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using Al-Oboudi and Ruscheweyh operators
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Abstract. We introduce the operator DYsf using the Al-Oboudi and
Ruscheweyh operators and we investigate several differential subordina-
tions that generalize previous results.
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1. Introduction

Let H(U) denote the class of analytic functions in the unit disc
U={z€C : |z| <1}.
Forae Cand m e N={1,2,...}, let
Hla, m|={f e HU) : f(z)=a+anz"+--, z€ U}
and
A = {fEH(U) Cf(2) =z amp 2™ zEU}7
with 4; = A.

Let f and g be members of H(U). The function f is said to be sub-
ordinate to g if there exists a function w analytic in U, with w(0) = 0 and
|lw(z)| < 1, z € U, such that f(z) = g(w(z)), z € U. In this case, we write
f<gor f(z) < g(z), z € U. If the function g is univalent in U, then f < g
if and only if f(0) = ¢(0) and f(U) C g(U).

Let U : C3 x U — C and let h be univalent in U. If p is analytic in U
and satisfies the second-order differential subordination

U(p(2), 2p'(2), 2°D"(2); 2) < h(z), z €U, (1.1)

then p is called a solution of the differential subordination. A univalent func-
tion ¢ is called a dominant of the solution of the differential subordination, or
more simply a dominant, if p < ¢ for all p satisfying (1.1). A dominant ¢ that
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satisfies § < ¢ for all dominants ¢ of (1.1) is said to be the best dominant of

(1.1).

In order to prove our main results we shall need the following lemmas.

Lemma 1.1 ([2, p. 71]). Let h be a convex function with h(0) = a and let
v € C* be a complex number such that Rey > 0. If p € Hla, n] and

p(z) + %zp'(z) <h(z), zeU

then
p(2) <q(z) <h(z), z€U,

where

q(z) = —1 /h(t)ﬁ/"*ldt, 2 eU.
0

nzv/m
The function q is convex and the best dominant.
Lemma 1.2 ([3, p. 419]). Let r be a convex function in U and let
h(z) =7r(z) + nazr'(z), z€eU,
where o > 0 and n € N. If

"y zeU

p(2) =7(0) + prz"™ + pnt1#
is holomorphic in U and
p(z) + azp'(z) < h(z), zeU,
then
p(z) <r(z), zeU,

and this result is sharp.

Definition 1.3 ([1, p. 1429]). For a function f € A, 6 > 0 and n € NU {0},
the Al-Oboudi differential operator D5 f is defined by

Df(2) = f(2),

D}f(2) = (1—6)f(2) + 62f'(2) = Ds(2),
Dpf(z) = Ds (D} f() . z€U. (1.2)

Remark 1.4. D} is a linear operator and for f € A,

f(z)=z+ iajzj,
j=2

we have -
) =24 1+ (G- 1a"e2, z€U (13)

and , a
(D3 1(2) = (D3 F)) +62(DRf(2)), z€U. (14)

Also, when ¢ = 1, we obtain the Saldgean differential operator ([6, p. 363]).
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Definition 1.5 ([5, p. 110]). For a function f € A and n € NU {0}, the
Ruscheweyh differential operator R™ f is defined by
R"f(z) =

ﬁ *f(2) = %[Z"’lf(z)]“”, zeU,  (L5)

where * stands for the Hadamard product or convolution.

Remark 1.6. If f € A,
f(z)=2+ Zajzj,
j=2

we have

Rf(2) = f(2),
R'f(2) = 2f'(2),

(n+ DR f(2) = nR"f(2) + 2z (R" f(2)), (1.6)
R"f(z) =2+ iCﬁ+j71ajzj, zel. (1.7)
j=2

Definition 1.7. Let n € NU {0}, d > 0 and A > 0 with 6 # (A —1)/\. For
fe A, let DY f denote the operator defined by DYs : A — A,

DXsf(2) [(1=XND5f(2) + MR"f(2)], z€U, (1.8)

TI1-A+ N

where the operators Dy f and R™f are given by Definition 1.3 and Definition
1.5, respectively.

Remark 1.8. When A = 0 in (1.8), we get the Al-Oboudi differential operator,
and when A = 1 we obtain the Ruscheweyh differential operator.
Also, for n = 0, we have

1

=T oarogid - ND;f(2) + MR f(2)] = f(2), z€U.

Dgaf(z)

Remark 1.9. D¥; is a linear operator and for f € A,

oo

f(z)= Z+Zajzj,

j=2

by using (1.3) and (1.7), we have

n 1 > . n n ]
Nsf(2) =2+ Tt JZ:; [(T=XN) (14 —1)0)" +ACh ;1] a;2,

(1.9)
ze U
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2. Main results

Theorem 2.1. If0<a <1, f€ A, and

Re (D (=) + Mz((f”_ti}g éf’if 1()2 ))”] >a, zeU
then
Re (D¥sf(2)) >~, z€U,
where
y=rla) =201+ L5 ()
and

1 txfl
[3@;):/0 .

