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Bezier blending surfaces on astroid

Marius Birou

Abstract. In this article we construct Bezier surfaces on a domain
bounded by an astroid using the univariate polynomial Bernstein op-
erator. We study the monotonicity and we give conditions of convexity
in some directions for the constructed surfaces. Also, we give conditions
for obtaining hyperbolic, parabolic and elliptic surfaces.
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1. Introduction

The surfaces of blending type have been introduced by Coons in [5].
They have the property of matching some given curves. In some previous
papers [1, 2, 3, 4, 9] there were constructed the blending surfaces with the
support on the border of a rectangular, triangular or circular domain and
having a fixed height in a point from the domain. In this paper we obtained
the Bezier surfaces which stay on an astroid. We construct the surfaces using
the univariate Bernstein operator. The obtained surfaces are defined on a
domain bounded by an astroid, they stay on the border of the domain and
have a fixed height in the center of the domain. Instead of the control points
from the case of classical Bezier surfaces we use a curves network (one of
the curves from network is reduced to a point). We study the monotonic-
ity and the convexity using the first and the second directional derivatives
respectively (like in [7, 8, 10]).

These surfaces can be used in civil engineering (as roofs for buildings) or
in Computer Aided Geometric Design (CAGD). For roof surfaces the maximal
stress acts in the parabolical points (see [3, 4, 9, 11]). It is preferable to
avoid having the parabolic points among the points of other type (hyperbolic,
elliptic). We give conditions for obtaining the surfaces of hyperbolic, parabolic
or elliptic type.
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2. Construction of the surfaces

Let n ∈ N, n ≥ 2 and hi, h ∈ R, i = 1, ..., n − 1 be such that

0 = hn < hn−1 < ... < h1 < h0 = h (2.1)

and let f : [0, 1] → R be a function with the properties

f(0) = h,

f( j
n
) = hj , j = 1, ..., n − 1,

f(1) = 0.

(2.2)

Let Bn the univariate Bernstein operator on the interval [0, 1],

(Bnf)(y) =

n
∑

j=0

bjn(y)f(
j

n
),

where the functions bjn are given by formula

bjn(y) =

(

n

j

)

yj(1 − y)n−j , for j = 0, ..., n.

Taking into account (2.2), we obtain

(Bnf)(y) = b0n(y)h +

n−1
∑

j=1

bjn(y)hj . (2.3)

The function in (2.3) has the properties

(Bnf)(0) = h, (Bnf)(1) = 0.

Let D = {(X, Y ) ∈ R
2 : X

2

3 +Y
2

3 ≤ 1} be a domain in the XOY plane

(the domain bounded by the astroid X
2

3 + Y
2

3 = 1).
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Figure 1. The astroid
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If we make the substitution y =
(

X
2

3 + Y
2

3

)α

, α > 0 in (2.3), we obtain

the surfaces

F (X, Y ) := (Bnf)
((

X
2

3 + Y
2

3

)α)

= (2.4)

= b0n

((

X
2

3 + Y
2

3

)α)

h +

n−1
∑

j=1

bjn

((

X
2

3 + Y
2

3

)α)

hj , (X, Y ) ∈ D.

The surfaces (2.4) have the properties

F |∂D = 0,

F (0, 0) = h.

It follows that the surfaces F match the astroid X
2

3 + Y
2

3 = 1, Z = 0 (the
surfaces stay on the border of domain D) and the height of the surfaces in
the point (0, 0) is h.

We can give a parametrical representation for these surfaces














X = u cos3 v,

Y = u sin3 v,

Z = b0n(u
2α

3 )h +
n−1
∑

j=1

bjn(u
2α

3 )hj

u ∈ [0, 1], v ∈ [0, 2π].

Next sections, we study the monotonicity and the convexity using the
directional derivative of the first and the second order respectively. The do-
main D is not convex but it is a star convex set with respect to the point
(0, 0). We will use directions that pass by the point (0, 0). Also, some results
about the type of the points of the surfaces F on the domain D \D1, where
D1 = {(x, 0), x ∈ [−1, 1]} ∪ {(0, y), y ∈ [−1, 1]}, are given.

3. Monotonicity of the surfaces

We denote

∆1hj = hj+1 − hj , j = 0, ..., n − 1.

We recall that a bivariate function G is increasing (decreasing) in the direction
d = (d1, d2) ∈ R

2 if

G(X + λd1, Y + λd2) ≥ (≤)G(X, Y ), (3.1)

for every (X, Y ) ∈ A ⊂ R
2 and every λ > 0 such that (X +λd1, Y +λd2) ∈ A.

The first order directional derivative in the direction d = (d1, d2) of a C1

function G is

DdG = d1GX + d2GY .

The conditions (3.1) are equivalent to

DdG ≥ 0(≤ 0), on A.

Next theorem gives conditions for the monotonicity in some directions
of the surfaces F .



130 Marius Birou

Theorem 3.1. If
(

d1X
−

1

3 + d2Y
−

1

3

)

< 0 (> 0) on D \D1, then F is in-

creasing (decreasing) in the direction (d1, d2) on D \D1, where (d1, d2) is a
direction that pass by the point (0, 0).

