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WEIGHTED CONVERGENCE OF SOME POSITIVE LINEAR
OPERATORS ON THE REAL SEMIAXIS

LUISA FERMO

Abstract. Some Shepard and Griinwald type operators are introduced on
the semiaxis and their convergence, in suitable weighted spaces equipped
with the uniform norm, is investigated.

1. Introduction

The purpose of this paper is the approximation of functions defined on (0, co)
by means of some positive linear operators based on the zeros of Laguerre polynomials.
We will examine functions continuous on (0,00), having singularities at the origin
and increasing exponentially for x — +o00. In definitive functions belonging to the
weighted space Lj’uow, wy(z) = 2%e™*, v > 0 equipped with the uniform norm (see
(2.4)) will be considered.

First we will examine the Shepard operator defined as

m

> (@ = @k) 2 f ()
Sm(fax):k:1 3 xk:71+ﬁ

(l’—xk)72

NIE

k

1

and introduced by D. Shepard in [20]. It has been widely used in approximation
theory and is simple to implement in applications like interpolation of scattered data,
curves and surfaces, fluid dynamics etc. (see, for instance, [2], [1] and references
therein). For this reason, it has been several papers (see, for instance, [19], [4], [§],
[6], [7], [15]) investigating on S, on the equidistant knots and on the zeros of Jacobi

polynomials.
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In this paper we consider the following

(z — ) f(an)

Z(m — )2

k=1

M-

ol
Il

S (f,x) = (1.1)

where f € L;jfw, 1 < Ty < ... < Xy, are the zeros of the Laguerre polynomial p, (we)
with we(z) = %%, a > —1 and

P = > .
xj 1?1133 {z), : z, > 2m}. (1.2)

Then, in Theorem 3.1, the convergence of S(a)( f) to f is showed and an estimate of
the error | f(z) —Sy(,? (f, )| in the norm of the space L} is given. Moreover, Theorem
3.2 proves that this error does not improve for smoother functions.
We will also consider the following Hermann-Vertési type operator
J J -1
VID(fx) = bml(2) Yl (x Om(x) = [Z li(x)] ) (1.3)
k=1 k=1

where j is defined in (1.2), xp are the Laguerre zeros and [ are the fundamental
Lagrange polynomials based on the zeros of p,,(ws). This operator, introduced in
a more general form by T. Hermann and P. Vértesi in [11], was investigated in the
case when z € (—1,1) (see, for instance, [11], [4]). Here we examine V) at the
Laguerre zeros and in Theorem 3.3 we will show that, V,(JLX ) has a behavior similar to
the Shepard operator.

Finally we will examine the Griinwald operator (see (3.11))
G ( S
Gnta(fhe) = 3 T
k=1

where j is defined in (1.2) and [y (z) = lx(z) A™=2 Vk = 1,...,j are the fundamental

dm—xp

Lagrange polynomials based on m + 1 points. The Griinwald operator was firstly
introduced by G. Griinwald in [10] and was investigated by several authors in the
case when zj are the zeros of polynomials which are orthonormal with respect to
Jacobi weights or some Freud-type weights (see, for instance, [10], [22]). In this

paper, the Griinwald operator G;Eil( f) based on the Laguerre zeros is considered

and in Theorem 3.4 the convergence of G:,Ej:l( f) to fin L3 is showed and an error
estimate is given.
The paper is structured as follows. In Section 2 some basic facts are given.

In Section 3 the main results are presented. Then in Subsection 3.1 the Shepard
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operator S,g,? ) is considered, in Subsection 3.2 the Hermann-Vertési operator V,g,? ) is
examined and in Subsection 3.3 the Griinwald operator Gf,gi)l is investigated . In
Section 4 the proofs of the main results conclude the paper.

2. Basic facts

First we give some notations and preliminary results. In the following we
will denote by C a positive constant which may assume different values in different
formulae and we shall write C # C(a,b, ...) to indicate that C is independent of the
parameters a,b,.... Moreover if A and B are two positive quantities depending on
some parameters, we will write A ~ B if and only if (A/B)*!' < C, where C is a
positive constant independent of the above parameters.

