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Approximation of fuzzy numbers by
trapezoidal fuzzy numbers preserving
the core and the expected value

Adriana Brandas

Abstract. In this paper, we have suggested a new trapezoidal approxi-
mation of a fuzzy number, preserving the core and the expected value
of fuzzy numbers. We have proved that the trapezoidal approximation
of fuzzy numbers preserving the core and the expected value is always a
fuzzy number. We have discussed the properties of this approximation.
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1. Introduction

Many recent papers process and transform imprecise information using the
fuzzy theory. For a more efficient handling of information there is a natural
need to approximate the fuzzy numbers by trapezoidal fuzzy numbers with
or without additional conditions [2], [10], [8], [11], [14]. In [7] the trapezoidal
approximation is a reasonable compromise between two opposite tendencies:
to lose to much information and to introduce too sophisticated form of ap-
proximation from the point of view of computation.

In this paper we have proposed the trapezoidal approximation preserv-
ing the core and the expected value of a fuzzy number. Important properties
(translation invariance, scale invariance, etc.) of this new trapezoidal approx-
imation are studied in Section 4.
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2. Preliminaries

We consider the following well-known description of a fuzzy number A:

la(z), if a1 <z <ay,
1 if as <z <as,

ra(z), if az <z <ay,

0 otherwise,

where a1, ag, as, a4, € R, l4 : [a1,a2] — [0, 1] is a nondecreasing upper
semicontinuous function, l4(a1) = 0, l4(az) = 1, called the left side of the
fuzzy number and r4 : [a3,a4] — [0,1] is a nonincreasing upper semicon-
tinuous function, r4(as) = 1, ra(as) = 0, called the right side of the fuzzy
number. The a—cut, « € (0,1], of a fuzzy number A is a crisp set defined as
Ao ={z e R: A(x) > a}.

Every a—cut « € [0,1], of a fuzzy number is a closed interval A, =
[AL (@), Ay (a)] where

Ap(a) =inf{z e R: A(z) > a}, Ay(a) =sup{z e R: A(x) > a}

for any « € (0,1]. If the sides of the fuzzy number A are strictly monotone
then one can easily see that A7 and Ay are inverse functions of 4 and 74,
respectively.

The core or 1—cut of a fuzzy number is defined as core(A) = [ag, a3] .

We denote by F( R) the set of all fuzzy numbers.

Let A,B € F(R), A, = [AL (), Ay ()], Bo = [Br (o), By ()], €
[0,1] and A € R. We consider the sum A + B and the scalar multiplication
A-Aby (see [5]) (A+ B), = Aa +Ba = [AL (o) + B (o) , Ay (o) + By ()]

. . ML (), My ()], ifA>0, .
and ()\ : A)a - )\Aa - { [)\AU( ) AAL (a)] , it < 0’ reSpeCthely) for

Az) =

every « € [0,1].
A metric on the set of fuzzy numbers, which is and extension of the Eu-
clidean distance, is defined by (see [9]) D?(A, B) = fOI(AL (a) = Br(a))?da+

1
J3 (A (@) ~ By (a))da
Fuzzy numbers with simple membership functions are preferred in prac-
tice. The most used such fuzzy numbers are so-called trapezoidal fuzzy num-
bers, given by
ol f o <a <t
t27t17 l 1 —_ —_ 27
1 if ty <z <tj
T — ) . — - )
@) ff_’f;, if t3 <z <ty
0, otherwise.

We denote T' = (t1,to, t3,t4) a trapezoidal fuzzy number as above. It is
easy to prove that Ty («) = t1 + (t2 — t1)a and Ty (a) = t4 — (t4 — t3)a for
every a € [0, 1].

We denote by FT(R) the set of all trapezoidal fuzzy numbers.

The ambiguity Amb of A € F (R) is defined by (see [4])

Amb(A) = /0 o (Au(a) — An(a)) da
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and the value Val of A € F (R) is defined by (see [4])

Val(A) :/0 a(Ay(a) + Ap(a)) da.

