Stud. Univ. Babeg-Bolyai Math.
Volume LVI, Number 1
March 2011, pp. 75-80

Vanishing viscosity method for quasilinear
variational inequalities

Tlinde Zsuzsanna Szasz

Abstract. In this paper we first define the notion of viscosity solution
for the following partial differential quasilinear variational inequalities
involving a subdifferential operator:

Ou(t, )
ot
te[0,7],z € R?, where ¢ is the subdifferential operator of the proper
convex lower semicontinuous function ¢ : R* — (—o00,4-00]. We prove
the existence of a viscosity solution u : @ — R"™, where O an open set

in [0,7] x R™.
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+ F(t,z,u(t,z)) - Du(t,z) + f(t,z,u(t,z)) € dp(u(t,z)) in O

1. Introduction

The viscosity solution was first introduced by M.G. Crandall and P.L. Lions
[3] in 1983. These generalized solutions need not be differentiable anywhere,
as the only regularity required in the definition is continuity (for example see
[4]). M.G. Crandall, L.C. Evans, P.L. Lions in [2] give the existence theorem
to use the vanishing viscosity method for the nonlinear scalar partial differen-
tial equation of the form F'(y, u(y), Du(y)) = 0 for y € O, where O is an open
set from R™, F': O x R x R" — R is continuous. The name viscosity comes
from a traditional engineering application where a nonlinear first order PDE
is approximated by quasilinear first order equations which are obtained from
the initial PDE by adding a regularizing eAu, term, which is called a ’vis-
cosity term’, and these approximate equations can be solved by classical or
numerical methods and the limit of their solution hopefully solves the initial
equation.
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L. Maticiuc, E. Pardoux, A. Ragcanu, A. Zalinescu in [6] studied the ex-
istence of a viscosity solution of a system of parabolic variational inequalities
involving a subdifferential operator. The authors use a stochastic approach
in order to prove the existence result (see in [6] pg.6).

The aim of this paper is to give an existence for a viscosity solution
u: O — R", where O is an open set in [0, T] x R¢, by the classical vanishing
viscosity method for the following partial differential quasilinear variational
inequalities involving a subdifferential operator:

Ou(t
Q) | P2t ) Dult, ) + (2, u(t,2)) € dg(u(t,x) in O
(1.1)
t € [0,T],2 € RY, where dp is the subdifferential operator of the proper
convex lower semicontinuous function ¢ : R? — (—o00,+o0]. This method

can be used just in the quasilinear case .

2. Main results

Throughout this paper O is an open set in [0, 7] x R, where T is a positive
number.
We make the following assumptions:

(A.1) the functions
F:[0,T] xR xR® = R? f:[0,T] x RYx R — R"
are continuous.
(A.2) The functions ¢ : R? — (—o0,+00] is proper (i.e. ¢ # +00), convex,
lower semicontinuous.
We recall that the subdifferential Oy is defined by
do(u) = {u* € R": (u*,v —u) < p(v) —p(u),Yv € R"}.
It is a common practice to regard sometimes Jp as a subset of R™ x R" by
writing (u, u*) € dp(u) instead of u* € dp(u).
We denote by
Dom(p) = {u € R": p(u) < o0}
Dom(9¢) = {u € R" : dp(u) # 0}
We recall some definitions and results which will be used in the following

(see [1] for more details).

Theorem 2.1. Let ¢ : R? — (—o00,+00] be a convex function. Then, for all
u € Dom(yp) and z € R™, there exist

90;(“5 z) := lim plu+t2) — p(u) = sup p(u+tz) —p(u)
t,0 t oh ;

<p/+(u; z) := lim p(u+tz) — p(u) _ it o(u+tz) — gp(u)-
t\.0 t 20 ;
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Moreover, the following hold:

(a) ¢_(u;2) < <p/+(u; z), Yu € Dom(yp) and z € R™,

) @ (u;—2) = —gpl_s_(u; 2), Yu € Dom(p) and z € R™,
(c) o (u,-) is superlinear and <pl+(u, z) is sublinear,

) if u and z are such that there exists § > 0 such that u + tz € Dom(yp),
Vi € (=6, +6), then ¢ (u, z), go;(u, z) € R.

If we take d = 1, then we know that, in every point u € Dom(y),
dp(u) = RN [¢(u), ¢ (w)] (2.2)

where ¢’ (u) and <pl+(u) are respectively, the left and the right derivative of
o at the point u.

The following proposition generalizes the above characterization to the
case of d > 1:

Proposition 2.2. Let ¢ : R? — (—o0,+0oc] be a proper, conver function and
u € Dom(y). The following statements are equivalent:

(i) u* € dp(u);

(ii) (u*,2) > ¢ (u;z),¥z € R

(iii) (u*,z) < <p,+(u; z),Vz € R™.