Now let wy(z) = %%, > 0, @ > —1 a Laguerre weight and let {p,,(wa)}

the sequence of orthonormal Laguerre polynomials defined as
Pm(Wa, @) = Ym@™ + ..y Ym >0,

/ pm(’wa»w)pn(wazx)wa(x)dx = 6m,n-
0

If we denote by zx = Zy, x(ws) the zeros of p,,(wq), m > 1 then we have
(see, for instance, [23], [9], [12]),

C k2
—<x1<...<mm=4m+20¢+2—0(4m)%, Tp ~ — (2.1)
m m
and Vk=1,2,...m—1
T
Al’k = T4l — Tk 47, Al’k ~ A:EkJrl (22)
m — T

where C and the constants involved in ~ are independent of m and k.

Moreover, denoted by x4 a node closest to x, and by

r; = min {z: T > 2m
J 1§k§m{ }’7

it results that if 0 <z < 4dm, k #{d,d+ 1}, k=1,...5, d < m and = # xy, (see, for
instance, [16, Lemma 5]) then
|x —zk| > (|d — k| + 1) min (Azg, Azy) > C(|d — k| + 1)Axy, (2.3)
where C # C(m, k).
Setting w, (x) = z7e~*, v > 0 and denoting by C°(B), B C [0,00) the set of

all continuous functions on B, we introduce the space Lg as follows

x—0
r——+00

Ly = {f € C°((0,00)) : lim (fwy)(z)= O} (2.4)
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equipped with the norm
I7ezs, = s e = sup [(f0,) @)
x>0

If v >0, then Lg? denotes the set of all continuous functions on [0, 00) such
that limg—, oo (fwy)(2) = 0. In other words, when v > 0, the functions f € L3}
could take very large values, with algebraic growth, as x approaches zero from the
right, and could have an exponential growth as z — oo.

In order to characterize these type of functions we introduce the following
modulus of smoothness (see, for instance, [5], [13, p. 175])

Wsa(fa t)wa, = Q«p(fv t)wy + irclf H [f - C]w'y||L°°((0,4t2)) + ilclf ||[f - C]w’YHLOO((tLZ’OO)y
where

Qo(fit)w, = sup  sup |f(z+ho(x)) = f(@)lwy(z), @(z) =V
0<h<t m€[4h2’h%]

and we recall the following properties (see, for instance, [13, p. 169], [17], [5])

Qo (f, X 61)w, < (A +1) Qu(f, 01w, (2.5)

Qsﬁ(fa 6)ww S wtp(f7 6)wwa (26)

0(.8) _ Q(f.5)
01 - 0o ’

(51 > 52 (27)
where [A] denotes the integer part of A.

Finally, we define the error of best approximation of f € Ly, by means of

polynomials of degree at most m (P,, € P,,) as
En(Pu, = ot (7 = P
and we recall the following Jackson’s inequality (see, for instance, [17], [5])
1
Epn(flw, <Cwp | f, ) (2.8)

where C # C(m, f).
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3. Main Results
3.1. Shepard-type operator. Let us consider the Shepard-type operator defined
n (1.1)
J
Z (x — zp) "2 f(w)
S (f.w) = P

Z(x—xk)_2

k=1

By the definition, it follows that 87(,?) is a rational linear positive average operator
such that

ST(I(IX)(G()’I) = €o, €0 = 1 (31)
S (fowi) = (@), Vi=1,..,].

By considering Sy(,? ) w, — Ly, we can state the following.
Theorem 3.1. For every f € Lw , we have

[f—Sfr?)(f)]wwlloo<C[j Lo (f—=) +eAmE <f>w7] (3.2)
Z: ( m)w 0

where C # C(m, f) and A # A(m, f).
Note that both members of (3.2) vanish if f is a constant function.
Moreover by Theorem 3.1 it follows that, if f € Z,(w.) with

(f7 t)u,

Zr<w7>={fesz Nz = o -+ sup 2 <oo}, (3.3)

it results

I = S5 (N lloe = (3-4)

@) (1%1> , r=1.

In other words Sy(,? ) converges to f with the same order of the polynomial of best
approximation of functions in Zygmund spaces in (0, +00).

