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Subclasses of analytic functions involving
a family of integral operators
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Abstract. In the present paper, we introduce and investigate some new
subclasses of analytic functions associated with a family of generalized
Srivastava-Attiya operator. Such results as subordination and superordi-
nation properties, inclusion relationships, integral-preserving properties
and convolution properties are proved. Several sandwich-type results are
also derived.
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1. Introduction

Let A denote the class of functions of the form
f(z) :z+2akzk, (1.1)
k=2

which are analytic in the open unit disk
U:={z: 2€C and |z]| <1}

Let H(U) be the linear space of all analytic functions in U. For a positive
integer number n and a € C, we let

Hla,n] == {f € HU) : §(2) =a+anz" 4+ any12" +---}.
Let f, g € A, where f is given by (1.1) and g is defined by

g(z) =z + Z bz
k=2



74 Zhi-Gang Wang, Feng-Hua Wen and Qing-Guo Li

Then the Hadamard product (or convolution) f * g of the functions f and g
is defined by

(f*xg)(z) =22+ Zakbkzk =: (g f)(2).
k=2

For two functions f and g, analytic in U, we say that the function f is
subordinate to g in U, and write

f(z) <g(z) (2€0),
if there exists a Schwarz function w, which is analytic in U with
w(0)=0 and |w(2)|<1 (z€0)
such that
f(z) =g(w(z)) (z€D).
Indeed, it is known that
f(z) <g(z) (z€U) = f(0)=9(0) and f(U)C g(U).

Furthermore, if the function ¢ is univalent in U, then we have the following
equivalence:

f(z) <g9(2) (z€U) < f(0)=g(0) and f(U)Cg(U).

In the following we recall a general Hurwitz-Lerch Zeta function
®D(z, s,a) defined by (cf., e.g., [18, p. 121 et sep.])

o0 k

z
D(z,s,a) := g —_—
= (k+a)®

(aeC\Zy; s€C when [z|]<1; R(s)>1 when |z]=1),
where, as usual,
Zy =Z\N (Z:={0,£1,£2,...}; N:={1,2,3,...}).

Several interesting properties and characteristics of the Hurwitz-Lerch Zeta
function ®(z, s,a) can be found in the recent investigations by (for example)
Choi and Srivastava [3], Ferreira and Lépez [5], Garg et al. [6], Lin et al. [7],
Luo and Srivastava [10], Wen and Liu [19], Wen and Yang [20] and others.

Recently, Srivastava and Attiya [17] (see also Raducanu and Srivastava
[14], Liu [9], Prajapat and Goyal [13]) introduced and investigated the linear
operator:

Ts,u(f): A— A

defined, in terms of the Hadamard product (or convolution), by
Ts, vf(2) =Gs, p(2) % f(2) (2€U; beC\Zy; seC; feA), (12
where, for convenience,
Gs, b(2) == (1 +b)°[®(2,5,b) —b7°] (2 €U). (1.3)
It is easy to observe from (1.2) and (1.3) that
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1+0
js bf _Z+Z<I€::_—b> apz k'

Motivated essentially by the above-mentioned Srivastava-Attiya opera-
tor, Al-Shaqgsi and Darus [1] (see also Darus and Al-Shagsi [4]) introduced
and investigated the following integral operator:

1+5b M+ p—2)!
a +Z(’f“ﬂ) u—;)!(kuﬂzl)!akzk (z€0), (14)

where (and throughout this paper unless otherwise mentioned) the parame-
ters s, b, A and u are constrained as follows:

se€C; beC\Z; A>-1 and p>0.

We note that jslf is the Srivastava-Attiya operator, JO)‘Z)“ is the well-
known Choi-Saigo- Srivastava operator (see [2]).
It is easily verified from (1.4) that

(7200) @) = T ““f()—m—njsvb”f(z), (15)
(50 1F) () = O DTN IR - AT ), (1)

and

(TX0F) () = b+ DTN TG DTN ). )

By makmg use of the subordination between analytic functions and
the operator J " we now introduce the following subclasses of analytic
functions.