Proof. Let f € A,,,

oo

flz)=2z+ Z ajz?, zeU.

j=mt1
If
-1
ney = 1 Ze-bz oy

1+2

then (2.1) is equivalent to
1 n "
(Df\bgrlf(z))/ + Az(0n +9 — 1) (B /(2)) < h(z), zeU.

(I=XA4+X)(n+1)
Using the properties of DY, f, D§ f and R" f, we obtain

. ) A62(dn +6 — 1) (R"f(2))"
DIE) + =T em e )

[(1—N)DEf(2) + AR f(2)) N Noz(6n +6 — 1) (R™f(2))"

(2.1)

(2.2)

L—A+ X (1—=A+X)(n+1)
= S (D) + 65 (D)
LN [HRE) 4R, MG 46— 1) (R ()"
1= A+ A6 n+1 T=A+A8)(n+1)
D Y ¢ N
= m(Daf(z)) +1_>\+)\62(D5f(2))

N SA[(R"f(2)) + 2 (R"f(2))" +n(R"f(2))]
1A+ A)(n+1)
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Aoz(6n + 6 — 1) (R™£(2))”
1A+ A)(n+1)

= g [N (DR + 8 (R )]
0o (= N (D) + X0 (R ()]
= (D3 (2) +02(D3sf(2))", 2€U. (2.3)
Then, from (2.2) and (2.3), we have
(DRsf(2)) +82(D3sf(2))" < h(z), zeU. (2.4)
Let
p(z) = (D3sf(2)), zeU. (2.5)
In view of (1.9), we get
p(Z) =1 —+ ﬁ Z [(1 — )\) (]. + (] - 1)(5)71 + )\(50,:;%-71} jaij_l
j=m+1
=14bpz™ + b 2™+, zel.

and from (2.4), we obtain
p(z) + 620 (2) < h(z), z€U. (2.6)
By applying now Lemma 1.1, we have

p(z) <q(z) <h(z), zeU,

where
N T
q(z) = v A (t)
1 z 1 1
= — 20— 1+2(1 — a)—— | tsm —Ldt
5mzl/5m/0 {Oé X a)l—i—t] '

20 -1 [* . 2(1 — Z pam L
— L/tm—ldt—i— ( a)/ gt
dmzl/om | dmzt/om [ 1+t
21 —a) [*ten!
= 2a-1 dt, eU.
@ + 5mzl/5m/ 1+¢ i

The function ¢ is convex, it is the best dominant and because ¢(U) is
symmetric with respect to the real axis, we get

%(zng=mma>m¢n:w®:m%4+Qg;wg@;)

O

Example 2.2. If fe A,n=1,A=1/2,§ =1 and a =1/2, then y(a) =In2
and the inequality

Re [f'(z) +32f"(z) + 22" (2)] > %, zeU,
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implies that
Re [f'(2) + 2f"(2)] > In2, z€U.

Theorem 2.3. Let m € N, § > 0 and let r be a convex function with r(0) =1

and h a function such that
h(z) =r(z) + mdzr'(z), zeU.
If f € A, then the following subordination

a1 1 A6z(0n+ 8 — 1) (R f(2))"
(DX 1=) + 1T=A+A0)(n+1)

implies that
(DRsf(2)) <r(z), zeU,
and the result is sharp.

< h(z) = r(z)+mdzr'(z),

zeU

(2.7)

Proof. By using (2.3) and (2.5), the subordination (2.7) is equivalent to

p(2) + 820/ (2) < h(z) = r(2) + mézr'(z), z€U.

Hence, from Lemma 1.2, we conclude that
p(z) =r(z), z€Ul,
that is,

(DRsf(2)) <r(z), zeU.
and the result is sharp.

O

Theorem 2.4. Let m € N and let r be a convex function with r(0) =1 and h

a function such that
hz) =r(2) + mzr'(2), zeU.
If f € A, then the following subordination
(D f(2)) < h(z) = (=) + mar'(), 2 €U
implies that

D’j&if(z) <r(z), zeU,
and the result is sharp.
Proof. Let

p(z) = D%Tf(z) , zel.

Differentiating (2.9), we have
(D% f(2)) =p(2) + 20 (2), 2€U,

and consequently, (2.8) becomes

p(2) + 2p'(2) < h(z) = 7(2) + mzr'(z), z2€U.

Hence, by applying Lemma 1.2, we conclude that
p(z) <r(z), zeU,

(2.9)
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that is,
7’\5‘73(2) <r(z), zeU,
z

and the result is sharp. O

Remark 2.5. For m =1 and § = 1, the above theorems were obtained by G.
I. Oros and G. Oros in [4].
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