Let us define, for u € Dom(y) and z € R™,

<p;(u; z) = lim inf <pl_(v;z), © M (usz) = lim sup gog_(v;z)
T eDom oy U eDomay)

For u € R™, let (with the usual convention inf ) = 4+00)

0lo(u) = inf |G (u)].
If w € Dom(9¢p), then there is a unique u* € R™, denoted (0¢)o(u) such that
Dl (u) = [(@)o ().
Let u,v € R The notation u - v denotes the euclidean inner product
(also known as the dot product) on R?. We denote by Du the gradient of u,
and Awu the Laplace operator of u:

ouq Oun,
Oxq et o1
ouq Oun,
81?2 e 81‘2
Du(xy,...,zq) = i i
ouq Oun,
Brd T BZL’d

d 92 d
Au(xla"'axd) = (Au1,Au2,...7Aun) = ( 9 U1 0 un)

727 ce ey 2
purllis = o
We may now define the concept of viscosity solution of (1.1):

Definition 2.3. Let u : O — R"™ be a continuous function. We say the function
w is a viscosity solution of (1.1), if:

u(t,z) € Dom(dy), Y(t,z) € O
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and for all U : [0,T] x R — R continuous function, and z € R",
if u-z — U attains a local mazimum at (to,zo) € O, then

we have
0V (to, x0)
ot
+ f(thxﬂvu(t(be)) cz2 < <p"*(u(t0,xo); Z) (2'3)

+ F(to,zo, u(to, o)) - DY (to, xo) +

Remark 2.4. Observe that the Definition 2.3 is the particular case of the
definition given in ([6]) for the quasilinear case.

The main result is the following:

Theorem 2.5. Let € >0, and F, : [0,T] x R x R* — R, f, : [0,T] x R% x
R™ — R™ be a family of continuous functions such that F.(t,z,p), fe(t,z,p)
converges uniformly on compact subsets of O xR"™ to some function F(t,z,p)
and f(t,x,p), as € tends to 0. Finally, suppose that for all € > 0 u. € C%(O)
s a solution of

Ou(t,x)
T — GAUE(t, .’I})

+F(t,z,uc(t,x)) - Due(t,x) + fe(t,x,uc(t, z)) € Op(uc(t,x)) in O. (2.4)

Then if u. converge uniformly on compact subsets of O to some u €
C(0), we have

w is a viscosity solution of (1.1).

Remark 2.6. By the Proposition 2.2 the inequation (2.4) can be written in
the form

(u,/ . z) (t,z) —eAuc(t,z) - z+ Fc(t,z,uc(t,z))  Duc(t,z) z+

++ fe(t,z,ue(t,x)) -z < ga;(ue(t,x);z) in O, forall zeR" (2.5)
Proof. Let us check (2.3) first for ¥ € C%(0). We assume that Vz € R" ,

u -z — ¥ has a local maximum point at (tg,z¢) € O .
Choose £ € C*°(0), such that

0<¢&< 1, if () # (to,z0), and &(tg,x0) = 1.

Obviously, u-z— (¥ —£) has a strict local minimum point at (o, zg) € O,
and thus for € small enough, u - z — (¥ — £) has a local maximum point at
some (te,z¢) € O, and (te,z.) — (to,x0) as € — 0.

But at the point (¢, x.) = (to, x0), we have

D(ue -z — (¥ — §))(te;xze) =0

(ur, -2) (v = Witewd) = &ltez) (2.6)

(Dgue - 2) (te,e) = DV (te,xe) — Di&(te, ze) (2.7)
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By taking (2.6) and (2.7) in (2.4) we have
Uy(te, ) — & lte,we) — eAuclte,ae) - 2
HFc(te, Te, ue(te, we)) - (DeV(te, we) — Da&(te, we))
+fe(te, T, ue(te,xe)) -2 < @;(ue(te,xe);z) in O, forall zeR" (2.8)
Since, as € — 0
ue(tmxe) - u(t07$0)7
D (ue-z)(te,xe) =D (U — &) (te,xe) = D (¥ — &) (toxo) = DY (toxo)
€AU(te, Ze) - 2 < eA (T — &) (te,xe) — 0
and F, f are continuous functions, ¢ is lower semicontinuous, we have
0¥ (to, o)
ot
+ f(to, o, ulto, o)) - 2 < " (ulto, 20); 2) (2.9)
However, we have to show this for test functions from C*(0O). Let ¥ €
C1(0), and assume that Vz € R" , u -z — ¥ has a local maximum point at
(to,l‘o) €0.
We have to show that
9 (to, xo)
ot

-+ F(to,l’mu(to,l'o)) . D\I/(to, $0)+

+ F(to,wo,u(to, o)) - DY (to,z0) + f(to,z0,u(to,z0)) - 2

< " (ulto, x9); 2)
Let ¥,, € C1(O) such that ¥,, — ¥ in C*(O) and, as before, choose
& € C*°(0) such that

0< g < 1a if (t,JC) 7é (tO,CUO), and g(thxO) =1

For n large enough, u. - z — (¥,, — &) has a local maximum point at
some (tn,2,) € O, and (tn,z,) — (to, o) as n — oo.
It follows
(Du - 2) (tn,xn) = DU, (tn, xn) — DE(tn,xn) (2.10)

Then as shown above, for each n we have

OV (tn,xn)  O&(tn,xn)
ot ot

+f(tn, zn, ultn,x,)) -2 < gpl_i_(u(tn,xn);z) in O, forall zeR" (2.11)

Since, as n — o

+ F(tnvxnau(tn,wn))'(Dm\Pn(tnaxn) - Dmg(tnvxn))

u(ty, z,) — u(to,zo),
D (u-2) (tn,zn) = D (¥y — &) (tn,zn) = D (¥ — &) (tozo) = D¥(toxo)
and F, f are continuous functions, ¢ lower semicontinuous, we have
oV (tg,x
% + F(to, zo,u(to, o)) - D¥(to, z0) + f(to, o, ulto, o)) 2
< @ (u(to, 20); 2)
Therefore u is a viscosity solution of (1.1). O
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