Furthermore we mention that, if in the definition (1.1) of the Shepard operator
we consider the sums until m and not until j, estimate (3.2) is not true (see relation
(4.11)).

The following theorem shows that the error |f(z) — Sﬁ?)(f, x)| does not im-

prove for smoother functions.
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Theorem 3.2. The asymptotic relation

Jm

RIS (@) = F(@)w (@) = (1), m 0

s not valid for every x and for every non-constant function with continue first deriv-

ative.

Finally we underline that, thanks to the interpolatory character of 87(7? )( ),
there exists a subsequence {my} of natural numbers and a nonconstant function f
(see, for instance, [8]) such that

If = S5 (Nl e < €my (3.5)

where {€,, }2°_, is an arbitrary positive fixed sequence.

3.2. Hermann-Vertési type operator. Let us consider the following Hermann-
Vertési type operator

> (@) f ()
V) (f,z) = 2=

J

A

k=1

where as before the index j is defined in (1.2) and Ix(z) := I k(x) = %
are the fundamental Lagrange polynomials based on the zeros of p,, (wq)-

By definition one can easily deduce some properties of Vf,f‘ ) (f). It is a positive
linear operator having degree of exactness 1 i.e. V,(,?)(l,x) = 1 interpolating the
function at the nodes z; Vi = 1,..., 7. Moreover, we underline that, on the contrary
of the Shepard operator introduced in the previous subsection, it is a polynomial
operator.

Next theorem shows that, under suitable conditions on the parameter v of

the weight of the space, Véf‘)(f) converges to f in L3 .
Theorem 3.3. Let f € Ly with

Then

11— V()] 7||OOSC[ZZ~2 (1)
f

where C # C(m, f) and A # A(m, f).
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Thus, by the previous result, we can deduce that VT(,? ) has the same behavior
of the Shepard operator S,gf‘ ), Consequently, if f belongs to the Zygmund space
defined in (3.3), estimate (3.4) still holds true with VT(,?)(f) in place of Sf,?)(f).

Moreover, we mention that, in virtue of the interpolating character of Vy(,? )7
relation (3.5) still satisfied with V,(,?k) in place of Sf,?k)(f)

3.3. Grinwald operator. In 1942 in [10] G. Griinwald introduced the following
operator

Gu(f,2) =Y () f ()
k=1

where f is a continuous function in (—1,1), xj are the zeros of Jacobi polynomials
and [ are the fundamental Lagrange polynomials based on the nodes xy.

In 1999 in [22] V. E. S. Szabé investigated on G, (f) in the case when z, are
the roots of orthogonal polynomials with respect to any weight w belonging to the
class of Freud weights W defined in [3]. Thus he proved that if f € C,,2 with

Cyz = {f : f is continuous on R | ‘xllimoo(wa)(x) = 0} ,
then
i ([[f  Gon(£)]0?]oc =0
and this is the only case in which we can have an homogeneous error estimate in R
for the Griinwald operator. Indeed, if we consider more general weights on R (see, for

instance [21]) then it possible to have the following
VI ECun  lim [[f = GonlPlua]lc = 0

with wy # ws.

In this subsection we will introduce a Griinwald operator at the Laguerre
zeros and we will prove that an homogeneous error estimate can be given.

To this end let us consider the zeros of the orthonormal Laguerre polynomial
Pm(Wa), 1 < .. < Ty, and let z,,11 := 4m. We denote by I, the fundamental
Lagrange polynomials based on the zeros z; < 29 < ... < Ty, < Typq1

Idm —x

= ~m = m ’ < ’ .
l(2) == lmr(x) yr— Imp(x), k<m (3.6)
7 7 _ pm(wou (E)
lmg1(%) == Lymy1(x) = o (W0, 4170 (3.7)
and we introduce the Griinwald operator
m—+1 N
Gt (fy2) = 3 R(@)f (). (38)
k=1
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By the definition it easily results

G (,z) =1, G (foe) = flz), Vi=1,..m+1.