Definition 1.1. A function f € A is said to be in the class .7:;\” o ) if it
satisfies the subordination condition
)x L A,
/ f( R ()
(1- ) +a
z

Definition 1.2. A function f € A is said to be in the class gj’ o @) if it
satisfies the subordination condition

)\+1u A, 2
(1—a) 1) js’bzf()<¢(z) (2€U; a€C; peP). (1.9)

z

<¢(z) (2€U; ae€C; ¢€P). (1.8)

Definition 1.3. A function f € A is said to be in the class Hi’ o 9) if it
satisfies the subordination condition

A, p A, p
(1-a) s+1 bf( ) ajs’ bzf(Z)

In the present paper, we aim at proving some subordination and su-
perordination properties, inclusion relationships, integral- preservmg proper-
ties and convolution properties associated with the operator j ’ b“ Several
sandwich-type results involving this operator are also derived.

<¢(z) (z€U; aeC; ¢peP). (1.10)
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2. Preliminary results
In order to prove our main results, we need the following lemmas.

Lemma 2.1. ([11]) Let the function Q@ be analytic and convex (univalent) in
U with (0) = 1. Suppose also that the function © given by

O(2) =14 cp2™ + cpgp12" ™ + -+

s analytic in U. If
207(z)

O(z) + R <Q(z) (R()>0; (£0; z€), (2.1)
then
0(2) < x(2) = %z*% /0 F () < Q(z) (2 € ),

and x is the best dominant of (2.1).

_ Denote by @ the set of all functions f that are analytic and injective
on U — E(f), where

E(f) = {668U: lim f(2) zoo},

Z—E

and such that f'(¢) # 0 for € € OU — E(f).

Lemma 2.2. ([12]) Let q be convex univalent in U and k € C. Further assume
that ®(R) > 0. If

p € Hq(0),1]NQ,

and p + kzp' is univalent in U, then
q(z) + kzq'(2) < p(2) + K2p/(2)
implies g < p, and q is the best subdominant.

Lemma 2.3. ([15]) Let q be a convex univalent function in U and let o, n € C

T ()l (3)

If p is analytic in U and

op(2) +n2p'(2) < 0q(2) + 124 (2),
then p < q, and q is the best dominant.

Lemma 2.4. ([16]) Let the function T be analytic in U with
1
T0)=1 and R(Y(2)) > 5 (z € ).

Then, for any function ¥ analytic in U, (TxW)(U) is contained in the convex

hull of U (U).
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3. Properties of the function class ]-'S): s )

We begin by proving our first subordination property given by Theorem
3.1 below.

Theorem 3.1. Let f € .7-";\” L (a; ¢) with R(«) > 0. Then

A, 2
Tl bk [etsa <o) Gev. @)
z (6% 0
Proof. Let f € ]—"37’ (a; ¢) and suppose that
T f (2)

z

h(z) :=
Then h is analytic in U. Combining (1.5), (1.8) and (3.2), we easily find that
T @) T TE)
: Lals
z z

(z € U). (3.2)

h(z)+ %Zh/(z) = (1-a) < 6(2) (z€U). (3.3)

Therefore, an application of Lemma 2.1 for n = 1 to (3.3) yields the assertion
of Theorem 3.1. O

By virtue of Theorem 3.1, we easily get the following inclusion relation-
ship.

Corollary 3.2. Let R(a) > 0. Then ]—':’b“(a; ¢) C .Fj:’b”(Onb).
Theorem 3.3. Let ap > a1 = 0. Then .7-'8’\” Fao; 9) C .7:5’\” Has 9).