The expected interval EI(A) of a fuzzy number A,
Aa = [AL (Oé) ?AU (Oé)]
is defined by (see [6], [12])

1 1
EI(A) = [E.(A), E*(A)] = { / Ay () do, / A (@) da} ,
0 0
expected value is given by (see [12]): EV(A) = BB core of As given
by (see [1]): core (A) = [Ar (1), Ay (1)] . The expected value for a trapezoidal
fuzzy number T = (ty,t2,t3,t4) is EV (T) = bttadtatts
Another kind of fuzzy number was introduced in [3] as follows:

=2)" € fal)
1,2 € [b, ]
(‘é:i)n ,x € [c,d]
0, otherwise,

A(x) =

where n > 0, A = (a,b,¢,d), with the parametric representation:
Ap(a)=(b—a) Ya+a, Ayp(a)=d—(d—c) Ya,a €[0,1].

3. Trapezoidal approximation of fuzzy numbers

The below version of the well-known Karush-Kuhn-Tucker theorem is useful
in the solving of the proposed problem.
Theorem 3.1. (Rockafellar, [13]) Let f, g1, g2, ...; gm : R™ — R be convex and

differentiable function. Then = solves the convex programming problem
min f (z)
st.ogi(x) <bie{l,2,3,..,m}
if and only if exists u;, i € {1,2,3,...,m}, such that

(i) Vf (:E) +3 wiVa (:E) =0
=1

(1) gi (5> —b; <0;
(idi) pi > 0;

(iv) pi (b = i () ) = 0.

Given a fuzzy number A, A, = [Ar (a), Ay ()], « € [0, 1], the problem
is to find a trapezoidal fuzzy number T'(A) = (¢1, o, t3, t4) which is the nearest
to A with respect to metric D and preserves the expected value and the core
of A, that is:

EV (A)=EV (T(A)),core(A) = core (T (A)).
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The problem is reduced to minimize the distance between the fuzzy number
A and the trapezoidal fuzzy number T (A)

F(tl,tz,t37t4) = /O [AL (a)—(t1+(t2—t1)a)]2doz+

1
+/O [Ay (o) = (t4 + (t3 — t4) @)]* dov

s.t.
to = Ar (1), (3.1)
ts = Ay (1), (3.2)
SO
1
2/ [AL (Oz) + Ay (Oé)] da =t +tg + t3 + t4. (33)
0
The conditions for T'(A) = (1, ta,t3,t4) to be a trapezoidal fuzzy number are
t1 < to (3.4)
ty < t3 (3.5)
and
ty < ty. (3.6)

Taking into account the relations (3.1) — (3.3), ¢4 becomes:
1
ty = 2/ (AL (a) +AU (a))da—t1 —AL (1) —AU (].),
0
so F (t1,ta,t3,t4) becomes g (¢1)

g(t1) 2t1 +2t1 fO AL ) (a))( )da+ %AL (1)+ (37)

+f0 Yda+ [ (Ap (@) — Ar (1) a)® day,
where
E(a) = Au (a)
a—l/ a)+ Ay (a))da— A, (1) (a—=1) — Ay (1) 2a—1),
0
so conditions (3.4) — (3.6) are:
t1 <A (1) (3.8)
Ap (1) < Au (1) (3.9)
and
1 1
t §2/0 Ap (a)da+2/0 Ay (a)da— Ar (1) —2Ap (1). (3.10)

For any fuzzy number the relation (3.9) is always true.



