:v(Mz,s) <1—a} >t
= Jsp > t such that v(Mz,s9) <1-—«

ie,vy(T(x),t) <vy(Mzx,s)

= Jsp > t such that v(T(x),s0) <1 —«
= T (2)] = s0 >t
Hence ||T'(2)|[o > [|Mx[|, = M |||,
Thus T is uniformly fuzzy anti-bounded.
Conversely, suppose that there exist M > 0 such that V2 € U and V a €
(0,1)
IT(@)lle = M ]l
Let p > vy(Mz,s) = p > AM{a € (0,1) : | Mz, < s}
= there exist ag € (0,1) such that p > ag and || Mz, <s
= 7@ <
=vy(T(x),s) <1—oap <p.
Hence, vy (T'(z),s) < vy(Mz,s) = vy(z, 37)-
Thus T is strongly fuzzy anti-bounded.

Theorem 4.9. Let T : (U, A*) — (V, B*) be a linear operator. Then,
(i) T is strongly fuzzy anti-continuous on U if T is strongly fuzzy anti-
continuous at a point xg € U.

(ii) T is strongly fuzzy anti-continuous if and only if T is strongly fuzzy anti-
bounded.

Proof. (i) since, T is strongly fuzzy anti-continuous at z¢ € U, for each € > 0
there exists § > 0 such that
vy (T(x) — T(x0),€) < vy(x — x0,0)
Taking y € U and replacing xbyx 4+ xo — y, we get,
vy (T(x) — T(x0),€) < vy(x — x0,0)
= vy (T(z +z0 —y) — T(x0),€) <vy(z + 20 — Yy — T0,0)
= vy (T(2) + T(z0) — T(y) — T(x0),€) < vu(z —y,6)
= vv(T(x) = T(y),¢) <vu(z—y,o)
Since, y € U is arbitrary, T is strongly fuzzy anti-continuous on U.
(ii)First we suppose that T is strongly fuzzy anti-bounded. Thus there exist
a positive real number M such that for all x € U and for all e € RT,

w(T(@).0) < vl 37)
U
i.e,vy(T(x) —T(0),¢€) <vy(z—0,0)

ie,vy(T(x) —T(0),e) <wvy(x—0,
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_
where § = 7.

Thus T is strongly fuzzy anti-continuous at 6 and hence T is strongly fuzzy
anti-continuous on U.
Conversely, suppose that T is strongly fuzzy anti-continuous on U. Using
fuzzy anti-continuity of 7' at © = 6 for € = 1 there exist § > 0 such that for
allz e U,

vy (T(x) —T(0),1) <wvy(z—0,0).
If z # fand ¢ > 0. Putting = = ut
VV(T(x)at) = VV(UT(U)vt) = VV(T(U)v 1) < VU(U76) = VU(%a(;) = VU($7 ﬁ)a
where M = 1. So, vy (T'(z),t) < vu(w, 7).
If 2 # 6 and t < 0 then vy (T(x),t) =1 = vy(x, 35).
If 2 =0 and t € R, then T'(6y) = 0y and

vy (By,t) = vy (0y, %) =0, ift > 0.

t
Vv(av,t) = VU(HU, M) = 1, if ¢ § 1.
Hence T is strongly fuzzy anti-bounded.
Theorem 4.10. Let T : (U, A*) — (V, B*) be a linear operator. Then,
(1) T is weakly fuzzy anti-continuous on U if T is weakly fuzzy anti-continuous
at a point xq € U.

(ii) T is weakly fuzzy anti-continuous if and only if T is weakly fuzzy anti-
bounded.

Proof. (i) Since, T is weakly fuzzy anti-continuous at z¢ in U, for € > 0 and
a € (0,1) there exist 6 = d(a, €) > 0 such that ¥z €U
vy(x —20,0) <1—a=vy(T(z) —T(xg),€e) <1—a
Taking y € U and replacing = by = + x¢ — y we get,
vi(x+zo—y—20,0) <l—a=vy(T(x+z0—y)—T(x9),6) <1—a
teyvy(z —y,0) <l—a=vy(T(x)+T(x9) —T(y) — T(x0),e) <1—«
ie,vgr—y,0) <l—a=vy(T(z)—T(y),e) <1l—a
Since, y(€ U) is arbitrary it follows that T is weakly fuzzy anti-continuous
on U.

(ii) First we suppose that T is fuzzy anti-bounded. Thus for any a €
(0,1) there exist M, > 0 such that V¢t € R and V 2 € U we have

t
VU(:L‘7M) <l—-a=wT(@),t)<l-«a

Therefore,

vo(x —e,%) <l-a=w(T@) -T0),)<1-a

ievy(z—0, ML) <l-a=w(T(x)-T0), <1—a

(e

ie,vp(x—0,0)<1—a=vy(T(x)—T0),e) <1—a
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where § = v

Thus, T is weakly fuzzy anti-continuous at xy and hence weakly fuzzy anti-
continuous on U.

