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Asymptotic behavior of the solution of
nonlinear parametric variational inequalities
in notched beams

[uliana Marchis

Abstract. In this article we study the asymptotic behavior of the solu-
tion U of a parametric variational inequality governed by a nonlinear
differential operator posed in a notched beam (i.e. a thin cylinder with
small part of it having a diameter much smaller than the rest) which
depends on three positive parameters: €, r., and t.
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1. Introduction

The aim of the paper is to study the asymptotic behavior of the solution of
nonlinear variational inequalities in a notched beam (i.e. a thin cylinder with
small part of it having a diameter much smaller than the rest). Mathemati-
cally, this notched beam is given by

Qe={(z1,2') eR®: 1 < 2y < 1,|2/| < € if |21| > te, |2!| < ere if |21| <t}
(1.1)
where €, 7., and t. are positive parameters.

Previous work on domains of this type was done by Hale & Vegas [6],
Jimbo [7, 8], Cabib, Freddi, Morassi, & Percivale [2], Rubinstein, Schatzman
& Sternberg [12], and Casado-Diaz, Luna-Laynez & Murat [3, 4], Kohn &
Slastikov [9].

The most recent results are of Casado-Diaz, Luna-Laynez & Murat [4].
They studied the asymptotic behavior of the solution of a diffusion equation
in the notched beam €2, and obtained at the limit a one-dimensional model.
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In the present article the geometrical setting is the same as in [4], but
we consider nonlinear variational inequalities instead of linear variational
equalities.

The paper is organized as follows. In Section 2 the geometrical setting
is described, the studied problem is given, and the assumptions for our re-
sults are formulated. In Section 3 the asymptotic behavior of the solution is
studied. The main results are Theorem 3.6 and Theorem 3.7.

2. Setting the problem

Let € > 0 be a parameter, 7. (r. > 0) and t. (tc > 0) be two sequences of real
numbers, with
re — 0, te — 0, when e — 0.

We assume that

le .

= = i—>1/, with 0 < pu <400, 0<v <400, whene— 0.

T2 Te
Let S € R? be a bounded domain such that 0 € S, which is sufficiently
smooth to apply the Poincaré-Wirtinger inequality.

Define the following subsets of R?:
Qo = (=1, —t) x (69), Q0= [t t] x (ereS), QF = (t,1) x (€9),
Q=0 uQUQf, and Q. =Q7 UQT.

. is a notched beam, the main part of the beam is ! and the notched part

Q0. The plane section of this domain is presented in Figure 1. A point of Q€
is denoted by = = (z1,2") = (21,22, z3).

FIGURE 1. The plane section of the notched beam 2.

Denote by
I'7 ={-1} x (eS) and '} = {1} x (eS)
the two bases of the beam, and let
r.=r_urt

be the union of the two bases.
Denote
V.={VeHQ), V=0onT.}.
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We consider the following problem:
find U, € M, such that, for all V, € M.,

J

+/ [Gsvv(‘/e*Ue)] d$+/ Ge(zaUEa‘/e*Ue) Zoa
Q Qe

€

(4.0, (z,U., B.VU,),V(V. — U.)] dz + / U (z,Ue, VU (V. — U)dz
Qe
(2.1)

€

with A, B, @, V., G, and O, given functions, M. a closed, convex,
nonempty subset of V..

This problem has applications in Physics. Bruno [1] observed that when
a ferromagnet has a thin neck, this will be preferred location for the domain
wall. He also notice that if the geometry of the neck varies rapidly enough,
it can influence and even dominate the structure of the wall.

We impose the following assumptions:

(B1) The matrix A, has the following form

Aw) = xmp @ (20,2 ) xop()a” (2,2

€
where A, A% € L>=((—1,1) x §)3*3.

(B2) The matrix B, has the following form

z’ 2
Be(z) = xo1 (z) B = B —,—
(ZL‘) XQe (.1') (xla E ) +Xﬂg(x) (te ’ 67"5) y
where B!, B® € L*°((—1,1) x §)3*3.

(B3) The functions @, : Q. x R x R® - R3 and ¥, : Q. x R x R® = R
are Carathédory mappings having the following form

1 ! 1 !
(be(xvnaf):XQi(x)q)e 3017?,77’3 xla? 5
oz 2 po (T2 L,
+XQ?(‘T)¢6 (te ) 6T67n7B (te ) 67"66) 5) )
x! 2
\115(1'77735) = XQ% (x)\:[ji <.’£1, 67”;5) + XQQ(x)\IJS <17 6’/“’77’€> 5
for a.e. x € Q,, for all n € R, and ¢ € R3;
for all U, € HY(Q,), ®L(-,U.(-), BL()VU.()),8(-, U.(-), B
L2((_17 1) X S>3; \I’i('»UE(')7VUE('))7\IJS('7U6(')7VUe('>) € 2((_ 71)