Proof. Suppose that f € fs):’lf‘(ag; @). Tt follows that

j/\, “w j)\, pn+1
(1—as) Zb + o le <¢(z) (z€D). (3.4)
Since
0= el <1
Q2

and the function ¢ is convex and univalent in U, we deduce from (3.1) and
(3.4) that

js/}’b”f(z) + o js/\,ybﬂﬂf(z)
z

(1—0[1)

z
A, p A, ptl
o [ g @ T
o) z z

<¢(2) (2€0),

o (1) 2O

(65) z

which implies that f € .7-';\” 1(0a1;¢). The proof of Theorem 3.3 is evidently
completed. 0
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Theorem 3.4. Let f € .7-':"’ (o @). If the integral operator F is defined by

1 z
F(z) =20 / P (2 €T; v > 1), (3.5)
z 0
then
TN F (2
%() <¢(z) (z€U). (3.6)
Proof. Let f € ‘7::‘7’ J(a; ¢). Suppose also that
TN F (2
G(z) = bf() (z € ). (3.7)
From (3.5), we deduce that
/
2 (TXF) @)+ T2 F) = 0+ DTN (). (3.8)
Combining (3.1), (3.7) and (3.8), we easily get
A, p
1 'y T f(2)
Thus, by Lemma 2.1 and (3.9), we conclude that the assertion (3.6) of The-
orem 3.4 holds. (]

Theorem 3.5. Let f € .7:;\7’ (o ¢) and g € A with R (g(j)) > L. Then
(F+9)(2) € F2 0z 9)-

Proof. Let f € ]:3):’ J(n; ¢) and g € A with R (@) > 1. Suppose also that

H(z)=(1-a)

A p A, pt1
I, bzf(z)+ajs,b f(2) <¢(z) (2€U).  (3.10)

z
It follows from (3.10) that

N BCE o) (s A rtLe o) (2 z
Toy(Fxg)) |, T 9)) :H@*%) (z €U). (3.11)

(1-a)

Since the function ¢ is convex and univalent in U, by virtue of (3.10), (3.11)
and Lemma 2.2, we conclude that

A p " 2 A, pt1 % >
-2t (T 00 ) e, @12

which implies that the assertion of Theorem 3.5 holds. (]

z z

Theorem 3.6. Let q; be univalent in U and R(a) > 0. Suppose also that ¢

satisfies
# (14 ) s {00 (1)) (3.13)
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If f € A satisfies the subordination

j)\, “w j)\, pnt1
(1 . 0[) s, bzf(z) +a s, b f(z) < Q1(Z) + %Zqi(Z), (314)
th
en js)\,buf(z) )
O]

and q1 1s the best dominant.

Proof. Let the function h be defined by (3.2). We know that (3.3) holds.
Combining (3.3) and (3.14), we find that

h(z) + %zh/(z) < q1(z) + %zqi(z) (3.15)
By Lemma 2.3 and (3.15), we readily get the assertion of Theorem 3.6. O

If f is subordinate to F, then F is superordinate to f. We now derive
the following superordination result for the class Fi’ s 9).

Theorem 3.7. Let g2 be convex univalent in U, oo € C with () > 0. Also let

A, 1 P
L9 01100

and
TN f) TN ()
z Jr @ zZ

(1-«a)

be univalent in U. If

T | TG
z

q2(2) + %zqé(z) < (1—-a) .

)

then \
T f(2)
42(2) < T
and qs is the best subdominant.

Proof. Let the function h be defined by (3.2). Then

A, 0 A, ptl
q(2) + %zqé(z) <(1-a) 7., bzf(Z) + ozjs’ S = h(z)+ %zh’(z).

z

An application of Lemma 2.4 yields the desired assertion of Theorem 3.7. O

Combining the above results of subordination and superordination, we
easily get the following “sandwich-type result”.

Theorem 3.8. Let g3 be convex univalent and qq be univalent in U, a € C
with V() > 0. Suppose also that q4 satisfies

# (14 ) s {00 (1))
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If

A, p
02 200 Cpone,

z
and

TN (2) . aJQ’b““f(Z)
z

(1-a) -

1s univalent in U, also

: Tt | TG ,
(%) + 1 2ah(2) < (1= )= S L e P e),
then \
T
as(2) < bif(z) < qu(z),

and q3 and q4 are, respectively, the best subordinant and the best dominant.

4. Properties of the function classes QQ’ (o ¢) and ’H;\: s )

By means of (1.6) and (1.7), and by similarly applying the methods used
in the proofs of Theorems 3.1-3.8, respectively, we easily get the following
properties for the function classes g;" Ya; ¢) and H;" #(cv; ¢). Here we choose
to omit the details involved. , 7

Corollary 4.1. Let f € gi’ Lo @) with R(a) > 0. Then

A1, p Z
P IO Al [Tpeignm <o) (ev)

z [ 0

Corollary 4.2. Let ag > oy 2 0. Then Q:‘: Hag; ¢) C gj Has ¢).