Trapezoidal operator preserving core and EV 251

Theorem 3.2. If A, A, = [Ar (o), Ay (@)] is a fuzzy number and T (A) =
(t1,t2,t3,t4) denotes the nearest (with respect to metric D) trapezoidal fuzzy
number A preserving the expected value and the core, then

(i) If
/1 [(2 = 6a) Ay (@) + (6 — 10) Ay (a)] da+ TAL (1) + Ay (1) <0 (3.11)
0

and
1
/0 AL (a) + Au (a)] da > A (1) + Ay (1), (3.12)

then
t1=ta=AL(1); t3= Ay (1);

154:2‘/0 AL(Oé)dOé+2/O AU(a)da—2AL(1)—AU(1).
(i) If

/1 (2= 6a) AL () + (60— 10) Ags (a)] dav+ Ap (1) + TAy (1) > 0 (3.13)
0

and
/0 (A () + Ay ()] da < Ap (1) + Ay (1), (3.14)
then
t1 :2/0 AL(a)dOé+2/O AU(O()dOz—AL(l)—QAU(l);
tQZAL(l); t3=t4=AU(1).
(iii) If

/1 [(2— 60) Ay () + (60 — 10) Ay, (a)] da + TAL (1) + Ay (1) > 0 (3.15)
0
and

/ [(2— 6a) Az () + (60— 10) Ay (a)] da+ Ap (1) + TAy (1) <0 (3.16)
0

then

= —g/o o (As (@) — Ay (@) da — %AL (1)

—i—%/o (5AL (o) — Av (a)) da — iAU (1);
ta=Ar(1); t3 = Ay (1);

t4 = */0 « (AL (a) — AU (a)) do — %AL (1)
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Proof. Let us remark that the hypothesis of convexity and differentiability
in the Karush-Kuhn-Tucker theorem are satisfied for the function g given by
(3.7) under conditions (3.8) — (3.10). After some calculations we can write
the conditions of Karush-Kuhn-Tucker theorem to minimize the function g,

in the following way:

4% + 2/0 a[Ar (o) — Ay (o)) da + % /0 (Ay (a) — 5AL (o)) da+
+Ar (1)+AUT(1)+/11 +p2 =0 (3.17)
pa(t —Ap (1)) =0 (3.18)
o (tl - 2/0 Ap (Ot) da — 2/0 Ay (a) da+ Aj (1) + 24 (1)) =0 (319)
pn1 =0 (3.20)
pe >0 (3.21)
t1— AL (1) <0 (3.22)
tq —2/1AL (Oz)da—?/lAU ()da+ Ap (1) +2Ap (1) <0 (3.23)
0 0
If 411 # 0 and pg # 0, then the solution is: ¢t = Ay, (1) and
t1 :2/0 AL(Oé)dOé—i-Z/O AU(O()dOz—AL(l)—2AU(1),
SO ) )
ty :2/0 AL(a)doz+2/0 AU(Oz)dOL—QAL(l) —AU(I)
or ty = Ay (1), from (3.17) we obtain that
i+ =2 [l ()= Ay (o)) do
_g/o (Ap (@) — 54z (@) do — Ap (1) — AU3<1) (3.24)

but p1 # 0 and pg # 0, so

1 1
/AL(a)da+/ Ay (a)da = Af (1) + Ay (1),
0 0

by (3.24) , we have

1 1
N1+/~L2:/0 (1—2a)AL(a)da+/O (20 — 3) Ay () da + 2Ay (1)

u1+ﬂ2:/(J (1—2a)AL(a)da+/O (2o —1) Ay (o) dox

+2 (AU (1) — /01 Ay (a) da)
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taking into account Lemma 1 from [2] results that p; + pe < 0. In fact,
because u; # 0 and o # 0 we obtain that pu; + pe < 0, so Karush-Kuhn-
Tucker conditions can not be verified, which means that we have no solution
in this case.

(i) If 1 # 0 and pe = 0, then from (3.17) and (3.18) we obtain that:

t1 =Ar (1)
and

1
1 = 2/0 aAy (o) — Ap ()] da

3 [ v @ - 5as @) da - 25 - FREE) o

3 3
and from (3.1), (3.2) and (3.3) we obtain that

t4:2/0 AL(Oé)dOé—l-Q/O AU(Oz)dOé—QAL(l)—AU(l).