(B4) Coercivity conditions
There exist C1,Co > 0 and k; € L>(£,) such that for all £ € R3, n € R

[Ac(2)@c (2, m, Be(2)€), |+ Ve (w,m,€)n = C1{[&]]*+Caln|® ki (z) ae. z € Q,

for some 1 < ¢ < 2, for each € > 0.
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(B5) Growth conditions
There exist C' > 0 and o € L>°(Q,) such that for all £ € R®, n € R

[Ac(2)@e(z,m, )| < CllEl+ Clnl + alz)  ae z e, (2.3)

for each € > 0.
There exist C > 0 and 3 € L>(£,) such that for all ¢ € R?, n € R

We(z,n,8)| < Cligll + Clnl + B(z)  ae. z €, (2.4)
for each € > 0.
(B6) Monotonicity condition For all £,7 € R", n € R,
[Aﬁ(x)¢6(xan736(x)£) - Aﬁ(x)¢6(x7an€(x)T)7§ - T] 2 0; a.e xre Qev

for each € > 0.

(B7) The function G. € L?((—1,1) x S)? has the following form

Ge(z) = xar (v (xh i) + xqo (@ (27 j;) a.e. x € e,
where G}, G? € L*((—1,1) x
(B8) There exists C' > 0 such that
612/9 |G (@) dz < C, (2.5)

for each € > 0.

(B9) O, : Qe xRx R — R, O.(z,-,-) is upper semi-continuous for
almost all x € Q; O.(+,y, z) is measurable for all y, z € R; O is sublinear in
its second variable, for each e.

(B10) There exists g1, g2 € L>(¢) nonnegative functions such that

©c(z,y,2)| < g1(2) + g2(x) 2] (2.6)
for almost all x € €, for all z € R, for each € > 0.

Remark 2.1. From Theorem 3.4 in [10] it follows that, for all € > 0, the
variational inequality (2.1) has at least one solution.

3. Asymptotic behavior of the solution
To study the asymptotic behavior we use the change of variables y = y.(x)
given by
/ xl
Y1=21 Y = " (3.1)

which transforms the beam (except the notch) in a cylinder of fixed diameter.
This change of variable is classical in the study of asymptotic behavior of
variational equalities in thin cylinders or beams (see [5], [11], [13]). We denote
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by V.7, Y2, Y5, Y., and Y! the images of Q_, Q% QF, Q., and Q! by the
change of variables y = y.(x), i.e.
YT = (-1t x S, ¥ = [~te,t x (reS), Y = (te,1) x S,
Y.=Y uYluYr' Y!=Y uYr.
Denote by Y=, Y, and Y the "limits”of Y., Y.©, and Y, i.e.
Y~ =(-1,0)xS, Yt =(0,1)xS, Y=y -uYy"t.
Note that Y! is contained in its limit Y!.

€

The two bases of the beam I', and ' are transformed to A~ and AT,
respectively, where

A~ ={-1} xS and AT ={1} x S.

I'. transforms to A = A~ U AT, which doesn’t depend on e.
Let U, € M. be the solution of the variational inequality (2.1). Define
ue € K¢ by
uc(y) = Ucly: ' (y)) ae yeYe, (3:2)
K. being the image of M.. K. is a closed, convex, nonempty cone in D, with
D.={ve H (Y,)|v=0o0n A}. We need the following two assumptions

(B11) There exists a nonempty, convex cone K in H'(Y!) such that
(i) KNH'((=1,00U(0,1)) # 0
(i) € — 0, ue, € K,, u € HY((—=1,0)U(0,1)), ue, — u (weakly)
in H'(Y")
imply u € K.
(B12) There exists a nonempty, convex cone L in L?((—1,1); H'(S))

such that ¢; — 0, w,, € K.,, w € L*((—1,1); H(S)), we, — w (weakly) in
L?((—1,1); H'(S)) imply w € L.

By change of variables y = y.(x) the operator V transforms to
0- 10 10
AVARES <, - > (3.3)
dy1’ € Dy’ € Oy3

Using the change of variables y = y.(z), given by (3.1), the inequality
(2.1) transforms to

y [A. De(y- (), ue (W), Be(yZ (1)) Veue(y)), V(ve(y) — ue(y))] dy
4 /Y U (57 (), e (), Vorue (9)) (0 (9) — e (9)) dy (3.4)
+ /Y | 1),V (vely) — ue(w))] dy

+ [ 0 0w vey) ~ ) dy =0

for all v. € K., where v.(y) = Vo(y-*(y)) a.e.y €Y.
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Lemma 3.1. Assume that (B4) holds, U, € M., and ue € K, is given by (3.2).
Then there exist C1,Cs > 0 and C3 € R such that

/ [Ac(y W)@y (), ue(y), Be(y (1)) Veue(y)), Veue(y)] dy

€

4 / W (57 (), e (), Vouue () te (3) dy (3.5)
Y.