Conversely, suppose that T is weakly fuzzy anti-continuous on U. Using con-
tinuity of T at 6 and taking ¢ = 1 we have for all @ € (0,1) there exists

0(a, 1) > 0 such that for all x € U,
vp(r—0,0)<1—a=vy(T(x)-T0),1)<1-«

i.e,vy(r,0) <l—a=vy(T(r),l) <1-a.
If z # ¢ and t > 0. Putting 2 = % we have,

VU(%,CS) <l-a= VV(T(%), H<l-a

. 4
i.e., vy (u, ﬁ) <1—oa=vy(T(

«

where M, =
M, > 0.
If x = 6 then for M, > 0,

5(a i e 7#6andt <0, vy (x, Nf ) =vy(T(x),t) =1 for any

Vo (z, M%) — iy (T(2),8) = 0,ift > 0

t
ﬁ) =vy(T(z),t) =1,ift <0
Hence, T is weakly fuzzy anti-bounded.

VU(xa

Theorem 4.11. Let T : (U, A*) — (V, B*) be a linear operator and (U, A*) and
(V, B*) satisfies (vi), (vii) and (viii). Then T is weakly fuzzy anti-bounded if
and only if T is fuzzy anti-bounded with respect to a-norms.

Proof. First we suppose that T is weakly fuzzy anti-bounded. Then for all
€ (0,1) there exist M, > 0 such that V z € U,t € R we have

t
vy (x, M) <l-—-a=vwl(x)t)<l-«a
Hence we get, vy (Maz,t) <1—a = vy (T(x),t)
i.e., AN{B € (0,1) : || M, m||5 <t} <l—-a= AN g
l—«
Now we show that

MB € (0,1) : [[Maz|lg <t} <1—a [Maal, <t

<l—«
€ (0,1) : [T()|l; <t} <

If x = 0 then the relation is obvious.
Suppose = # 6.
Now, if

AMB € (0,1) 1 [[Myz|lz <t} < 1— athen |Myx||;, <t (4.1)
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IEA{pe(0,1): ||Max\|; <t} = 1—a then there exists a decreasing sequence
{an}n in (0,1) such that a,, — o and ||[M,z||’, <t Then by Theorem 3.7 we
have
Moz, <t (4.2)
From (4.1) and (4.2) we get
AMB € (0,1): [[Myzllg <t} <1 —a= M|, <t (4.3)
Next we suppose that [|Myz||’, <t.
If | Myz|), <t then vy (Myz,t) <1 —a. ie.,
NMB € (0,1): [[Mazlls <t} <1-a (4.4)
If |Myz|:, =t ieA{s : vy(Maz,s) < 1 —a} = t then there exist an
increasing sequence {s,}, in R such that s, — t and
vy(Maz,8,) <1—a= lim vy(Myz,8,) <1—«
= vy (Myz, lim s,) <1 -«
= vy(Maz,t) <1—«
= MBe(0,1): [Maz|z <t} <1-a
Hence from (4.4) it follows that

[Moz|ly, <t = A{B€(0,1):[[Mazllg <t} <1-a (4.5)
From (4.3) and (4.5) we have
AMB € (0,1): [[Myzllg <t} <1—as |[Mazl, <t (4.6)

In the similar way we can show that
MBEe0,1):|T@)lls <t} <1-as|T(@), <t (4.7)
From (4.6) and (4.7) we have vy (Myz,t) <1—a=vy(T(z),t) <1—«
Then
[Mazll, <t=|T(2)], <t
This implies that
IT@)]5 = [ Mozl
Conversely, suppose that V a € (0,1),3M, > 0 such that V zInU,
1T ()]l = [|Mazll,
Then for x # fand ¥V t > 0,
[Mazll, <t =|T(2)];, <t
ie.,
MNMs:vg(Maz,s) <1l—a} <t=As:vy(T(x),s) <1l—a} <t
In the similar way as above we can show that
MNMs:vp(Maz,s) <1l—a} <t vpyMyz,t)<1l-«a

and
Ns:vy(T(z),s) <1l—a} <t vy (T(z)z,t)<1-«
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Thus we have

Z/U(IL’,ML) <l—-a=vwl(x),t)<l—a, VzelU

If x #6,t <0 andif x = 6,t > 0 then the above relation is obvious. Hence
the proof.

Theorem 4.12. Let T : (U, A*) — (V,B*) be a linear operator and (U, A*)
and (V, B*) satisfies (vi), (vii) and (viii). If U is finite dimensional then T
1s weakly fuzzy anti-bounded.

Proof. Since, (U, A*) and (V, B*) satisfies (vi) and (viii) we may suppose that
{II-I% - @ € (0,1)} is ascending family of fuzzy a-anti-norms.

Since T is of finite dimension, T : (U, A*) — (V, B*) is bounded linear oper-
ator for each o € (0,1). Thus by Theorem 4.11 it follows that T is weakly
fuzzy anti-bounded.
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