Now if

x; = 1?1133 {z) 1 ¢y > 2m},

for any f € C°((0,00)) we introduce the following function

fj(ﬂ?):{ f(l’), T < @y,

0, T > T

and we define the operator
() L
GO (f,2) o= Gy (frm) = D (@) f ().

Next theorem gives an error estimate for G*(a ().

Theorem 3.4. Let f € Ly with

1
max{O,a+2}§’y§a+1.

Then
I (e (Nwylls <C Ej lw / L +M
" T i=1 277\ Vm wy m

where C # C(m, f).

4. Proofs
In order to prove Theorem 3.1 we need the following lemma.

Lemma 4.1. For every f € Lff7 we have

I1F = S (Pl (0 < C iﬁ ()

W~y

where C # C(m, f).
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Proof.  Since Sﬁf)(eo,x) = eg with eg = 1 we can write

[/ (@) = S5 (f, 0w, ()] = [f(@)S (eo, ) — S (f, )], ()]
D (@ —an) (@) = flan)]

k=1
J
Z Xr — a:k
k=1

Now we denote by x4 a node closest to z and assume z4_1 < < g < Tq41, d > 2.

Then since

> :
(x — xp)? (x —2q)?

k=1
we have

Xr — Tq

I[f(m)—Sﬁri")(f,x)]ww(af)lSZ< ) (&) — Flaw)lw ()
k=1

r — X

~ @)= fa sz +Z($I) £(&) = few)lus (2)

N )
= Ay (z) + As(x) + Az(x). (4.2)

In order to estimate A;(zx) it is sufficient to observe that, being 41 < & < z4 and
z € (0,z,], by (2.2) we have

Tg— T < Tqg—Tqg_1 = Axq_ 1<C“fraz (43)

Therefore, setting ¢(y) = \/y and taking into account (2.5) we get

Ay(2) = [f(z + (za — 7)) = f(2)|w,(2)

< sup o osup Sy +he(y)) = [yl (y)
<V vE(4h2,55)

<CcQ, <f, \/E)ww . (4.4)

Now we estimate As(x). Since zp < z < x4, Vk then w,(z) < Cw,(zx) and

d
m—xk<md—mk<xd+1—xk:ZAm§(d—k—|—1)Axd.
i=k
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Thus, by using (4.3),(2.7) and (2.5) we can write

= z—14\" d—k
e —
+ E Q — . 4.
(a: —xk> ? (f’ vm )uw (4:5)
f1<k< [%] since in general it results

i—1
xi—xT:ZAxg>AmT(i—r), Vi>r (4.6)
L=r

we have
(x — k) > (xg-1 — x) = (Tg—1 — x[%]) + (‘T[%] — k)
d d
d d
Therefore
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in virtue of (2.5).
If [4] + 1 < k < d — 2, then by applying (4.6) and by using (2.2) and (2.1) we have

s G (05, < & (i) o (05),

k=[¢]+1 k=[¢]+1
d—2 e d—k
< Q,
= (d—k)2k? ( m )
k= g}+1 Wy
d—2
1 d—k
<c — 0 — 4.9
. e G I I
k=[g]+1 b

Thus by replacing (4.8) and (4.9) in (4.5) we obtain

Ax@sclﬂw(ﬁjmlw > T (ﬂfﬁflwl. (1.10)

k= %]+1

It remains to estimate Ag(z). To this end it is sufficient to note that

wp— 1 < xp— 241 < (k—d)Azy <Ck —d)y /-, k>d (4.11)

m
T — Tqg > (k} — d)A{Ed,

and to proceed as done for As(z). Hence we have

k) Bt (57 ] e

Thus by replacing (4.4), (4.10) and (4.12) in (4.2) we get

J 1 .
I = Sl lemomp <€ Y 59 (£ =)

i=1 v

from which the thesis follows by using (2.6). O
Proof. [Proof of Theorem 3.1] Let ¥ € C*°(R) non decreasing such that
1, ifx>1
V(z) = ’ - 4.13
(@) {07 if 2 <0, (4.13)
and we introduce the function
T —
V() =0 j) 4.14
@) <x4i+1 Ty (41
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where z; = min{xy, : 25 > 2m}. Moreover for any function f € C°((0,00)) we define
fi = (1 =¥;)f. Obviously f; = f in (0,z;] and f; = 0 in [z;11,00). Now since
Sv(vg)(f) = S’r(r?)(fj) we can write