€

> Cil|Veuel|Za(y,) — Calluel o,y — Cs

Proof. Putting n = U(x) and § = VU (z) in coercivity condition (2.2),
integrating on {2, we get

/Q (A (), (2, Un(z), Bo(2) VUL(2)), VU, ()] dx

+/ U (z,Uc(z), VUc(2))U(z) da
Q

€

> 0 / IVU(2)]? dz — Cs / Ue(@)| da — 92]][E |-
Q. Qe

Multiplying by 6% and using the change of variables y = y.(x), given by (3.1),
we obtain

/Y [Ac (- () Py (1), ue(y), Be(ys ' (1)) Veue(y)), Veue(y)] dy

+ / W (57 (), we(y), Vue(y) ue(y) dy
Y.

€

e /Y IVeuo ()2 dy — Cs /Y e (4)[ dy — T
> C1IVeucl 2y — Callte ey — i,

as q1 < 2. (I

Lemma 3.2. Assume that (B5) holds and let v, € K., (ve)e bounded in H'(Yy).
Then the following properties hold
a) There exist ki, ko, and ks constants such that

/[Ae(ye‘l(y))‘be(ye‘l(y),ue(y%Be(yZl(y))VEue(y))aVeve(y)] dy (3.6)

< kil Vuell 2 vy + kalluel L2 (v, + ka-

b) There exists kq, ks, and kg such that

/ ey (1), ue(y), Voue(y))ve(y) dy < kallVouel|L2(v,) + kslluel 2y, + Fe-
Ye
(3.7)
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Proof. a) Applying the Cauchy-Schwarz inequality and then the growth con-
dition (2.3) for x = y-!(y) we get

/Y (A )Py (4), wew), By ) Vue()), Veue(y)] dy
S/Y Ay ()P (u (1), ue (), Be(y (1)) Vue )| Vve ()] dy

S/ (ClIV ) + Cluem)l + @y ())) [Veve(y)] dy

€

(by Cauchy-Schwarz inequality)
< (ClIVeuellrzvey + Clluellzz vy + @) [Vvell 2vy,

as (ve), is bounded.
b) Using the growth condition (2.4) for z = y_!(y) and the Cauchy-
Schwarz inequality, we get

/Y U, (57 (), we(y), Vue(y))ve(y) dy

S/ (ClIVuc)ll + Clue(y)l + By ))) lve(y)] dy

€

< (ClIVuellray.y + Clluellzy.y + B) llvell 2y,
as (ve)e is bounded. O

Lemma 3.3. If assumption (B10) is satisfied, U, V. € M., u. and ve are given
by (3.2), then there exist g1,g2 € R such that

/ Oc(ue(y),ve(y) — ue(y)) dy < g1 + gallve — uellL2(v,)-
Ye

Proof. Putting y = Uc(z) and z = V (x) — Uc(x) in (2.6), multiplying by E%,
then integrating over 2., we obtain

Elz/ﬂgee(Ue(x),Ve(x) —Uc(w)) dz < ;/@F@E(Ue(ag),v;(x) — Uc(x))| dz

<3 [ 0@+ R@IV@) - Ula)) dr

o] 1
St [ IVile) - Uula) do,
€ € Q.

<q

where g1 = ||g1]|cc and Go = ||g2||co- Using the change of variable y., the
result follows. O

Lemma 3.4. Let U, € M, be the solution of the variational inequality (2.1)
and u, € K, defined by
ue(y) = Uely: () ae yeYe

If assumptions (B1)-(B10) are verified then the following statements hold
2) (ue)e is bounded in H(Y,);
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1) (%‘352)6 and (%gZS)e are bounded in L*(Y,);
3) (0c)e is bounded in L*(Y,)3, where
oe(y) = Ac(ye ' W))Pe(ye (1), ue(y), Be(ys ' (¥)Veue(y)) ae. yeYe.

Proof. Suppose that (v.). is bounded in H!(Y,). From coercivity condition
(B4) by Lemma 3.1, then inequality (3.4), we obtain

ClVouclZeyy = Calluel Zagy,) — Cs

< / [Ac(y ' W)@y (), ue(y), By (1)) Vue(y)), Veue(y)] dy

€

+ / ey (), e (9), Voo () ue(y) dy
Y.

€

4 / Gy~ (1)), Vve(y) — Veue(y)] dy
Y.

4 / 0. (= (1), e (1), ve(y) — uey)) dy <
Y.