Corollary 4.3. Let f € Qs)‘,’bﬂ(a;qﬁ). If the integral operator F is defined by
(3.5), then

T PF(2)

2
Corollary 4.4. Let f € gj; o ¢) and g € A with R (g(z)) > L. Then

(f % 9)(2) € G (e ).
Corollary 4.5. Let g5 be univalent in U and R(«) > 0. Suppose also that gs

satisfies
/! 1
R (1+ zq/5(z)> > max{(),—% <A+ )}
a5(2) @
If f € A satisfies the subordination

TR f(z) TN () a
) z o z <as(2) + A+1

< é(2) (zel).

/

(1 — ZQS(Z)v
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then >\+1

"f(2)

f < q5(2),
and qs is the best dominant.
Corollary 4.6. Let gg be convexr univalent in U, a € C with R(«) > 0. Also
let
T (2)
z
T M) TN G)
+ «

z z

€ H[gs(0),1]NQ

and

(1-a)

be univalent in U. If

TN f(z ), Jj;b“ﬂz)

() + 5o (z) < (1 o) T S

then

,\+1 Iz
g6(2) < 7f(),

z
and qg 1s the best subdominant.

Corollary 4.7. Let g7 be convex univalent and qg be univalent in U, a € C
with R(a)) > 0. Suppose also that qs satisfies

(o) mfo-s(21))

AL
0# Joo IO € H[g7(0),1] N Q,

z

If

and
TN f(2 ), TN F(2)
z Oé y4

(1- )

18 univalent in U, also

Toh ) T

Ajlzqmu—) —tah *‘“UH

)\+1 "
qr(z) < ff() < gs(2),

and q7 and qs are, respectively, the best subordinant and the best dominant.

qr(2)+

then

ZQS( )7

Corollary 4.8. Let f € HA ' (a; @) with R(a) > 0. Then

TS50 f(2) b1 _sin [P b
+1zb ()< ZZ Q/Ota (1)t < 6(z) (z€0).

Corollary 4.9. Let ap > a1 2 0. Then H:‘” oo 9) C 'Hi’ Hoa; 9).
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Corollary 4.10. Let f € H;‘,’ (o;; ¢). If the integral operator F is defined by
(3.5), then
A,
j8+1’u bF( )

z

<¢(z) (z€0).

Corollary 4.11. Let f € ’H?” [ (o ¢) and g € A with R (g(zz)
(F+9)(2) € 1§/ (e 0).
Corollary 4.12. Let g9 be univalent in U and R(a)) > 0. Suppose also that qg
satisfies
§R<1+ 252 )> >max{0 §R<b+1>}.
q9(2) @
If f € A satisfies the subordination

5+1 o f(z ) J:’b#f(z) @
2 ~ < qo(2) + e

) > % Then

(1-0a)

2q9(2),

then

s+1 be( ) qé<2)7

and qg is the best dominant.
Corollary 4.13. Let q19 be convex univalent in U, o € C with R(«) > 0. Also

let
s+1 bf( )
z

A ATEIC NSO
z z

€ Hlq10(0), 1] N Q

and

be univalent in U. If

, S TS
o) < (- ) TS (TS,

qi0(2) +

then
s+1 bf( )

qu(z) = fv

and q1o s the best subdominant.

Corollary 4.14. Let q11 be convex univalent and q12 be univalent in U, o € C
with N(a) > 0. Suppose also that q12 satisfies

R ) o ()}

s+1 bf( )

z

If

07£ H[QM( ) ] va
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and
TN bf< 2 J:’b“ﬂz)

z

(1-a)

is univalent in U, also

au(2) + 20 () < (1= a) *“;f = a‘ﬁ"’zf =
< q12(2) + bjrilqum(z)’
then
qui(z) < Lbf() < q12(2),

and q11 and q12 are, respectively, the best subordinant and the best dominant.
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