Proof. Let (X, Y ) ∈ D \D1 and (d1, d2) a direction that pass by the point
(0, 0). Using some results from [6], it follows that the first partial derivatives
of the function F are given by

FX(X, Y ) =
2nαX−

1

3

3

(

X
2

3 + Y
2

3

)α−1
n−1
∑

j=0

bj,n−1

((

X
2

3 + Y
2

3

)α)

∆1hj ,

FY (X, Y ) =
2nαY −

1

3

3

(

X
2

3 + Y
2

3

)α−1
n−1
∑

j=0

bj,n−1

((

X
2

3 + Y
2

3

)α)

∆1hj.

If we compute the first order directional derivative of the function F in the
direction d = (d1, d2), we obtain

DdF (X, Y ) =

=
2nα

3

(

d1X
−

1

3 + d2Y
−

1

3

)(

X
2

3 + Y
2

3

)α−1
n−1
∑

j=0

bj,n−1

((

X
2

3 + Y
2

3

)α)

D1hj .

Taking into account (2.1), the condition d1X
−

1

3 +d2Y
−

1

3 < 0 (> 0) on D \D1

implies DdF > 0 (< 0) on D \D1, and the theorem is proved. �

4. Convexity and type of the surfaces

We denote

∆2hj+1 = hj+2 − 2hj+1 + hj , j = 0, ..., n − 2.

We recall that a bivariate C2 function G is convex (concave) in the the
direction d = (d1, d2) ∈ R

2 if and only if D2
dG ≥ 0 (≤ 0) on A ⊂ R

2 , where
D2

dG is the second order directional derivative in direction d = (d1, d2) of the
function G,

D2
dG = d2

1GXX + 2d1d2GXY + d2
2GY Y .

We give sufficient conditions for convexity in some directions of the
surfaces F .

Theorem 4.1. If α ∈ (0, 1] and ∆2hj ≥ 0, j = 0, ..., n − 2, then the function
F is convex in the direction (d1, d2) on D \D1, where (d1, d2) is a direction
that pass by the point (0, 0) .

Proof. Let (X, Y ) ∈ D \D1 and (d1, d2) a direction that pass by the point
(0, 0). Taking into account results from [6], the second order derivatives of
the function F are

FXX(X, Y ) = (4.1)

=
4X−

2

3 n(n − 1)α2

9

(

X
2

3 + Y
2

3

)2α−2
n−2
∑

j=0

bj,n−2

((

X
2

3 + Y
2

3

)α)

∆2hj+
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+

(

4X−

2

3 α(α − 1)

9

(

X
2

3 + Y
2

3

)α−2

−
2X−

4

3 α

9

(

X
2

3 + Y
2

3

)α−1

)

×

×n

n−1
∑

j=0

bj,n−1

((

X
2

3 + Y
2

3

)α)

∆1hj ,

FXY (X, Y ) =
4X−

1

3 Y −
1

3 α2

9

(

X
2

3 + Y
2

3

)2α−2

× (4.2)

×n(n − 1)
n−2
∑

j=0

bj,n−2

((

X
2

3 + Y
2

3

)α)

∆2hj+

+
4X−

1

3 Y −
1

3 nα(α − 1)

9

(

X
2

3 + Y
2

3

)α−2
n−1
∑

j=0

bj,n−1

((

X
2

3 + Y
2

3

)α)

∆1hj ,

FY Y (X, Y ) = (4.3)

=
4X−

2

3 n(n − 1)α2

9

(

X
2

3 + Y
2

3

)2α−2
n−2
∑

j=0

bj,n−2

((

X
2

3 + Y
2

3

)α)

∆2hj+

+

(

4Y −
2

3 α(α − 1)

9

(

X
2

3 + Y
2

3

)α−2

−
2Y −

4

3 α

9

(

X
2

3 + Y
2

3

)α−1

)

×

×n

n−1
∑

j=0

bj,n−1

((

X
2

3 + Y
2

3

)α)

∆1hj .

If we compute the second order directional derivative in the direction d =
(d1, d2) of the function F , we obtain

D2
dF (X, Y ) =

4α2

9

(

d1X
−

1

3 + d2Y
−

1

3

)2 (

X
2

3 + Y
2

3

)2α−2

×

×n(n − 1)

n−2
∑

j=0

bj,n−2

((

X
2

3 + Y
2

3

)α)

∆2hj+

+
4α(α − 1)

9

(

d1X
−

1

3 + d2Y
−

1

3

)2 (

X
2

3 + Y
2

3

)α−2

×

×n

n−1
∑

j=0

bj,n−1

((

X
2

3 + Y
2

3

)α)

∆1hj−

−
2nα

9

(

d2
1X

−

4

3 + d2
2Y

−

4

3

)(

X
2

3 + Y
2

3

)α−1
n−1
∑

j=0

bj,n−1

((

X
2

3 + Y
2

3

)α)

∆1hj .