(using Lemma 3.2 for the first two terms, the Cauchy-Schwarz inequality and
then assumption (2.5) for the third term, assumption (2.6) for the fourth
term)

< killVeuellz2 (v + kalluell2(v.)
+ C'Hve'u6 — V€u€||L2(yE) + Cll ||U6 - u6||L2(Y€) +k
< al|Vuel g2 v,y + co,

using the Poincaré inequality , where ¢; and ¢y are constants. On the other
hand

CLlIV U3y — Collucl 2y, — C
> &3l VouclBay,) — el Vuel| g — s,
by the Poincaré inequality , where c3, ¢4, and c5 are constants. Thus
C3HV€U6H%2(YE) S cleeueHLz(Ye) + C4||V6u€||qu2(Y5) + Cg,

where cg is a constant, ¢1 < 2, and c3 > 0.
It follows that, for € < 1, ||[Vuc||12(y,) is bounded.

Then (%%) and (%gzg) are bounded in L?(Y,). Using

IVuellL2 vy < IVuellL2 vy,
we get that (uc)e is bounded in H(Y,), so 2) is true.
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To prove 3), we take the square of the first inequality of (B5) and we
obtain

[Ac(2)@e (2, Ue(x), Be(2)VU(2)|* < C|VU(2)||* + C|Ue(2)[* + |au(z)]?

for a.e. € Q.
Multiplying by 6% and integrating on €. we get

%/ [Ac(2)®e (2, Ue(x), Be(2)VU(2))[|* dz
€ Q.

c 2 c 2 1 2
62/9 IVU(2)]| da:JrEQ/Qe |Ue ()] d:z:+€2/96 la]® dx

Q

e|d
e

IN

IA

C C

S L ivv@p a5 [ P a
€ Q. € Q.

where @ is a constant. Using the change of variables y = y.(x), we get

/Y Ay ()2 (0 @), (). Bely () Voue )| dy

<¢ [ IV ul® dy+C [ fulw)l dy+a.
YE Y€
which can be written as

[Ac(ye () Pe(ye () ey Be(ye () Veu) |72y,
< ClIVuelZey + Clue@Wlzz,) +a < C,

as || Vucl|z2(y,) and |lucl|z2(y,) are bounded. It follows that (o) is bounded
in L2(Y,). O

Corollary 3.5. Let U. € M, be the solution of the inequality (2.1) and u. € K,

given by (3.2). If assumptions (B1) - (B10) are verified then the sequence U,
satisfies

1
U. € M., —/ VU, |*dz < C. (3.8)
2] Ja,

Proof. By Lemma 3.4 we get that (Vu.). is bounded in L?(Y;), i.e. there
exists C' > 0 such that

[ 17wl ay < c.
Ye
Using the change of variables x = y-1(y), we get
1
5 [ V@) <c,
€ Q.

from where the statement of the corollary follows, as

Q] = 27|SPE( — te + ter?).
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Theorem 3.6. Let U, be the solution of the variational inequality (2.1) and
ue € K, defined by

ue(y) = Ue(y:'(y)) aeyeYe

If assumptions (B1)-(B12) are verified, then there exist three functions u, w,
and o* with

uwe HY((-1,00)U(0,1))NK, u(-1)=u(l)=0,
weL, o'elL?Y)3

such that up to extraction of a subsequence

Xyile = u in LA(Y'h); (3.9)
Ou Ju
-~ — in L*Y7);
XYe ayl 5;1/1 ( )
Oue |, Ou 2y,

. gu

XY‘ 8y1 8y1
1

Xy =Vyu. = Vyw in L*(Yh?
‘€

and
Xvioe =o' in L*(Y')?.

Proof. From Lemma 3.4 it follows that there exist three functions u €
HY((-1,0) U (0,1)), w € L3((—1,1); H(S)), and o' € L%*(Y')3, which
satisfy the statement of the lemma. From assumption (B11l) we get that
u € HY((-=1,0)U(0,1)) N K, and from (B12) we obtain that w € L. O

Theorem 3.7. Let U, be the solution of the variational inequality (2.1) and
u € HY((-=1,0)U(0,1))NK given in Theorem 3.6. If assumptions (B1)-(B11)
are verified, then there exists a subsequence of solutions U, also denoted by
U, such that

. 1

lim

lim |QE|/Q€|U€(m)—u(x1)| dz =0, (3.10)

Proof. Let u. € K, given by (3.2). From Theorem 3.6 follows that there exists
u with

uwe HY((-1,0)U(0,1))NK, u(-1)=u(1) =0,
such that up to extraction of a subsequence
Xyile —u in LA(Yh),
which is equivalent with

/ lue(y) — U(y1)\2 dy = 0.

Ye

Using the change of variables z = y_1(y), we get (3.10). O
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