I = S5 (D lloo < NI = filwnlloo + 115 = S5 (f)]wn oo
< C [ o (ayotoon + I = SN0 w01

IS ()| oo (2. 400))
= C[N1+N2+N3] (415)

In order to estimate N; we denote by (Qp; the near best approximant polynomial of
fie ||[f = Qulwslloo < CEM(f)w, with M = $m and we write

N1 <|[[f = Qum]wy|lLos((2;,400)) T 1Qnrwy || Lo (2;,400))
S CEM(f)w, + 1Qrrwy || oo (2, +00))
< CEM(f)wa, + ||QMw’YHL°°([2m,+oo)) (416)

being x; > 2m. Now we recall that (see, for instance, [17]) VP, € P, and ¥§ > 0 it

results

1wy || Lo (1am(146),00)) < Ce™ ™ | Pty [l (4.17)

where C and A are positive constants independent of m and P,,.
Therefore, since for the choice of M, it results 2m = 4M (1 + %), by applying (4.17)
to the last term of (4.16) we have

Ny < C[EM(f)ww + e_AmHQva”oo}
< CIEM(f)w, + € || fylloo) (4.18)

Consequently, by using (2.8) we deduce

m<e [wsa (r) + e—Amnfww] . (4.19)

~
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The term Ns is estimated in Lemma 4.1 and then it remains only to bound N3. Then
let x € (z;,400), by the definition we get

(S5 (f, w)wn ()]

i <m = g:j)Q |(fwy)(zk)] wo (x)

<y

=\ T — g wy (2g)
r— X 2 X v
X ey ) () e
T — Tk Tk
1<z <T 5 T g, STk<T;
41 T+

The first sum tends to zero exponentially. In fact, since in virtue of (2.1) it results
T < (i < i% < ixj, we deduce e~ (@—2x) < e 4% < e—3m being z > x; > 2m. It
remains to estimate the second sum. We first assume z; < x < @z . In virtue of (2.1)
we have (;-)” < C. Moreover, taking into account that sup,(z — zj)2e @) <,

we have

> (;”:;”;)2 (jg)we‘w-“>|<fwv>(xk>|

Pl SRS

1
SCMfwelimey,eh 2 G

’ Tld ) STRST ;

2

1

<Clfwlli=qzoon D GTErIR
(g4 STRST

m

being Tlgjgr > %J > % and by applying (4.6). Hence by estimating the norm
[ fw || Lo ((m o)) as already done for the term Ny with M = 3 we get

3 (I —Jﬂj)z ( z )76—(m—mk)|(fw7)(l‘k)| < Cem || fwy oo

r—x X
<zp<z; k k
+1

T

Finally if = > T3 the sum tends to zero as e=4™, A > 0. Thus we deduce
N3 < Ce™ ™| fw, || vo- (4.20)

Hence by replacing (4.19), (4.1) and (4.20) in (4.15) we obtain
J .
o 1 ¢ —Am
I1F = S5 (s e < C [; o (1 m), e Ifwwlloo] SNTES
Now we consider G(x) = f(x) — C where C is a positive constant. By using (3.1), we

can write
ILf =SS (Pwslloo = G = S (G)]wy | so-
231



LUISA FERMO

Then by applying (4.21) to G we get

I1f = S e < € [Z oo (£-C=) wetm - cmn] .

i=1

Thus being w,, (f -C, ﬁ) <w, (f, \/Zm) and taking the infimum on C at the
w,y w«,

right-hand side we have

j ;

e 1 ¢ —Am

ILf = S5 (Dwnlloe < € [Z W (f, ﬁ) t+e Eo(f)wwl
i=1 W~

and the theorem follows. O

Proof. [Proof of Theorem 3.2] Let f be a function with continue first derivative such

that f'(xz) > 0 and fll/m Mdt < o00. Since by the Taylor formula, we have
flax) — f(2) = (vx — 2) f'(z) + Gular) (4.22)

where G, () is the error, we can write

(x — x) 2[f (2) — f(2)]