(ii) If g = 0 and po # 0, then from (3.17) and (3.19) we obtain that
1 1

tl = 2/ AL (Oz)dOé+2/ AU(Ot)dOthL (1) 72AU (1) and H1 = 0,
0 0

1t 1
[y = g/ (2~ 60) Ay (a) + (60 — 10) Ay ()] dar + 5 (Ar (1) +7Ay (1))
0

and ty = AU (1) .
(iii) If g1 = 0 and po = 0, then from (3.17), (3.22) and (3.23) we obtain
that

b= g’/olauu (a) - Au (a))dw;/ol (541 (a) — Ay (0)) da
24 (1) - JAv (1)
and
by = ‘;’/Ola(AL (a) — Ay () da — ;/ (s (a) - 5Ay (a)) da
— AL (1) = 340 (1)

Remark 3.3. Any fuzzy number can apply one and only case of the Theorem
3.2.

Proof. Let us denote
I'h ={A: A e F(R) and the case (i) is applicable to A},
I'y ={A: A€ F(R) and the case (ii) is applicable to A}

and
I's ={A:Aec F(R) and the case (iii) is applicable to A}.
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It is obvious that I's = (T'; U Fg)c, so, the three cases of Theorem 3.2 cover
the set of all fuzzy numbers. On the other hand I'y N T'3 = @ because the
relation (3.11) is complementary with the relation (3.15) . T'oNI's = & because
the relation (3.13) is complementary with the relation (3.16) . O

Example 3.4. Let A be a fuzzy number A, = [1 + 99v/«, 200 — 95,/c] then
the trapezoidal approximation preserving the core and the expected value is
T (A) = (t1,t2,t3,t4) and can be calculated with case (iii) of Theorem 3.2 as
follows: t; = %; to = 100; t3 = 105; t4 = %.

Theorem 3.5. Let A = (a,b,c,d), be a fuzzy number and T (A) =
(t1,ta,t3,t4) the nearest (with respect to metric D) trapezoidal fuzzy num-
ber A preserving the expected value and the core
G)If(n—1)(d—-c)+(ATn+7)(b—a)<0anda—b—c+d >0, then
2a —2b—c+2d+cn
n+1

(i) If(b—a)(1—=n)—(1Tn+7)(d—c) >0 anda—b—c+d <0, then
2a —b—2c+2d+bn
tl— ntl 7t2—b,t3—t4—c.

(i) If b—a)(1—n) = (1Tn+7)(d—¢) <0 and

(n—1(d-c)+1Tn+7)(b—a)>0

1=ty =0b; t3=c; t4 =

then
- 7a —3b—c+d+8m? + 17an — 5bn + cn — dn
N 4(n+1)(2n+1)

th = a—b—3c+7d+8cn?—an+bn—5cn+17dn
4= 4(n+1)(2n+1) :

Proof. Let A = (a,b,c,d), be a fuzzy number, then Ay, (1) =b, Ay (1) =¢
and

1 o =0 t3=c¢

1 1

a+bn cen+d
A da = ; A do = ——;
0 (@) do n+1"Jo vla)da n+1
1 1
a+ 2bn 2cn +d
A dao = ————; A da = .
/Oa r(a)da 4n+2’/00‘ vl@)da =g
Applying Theorem 3.2 the result is immediately. t

Example 3.6. For a fuzzy number A = (2, 3,4, 40)% applying the case (i) of

Theorem 3.5 we obtain the trapezoidal approximation which preserves the
expected value and the core of A: T (A4) = (37 3,4, %) .

Example 3.7. For a fuzzy number A = (—200,0, 10, 20)% applying the case

(it) of Theorem 3.5 we obtain the trapezoidal approximation which preserves
the expected value and the core of A: T'(A) = (—%, 0,10, 10) .