From α ∈ (0, 1], ∆2hj ≥ 0, j = 0, ..., n− 2 and the condition (2.1), it follows
D2

dF ≥ 0 on D \D1. Thus, the conclusion of the theorem holds. �
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We recall that a point of a surface Z = G(X, Y ), (X, Y ) ∈ A ⊂ R2 is
parabolic point if PG(X, Y ) = 0, where

PG(X, Y ) = GXX(X, Y )GY Y (X, Y ) − (GXY (X, Y ))2. (4.4)

If we have PG(X, Y ) < 0 (> 0) the point (X, Y ) is called hyperbolic point
(elliptic point). The surface G is called of parabolic (hyperbolic, elliptic) type
if all the points of the surface are parabolic (hyperbolic, elliptic).

The following theorem gives conditions for obtaining the surfaces F of
different types on D \D1.

Theorem 4.2. We have:

1. If α ∈
(

0, 3

2

)

and ∆2hj ≥ 0, j = 0, ..., n − 2, then the surfaces F are of
elliptic type on D \D1.

2. If α = 3

2
and ∆2hj ≥ 0, j = 0, ..., n−2 and there exists j0 ∈ {0, ..., n−2}

such that ∆2hj0 6= 0, then the surfaces F are of elliptic type on D \D1.
3. If α = 3

2
and ∆2hj = 0, j = 0, ..., n − 2, then the surfaces F are of

parabolic type on D \D1.
4. If α = 3

2
and ∆2hj ≤ 0, j = 0, ..., n−2 and there exists j0 ∈ {0, ..., n−2}

such that ∆2hj0 6= 0, then the surfaces F are of hyperbolic type on
D \D1.

5. If α ∈
(

3

2
,∞
)

and ∆2hj ≤ 0, j = 0, ..., n− 2, then the surfaces F are of
hyperbolic type on D \D1.

Proof. Let (X, Y ) ∈ D \D1. From (4.4) and (4.1)-(4.3) we obtain

PF (X, Y ) =

= −
4α2(2α − 3)

(

X
2

3 + Y
2

3

)2α−2

81X
4

3 Y
4

3



n

n−1
∑

j=0

bj,n−1

((

X
2

3 + Y
2

3

)α)

∆1hj





2

+

−
8α3

(

X
2

3 + Y
2

3

)3α−2

81X
4

3 Y
4

3



n

n−1
∑

j=0

bj,n−1

((

X
2

3 + Y
2

3

)α)

∆1hj



×

×



n(n − 1)

n−2
∑

j=0

bj,n−2

((

X
2

3 + Y
2

3

)α)

∆2hj



 ,

The conclusions of the theorem follow using the condition (2.1). �

Remark 4.3. The conditions from Theorem 4.1 and Theorem 4.2 depend only
the parameters hj (i.e. they depend only on the control network).

We have plotted the surface F for n = 3.

In Figure 2.a we take h = h0 = 3, h1 = 1.5, h2 = 0.5, h3 = 0 and α = 1;
we have ∆2hj > 0, j = 0, 1. The surface is of elliptic type.

In Figure 2.b we take h = h0 = 3, h1 = 1.5, h2 = 0.5, h3 = 0 and
α = 1.5; we have ∆2hj > 0, j = 0, 1. The surface is of elliptic type.
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Figure 2. The surface F for n = 3.
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In Figure 2.c we take h = h0 = 3, h1 = 2, h2 = 1, h3 = 0 and α = 1.5;
we have ∆2hj = 0, j = 0, 1. The surface is of parabolic type.

In Figure 2.d we take h = h0 = 3, h1 = 2.3, h2 = 1.2, h3 = 0 and
α = 1.5; we have ∆2hj < 0, j = 0, 1. The surface is of hyperbolic type.

In Figure 2.e we take h = h0 = 3, h1 = 2.3, h2 = 1.2, h3 = 0 and α = 2;
we have ∆2hj < 0, j = 0, 1. The surface is of hyperbolic type.

In Figure 2.f we take h = h0 = 3, h1 = 2.3, h2 = 1.2, h3 = 0 and α = 10;
we have ∆2hj < 0, j = 0, 1. The surface is of hyperbolic type.

References

[1] Birou, M., Blending surfaces on circular domains generated by Hermite inter-

polation, Studia Univ. Babeş-Bolyai Math., 55(2010), no. 4, 185-192.

[2] Birou, M., Blending surfaces on circular domains generated by Birkhoff inter-

polation, Autom. Comput. Appl. Math, 18(2009), no 1, 97-106.
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Bul. Stiint. Inst. Politehn. Cluj-Napoca, Ser. Electrotehn. Energet. Inform.,
24(1981), 35-40.

[10] Goodman, T.N.T., Shape preserving representations, in Mathematical methods

in Computer Aided Geometric Design, T. Lyche and L.L. Schumaker (eds.),
Academic Press, New York, 1989, 333-357.

[11] Mihailescu, M., Horvath, I., Velaroidal shells for covering universal industrial

halls, Acta Tech. Acad. Hungaricae, 85(1977), 135-145.

Marius Birou
Technical University of Cluj Napoca
Department of Mathematics
28, Memorandumului Street
400114 Cluj-Napoca,Romania
e-mail: marius.birou@math.utcluj.ro