Z(gc — )2

k=1

Y (@ —a) RS (@) (@n — @) + Galaw))

k N
Z(a:ka)*2

k=1

M)~

b
Il
—_

S (f,2) — fla) =

=

)

and then in virtue of the linearity of 87(,? )
[SE(f,2) = f(@)ws () = wy () f'(2)S5) (9o, ) + wy (2) S (Go, @) (4.23)

where g, (t) =t — x.
We estimate the last term of (4.23). We denote by x4 a node closest to x and assume
rq_1 < x < x4. By the definition of GG, we have

Ga(zi)] < |z — 2l[f' (@ + (€ —2)) — f'(@)], €€ (zn,2)

and since

§ —al < lan— 2] < Azl —d|+1) < /2 (k= d| +1), y=supay
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we get

|8,S$><Gmx>ww<x>\

CL‘ — .’L‘d
<CZ sup sup  |f'(y + ho(y) — f'(y)[w, ().
|2k — 0<h<EdEl ye(4n2,5%)
Now, being z — x4 < ‘y), we have

|85 (G, 2)ws ()]

C d T — T4

<— sup sup |f'(y + he(y) — /(W) (wy9)(y)
Vm; Th = Tl och< A=l ye(an2, k) !
c < T — T4 k—d+1

< — — - .

Svm kz::;vk—x W(f’ v >ww>

Consequently, by proceeding as in the proof of Theorem 3.1, we found

IN
.| =

C < i
SNG,, x)w, (z -Q (f/,>
S0 £ 2350 (1 75)
TN
1 t2

m

IN

5\‘“ 3

from which in virtue of the assumptions on f’, we can deduce

lim Vm S'NG,, x)w.(z) = 0.

m—oo logm

Then by (4.23) we have
lim vm

m—oo logm

(S (f,2) — f(2)]wy(z) = lim fs@v)(gm, z)w (z) f ().

Now choose x € I := (2m — (2m)'/4,2m]. Tt results

— logm
S (g, x) = 2= >C , Voel
ol
o a)?
from which
Jim ES(0(g,, ) ()f (x) > w, @)f (x) > 0
and the theorem follows. O
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In order to prove Theorem 3.3 we recall that denoting by A, (wa,x) =
> 01 P2 (Wa, )] "' the m-th Christoffel functions, it results (see, for instance, [23]
and [18])

T Am (Wa, Tr)

2(x) =12 0, ) = p2 (W Vk=1,..,m. 4.24
lk(x) lm,k(w ,(E) pm(w ,LL’) (llffl’k)2 ’ y ey ML ( )
and (see, for instance, [9], [12], [18])
x
A (Way 1) ~ W () Ay, ~ we (T4 ﬁ (4.25)

Proof. [Proof of Theorem 3.3] We proceed as in the proof of Theorem 3.1. By estimate
(4.15) with V,(,?) in place of 87(,?) we get

1L = V& s lloe < NS = Sl lloo + 15 = VI ()]t
< C [l ooy oon + I = V() o (0.0,
HIVE (sl (o, 100 |
= C[N1+N2+N3] (426)

The term N; can be estimated by proceeding as in the proof of Theorem 3.1 (see
estimate (4.18)).

Now we consider Ns. Since Véf‘)(f, 1) = 1 we have

1 (@) = Vi (f )y ()] = #=5 -
> k@)
k=1

We denote by z4 a node closest to z and we assume 41 < & < xq < Tgy1, d > 2

z € (0,z;]. Then we write

J 21,
o) = VA5 o )] < 32T IT(0) = Sl )
= 1$() = Fals o)+ 3 ED11(w) = f@i)hus o

< 1£() ~ el o)
2
(5=5) 23ttt w17 - o)

-2k ) Tqg Am(Wa,Zq)

+

M-

o

=1
Zd
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by using (4.24). Moreover, by applying (4.25) we found

[f () — V“’“)(f, )w ()]
<C[l[f(x) = f(za)wy (@)l
. | T — T4 T\ 1= Az,
{Z +}(_96) (2)" 7 2 s ) - S >|]