Example 3.8. For a fuzzy number A = (1,2,3,100), applying the case (i)
of Theorem 3.5 we obtain the trapezoidal approximation which preserves the

expected value and the core of A: T (A) = (—3;,2,3,52).
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4. Properties

In fuzzy theory are many approximate methods of fuzzy numbers and an
infinite number of approximation operators. For the present approximation
operator we study some properties proposed by Grzgorzewski and Mrowka
in paper [7].

Theorem 4.1. The trapezoidal approximation preserving the core and the ex-
pected value given in Theorem 3.2:

(i) is invariant to translation;

(i) is scale invariant;

(i5i) fulfills the nearness criterion;

(iv) fulfills the identity criterion.

Proof. (i) If A €Ty then the conditions (3.11 — 3.12) are verified, so
/O (2= 60) (4 + 2),; (a) + (60 — 10) (A + 2), (a)] dox
+7T(A+2), (1) +(A+2), (1)
= / [(2 —6a) Ay () + 22 4+ (6 — 10) A, (o) — 10z] dov
0
+7AL (1) + Ay (1) + 8=

= /1 [(2—6a) Ay (a) + (6a—10) AL ()] da+ TAL (1) + Ay (1) <0,
0

and

/0 (A +2)5 (@) + (A +2)y (@)]da — (A+2); (1) — (A+ 2)y (1)

- /O Az () + Au ()] da — Ap (1) = Ay (1) > 0,
so A+zely.

We obtain that
t(A+2)=(A+2),1)=Ar (1) +2=1t(4) +z,
t2(A+Z) = (A—‘,—Z)L(l) :AL(1>+Z:t2(A)+Z,
t3(A+2)=(A+2),(1)=Ay (1) +z=1t3(A) + z,

and )
b (A4 2) = 2/0 [(A+2), (@) + (A+2), ()] da
—2(A+2), (1) = (A+2)y (1)
= 2/ Ar (o) da+2/ Ay (@) da—2Ar (1)—Ay (1) +42—2z2—2 = t4 (A)+=,
0 0

soT(A+2)=T(A)+ 2z, AeTy.

It is obviously that for A € I's we obtain that A + 2z € I's and for
A € T3 we obtain that A+ 2z € T'3 so T(A+z) = T(A) + z, for every
Ael;, ie{1,2,3}.
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(ii) For A > 0 the proof is immediate because (AA); (o) = AAr (a) and
(M), (o) =Xy (o), a € [0,1] so T(A-A)=X-T(A), AeTly,ie{1,2,3}
and from A € T'; results that A\- A €T, i € {1,2,3}.

In case A < 0 we have (AA); (o) = My (a) and (M), (a) = My (o),
for every a € [0,1].

If A €Ty then the conditions (3.11 — 3.12) are verified

1
)\/ [(2 = 60) Ay (@) + (60 — 10) Az ()] da+ TAAL (1) + Ay (1) > 0,
0

/1 [(2 - 60[) Ny (Oé) + (60[ — 10) AN (Oé)] da+ TANAL (1) + My (1) >0
0

and is equivalent to

/O [(2 — 60) (A ), (a) + (6 — 10) (AA),, ()] dar

+7 (M), (1) + (M), (1) > 0
and .
3 [ AL (@) + Av (0))da < AL (1) + Ay (1)

/01 ML (@) + My (0)] do < My (1) + My (1)

and is equivalent to

1
/0 (M) (a) + (M), ()] da < (M) (1) + (M), (1),

we obtain that A- A € I's, so
1 1
T\-A) = <2/0 ()\-A)L(a)doe+2/0 A Ay (@)da—2(N-A), (1) -

—(A-A)y (1), (A-A), 1), (A A)y (1), (A-A)y (1))
:()‘AL(I)vAAL(l)v)‘AU(l)7

2/0 /\-AL(a)da—i—Q/O /\-AU(a)doz—Z)\~AU(1)—)\-AL(I)>

=X-T(4)

then T'(A- A) € T'1. A+ Ais in case (i7) of Theorem 3.2 if and only if A is in
case (i) of Theorem 3.2.