ClIIf () = f(za)lwy ()] + Si(2) + Sa(2)] - (4.27)

The first term is equal to that considered in (4.4) and it results

+

(@) — Flaaun () < CO (f, (4.28)

1
).
About S, we note that since zp < x for all k, then Az, < Axy and taking into
account that v < a+ 1 we have

cz (x_x ) w (@) £(z) — Fla)]

This sum was already estimated in the proof of Theorem 3.1 (see, estimates (4.5)-
(4.10)) and it results

Si(x) < C Q¢<f,\/1ﬁ) 5 e k (f,d\/j>w L (429)

Wy k= [%+1 v

Now we give a bound for Sy. To this end we apply (2.2) getting

J . 2 Ita— A2 _ 1/2
Sl 3 (EEE) (2T S () s )l flo) - Sl

k=d+1

Now by observing that (4”’7;‘;’“> < C, taking into account that & < 1 being v > at3 s
and by using (4.6) we have

so<c > (L2 ) wy ()| £@) — fl)]

k=d+1

gcz g @l @ Fel

Thus by proceeding as done in Theorem 3.1 for the term As we get

% (1 m), * _Z+ it kmdl%] B
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Then in definitive by applying (4.28), (4.29) and (4.30) in (4.27) we found

I 1 i
N, < c; =% <f, \/m)ww . (4.31)

Finally we consider N3. By using (4.24),(4.25) and taking into account that v < a+1

we get

J g2
o I (x
V(00 =y < 530 wna) D )
r>T; =1 J
J o — 2\ 2
< 5 — % —(z—z;)
N e R (!

and this sum can be estimated as already done for the term N3 in the proof of Theorem
3.1 (see estimate (4.20)). Thus by replacing (4.18), (4.31) and (4.20) in (4.26) and by
applying (2.8) we deduce

J

1 .
11 = Vi) (F)lwn o < € [Z oo (fom) eAmIIfw»ylloo] .

i=1

Now the thesis follows by introducing the function G = f — C where C is a positive
constant and by proceeding as done in Theorem 3.1. (|

In order to prove Theorem 3.4 we need the following Lemma.

Lemma 4.2. Let f € L7 with

1
max{O,a+2} <y<a+l.

Then

(e g} i [
If = GEl 2 (Dws 2= (00,7 < C [ —w (f) 4 e (4.32)
+1 YL ((0,2;]) l:zl 2 [ \/ﬁ y m

~

where C # C(m, f).
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Proof. Since Ggﬂ_l(l,x) = 1 we have

11 = G2l ()l o ((0.051)

(4.33)
m—+1
< sup Y R(@)wy(@)|f5 () — f(wn)|
z€(0,z;]
J m+1
= o O —Janl+ Y Bl @)l f@)
z€(0,z;] =1 k=j+1
= sup {Ai(x)+ Ax(z)}. (4.34)
z€(0,z;]

We denote by x4 a node closest to x by assuming z4_1 < x < x4, d > 2. We have

17
< B2 1(0) ~ flalun () + 3 Bl (2)]0) ~ i)
v k=1
k#£d
< BN (o - a = 2) = f@)lo (o) + Y- Bl @)1 (0) — F(o)
v k=1
kitd

being 1%(x) ;"W(E:;) < C (see, for instance, [14, Lemma 3.2]) and by applying (4.4).
Now, in order to estimate the sum, we recall that (see, for instance, [17])

1P (W 2)y/0a(@)| < ¢ 7 xe(c,4m) (4.35)
f44m—x—|— 2/3 m

and then by relation (4.24) and (4.25) we get that for € (£,4m) the following
inequality holds true

2
i,%(x)w,y(m) <C <4m—x> a3 Az zpwe(Tr)

dm — xy, (x —xk)? VAm —z

(4.36)
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Therefore

d=1 /g N2 LA ran
Yi(x) = I; (4::— xi) V3 G _a:j:k)z im — |f(x) — f(zr)wy (zr)
S Am—a \? T Az T\ IHa—y
:k 1 (4mxk> \/;(xxky (?) |f(z) — f(2r)|wy (z).

T
dm—x Amk

IN

Am—xy

\ /4mxjwd Azg < A%xy < (v — 14)?, being Az < Azy. Therefore

2 —
Now (4m_z) < €, (=) < 1 being v < a+ 1 and

U

r — X

: <x = xd)Z [f (@) = f(zp) lwy (k)

k

that is the sum appeared in (4.5). Then by (4.10) we get

soseln (i) + 5wt (44), |

Now we consider Y5 and we write

. _ ) ) 14+a—y
(47’733> e " |f(z) = f(ar)wy ()
1

j
:Z:.H dm — xy, (x —2)? VAm —zx
J dm —x \*? Tk Axy, x| 2o
-3 (=) o s (2) 1F() — Faon)lwn ().
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¥ > a+ 3, we have by applying (2.3)

J 1

Then since Axy ~ , /4"3”_’““, 447;"_’;”]6 < C, wy(zx) < Cwy(z), ( -

Tk

Do) $€ Y gl @) — s (a),

k=d+1

that is the sum estimated in (4.12). Thus

1 ] 1
Zale) < [Q ()t 2 e

k=d+2

Hence, by the previous estimates, we deduce

J . J
Ay() < 62}2% (f, ﬂ> < 02}2% (f,
Wy i=1

i=1
by using (2.8).
Now we estimate Ay. We write

k—d
Jm

i

vm

),

Ap(2) = I,y (@) (w0 ) (@) + Y R(@)w, (@)If (@)].

k=j+1

The first term tends to zero exponentially. In fact

wy () P2, (W, ) wy (4m)

201 (@) (fo) (@) = \

< Ce™™| fwy |l

being wq”:”(flﬁ) % < C (see, for instance, [14]).

wy (4m) P2, (wa,4m) wy(z)

)

).

~

(fwy)(z)

< 1 being

(4.37)

It remains to estimate the sum. To this end we use relation (4.36). Hence we

have

> B@uws (@)l @)

k=j+1

SR TR S (i (2 N B
= e 4m — xy, Tg (x, — )2\ dm —x

k=j+1

Thus being z < xp, < 4m, v > a + % and Lt < C we have

dm—x —

> R@w,@)|f(@) < > (Mk(

: ~ (4m — x,)?
k=j+1 k=j+1

Tk
T

)7 e~ (@),

)PY e~ (@r—a)
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x

If # < % then the sum tends to zero exponentially since e~ @k=T) < o= < e,

Then now we assume %’“ <z < z; and we write

(dm —xzp)?2 \ z

k=j+1

<C Azy, —(zp—w)

< Cllfwylloo Z + Z me .
JH1I<k<[35] [34]+1<k<m

The second sum tends again to zero exponentially. In fact z < z;, x5 > Tz >

C > ngj being z; ~ % and consequently e~ (#x—%) < ¢~ cgm,
About the first sum we have that it is bounded by
—(zj41—5) wk+1
et / 1< C
m?2 s, —m
rJ+1<$k 57

In definitive
Thus by replacing this estimate and (4.37) in (4.33) we have the assertion. O

Proof. [Proof of Theorem 3.4] Let z;, f;, ¥ and ¥; be as in (3.9), (3.10), (4.13) and
(4.14), respectively. Then being
G (f) = G, (f;) we have

11 = Gal O (Pwylloo < I1F = Filwslloo + 15 = G ()] oo

< C |l fwslln= (e 000 + IIf = G ()]s |l L0,y (4:38)

HIGH Pl (oo |-

The first term is estimated in Theorem 3.1 (see estimate (4.19)) while the second one

is given by (4.32). Therefore we have
j .
1 v [[fwy ]l
I1F ~ G4 (s o < € [2_) e (1 m) A
+ ||G:§i1( Dyl Lo ((2;,+00))

by using (2.8) and (2.6). Consequently we have only to bound the last term. To this
end it is sufficient to observe that G, ., is a bounded operator and G, ,,(f) is a

polynomial of degree 2m. Hence by applying (4.17) we get
|G (s llzoe (o o) < Ce ™[ 10 oo
and the proof is complete. O
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