For A € T's we obtain that A\- A € 'y, so A-Aisin case (i) of Theorem
3.2 if and only if A is in case (i) of Theorem 3.2.

Similarly it can be shown that A - A is in case (iii) of Theorem 3.2 if
and only if A is in case (ii7) of Theorem 3.2.

(iii) By the construction of the operator under study.
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(iv) If A = (a1,a9,a3,a4), Ag = [a1 + a(az —ay),a4 —a(ag — a3)],
then

/1 [(2 — 6a) Ay (O() + (60( - 10) Ap (Oé)] da+TAp (1) + Ay (1)

=4(ag—a1) >0
and

1
/0 (2 — 6a) Ay (@) + (6a — 10) Ay ()] da + Ay (1) + TAy (1)

:4(ag—a4)§0

50 (3.15) and (3.16) are verified and the case (iii) of Theorem 3.2 is applicable
to A. We obtain that

b= [ ot o) (02 (o0

_i (ag — (ag — a3)) + %/0 (5(a1 + a(az —a1)) — (ag — a(ag — a3))) da
St (- aw) =a,
tz = AL (].) = ag;tg = AU (1) = as
and .
ty = g/o a((ar +alaz —a1)) — (a4 — a(ag — a3))) do
1
2 (a1~ (a1 — a3)) - %/O (a1 + a(as — a1)) = 5 (as — @ (ag — az))) da
—i (a1 + (a2 — a1)) = aa,
soT(A)=AVAc FT(R). O

Remark 4.2. Let A be a trapezoidal fuzzy number, the trapezoidal ap-
proximation preserving the core and the expected value does not preserve
the ambiguity and the value of a fuzzy number: Amb(A) # Amb(T(A)),
Val(A) # Val(T(A)), for any A € F (R).

Example 4.3. Let A be a fuzzy number A = (0,1,2,3),, AL (o) = Va,
Ay (o) = 3 — y/a . The trapezoidal approximation which preserves the ex-
pected value and core is T (4) = (%7 1,2, %) .The ambiguity of the fuzzy
number A is: Amb (A) = % and the ambiguity of the trapezoidal approxi-
mation is: Amb (T (A)) = 1L so Amb(A) # Amb(T(A)).

15°

Example 4.4. For a fuzzy number A = [\/a + 1,30 — 27,/a] the value of the
fuzzy number is Val(A) = %, the trapezoidal approximation which preserves
the expected value and the core is T (A) = (12,2,3,322) so it’s value is:

Vel (T (4) = % then Val(4) £ Val(T(4).
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The following example studies the continuity of the trapezoidal operator
which preserves the core and the expected value.

Example 4.5. The trapezoidal operator introduced by Theorem 3.2 is not
continuous, with respect to the distance D. Indeed, if A € F(R),A, €
F(R),n € N such that Ay (o) = Vo, Ay (o) = 3 — a and (4,);, =
Va+a®, (An)y = 3 —ya,a € [0,1], then the trapezoidal fuzzy numbers
which preserve the expected value and the core of A and A,, are:

T4 = (51277

n + 9n? — 52 27
T(A,) = (- 22,25} nen
(4n) ( 20(n+2)(n+1) 10) "e

and

lim D (T (A,), T (A)) = V39

n—oo 12

1
1. D A A == 1' =
AP U ) = i\ o1 =0

so lim D (T (A,),T(A) = ¥32 £0= lim D(A,,A).

n—oo

and

5. Conclusion

In the present paper a new trapezoidal approximation of a fuzzy number
was added to trapezoidal approximations already introduced in [1], [2], [7],
[8], [14]. It has multiple advantages: can be easy calculated, has some im-
portant properties: scale invariance, identity, translation invariance, nearness
criterion.
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