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SUBCLASSES OF HARMONIC FUNCTIONS BASED
ON GENERALIZED DERIVATIVE OPERATOR

KALIYAPAN VIJAYA AND KALIYAPAN UMA

Abstract. Making use of Salagean and Ruscheweyh derivative operator
we introduced a new class of complex-valued harmonic functions which
are orientation preserving, univalent and starlike functions. We investigate
the coefficient bounds, distortion inequalities, extreme points and inclusion
results for the generalized class of functions.

1. Introduction

A continuous function f = u+ v is a complex-valued harmonic function in a
complex domain € if both v and v are real and harmonic in 2. In any simply connected
domain D C €2 we can write f = h+¢g where h and g are analytic in D. We call h the
analytic part and g the co-analytic part of f. A necessary and sufficient condition for
f to be locally univalent and orientation preserving in D is that |h/(2)| > |¢'(2)| in D
(see [1]).

Denote by H the family of functions
f=h+3 (1.1)
which are harmonic univalent and orientation preserving in the open unit disc U =
{# : |z| < 1} so that f is normalized by f(0) = h(0) = f,(0) —1 = 0. Thus,
for f = h+ g € H, we may express the analytic functions i and ¢ in the forms
o0 &)
h(z) =z+ > anz™ and g(z) = > b,2", (0 < by < 1). Then
n=2 n=1

f) =24 apz"+) bz, |bi] < L. (1.2)
n=2

n=1
We note that the family H of orientation preserving, normalized harmonic
univalent functions reduces to the well known class S of normalized univalent functions
if the co-analytic part of f = h + ¢ is identically zero that is ¢ = 0. Due to Silverman
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[6] we denote H the subclass of H consisting of functions of the form f = h+ g given
by

2)=2z— Zanz" + Z b2, b1l < 1,an,b, > 0. (1.3)
In 1999 Jahangiri [2] introduced a subclass of H called the class of harmonic starlike

functions of order a denoted by Sy («) which consist of functions of the form (1.1)

and satisfying the inequality:

0
- (arg(f(2)) > (14)
Equivalently
/ ()
Re | MR =20 L (1.5)
h(z) +g(2)
where z € U.
Given two functions ¢(z) = z + Z ¢nz" and Y(z) = Z Pp2™ in S
their Hadamard product or convolution is deﬁned by (¢ * ¢¥)(z) = _( ) *(z) =

z+ Z GnPnz™. Using the convolution, Ruscheweyh [5] introduced the derivative
=2
operator
m z = m+n-—1 n
D™ ¢(z) :_(1—z)m—1_z+z< h >¢>nz , (zeU m>-1). (1.6)

Recently in [4] Jahangiri and etal. defined the Ruscheweyh derivative for harmonic

functions, as given below
m+n— m+n— —
D™ =z+ anz" + b 2™, 1.7
e (M Jaa S (M0 e 0

which was initially studied for the class of harmonic starlike functions S () in [4].
Further motivated by the works of Jahangiri et. al. [3] we define a new generalized

derivative operator on harmonic function f = h+ g in H as

D" f(2) = D"h(2) + (-1)¥Di*g(2), m > —1, and k>0 (1.8)
where
Di*h(z) =z + Z n*C(n,m)anz", DY g(z Z n*C(n,m)b
n=2
and
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For 0 < a < 1, we let HR}' (), ) a subclass of H of the form f = h+g given
by (1.2) and satisfying the analytic criteria

o 2(D f(2)) N
t { (L=N)Dp*f(2) + Az(D;ﬂf(z))/} = (1.9)

where 0 < A < 1, DI"f is given by (1.8) and z € U. We also let HR,;, (\,a) =
HR (A, ) NH.
We investigate the coefficient bounds,distortion inequalities, extreme points

and inclusion results for the generalized class ﬁR?(A, @)

The Class HR}' (), «)
In our first theorem, we obtain a sufficient coefficient condition for harmonic
functions in HR}' (A, «v).

Theorem 1.1. Let f = h+7 be given by (1.2). If

anC(n, m)[(n—a—ai(n—1)|a,| + (n+ a —ar(n + 1))|b,]] < 2(1 — a),

(1.10)
where a1 =1 and 0 < a < 1, then f € HRL' (A, ).

Proof.  We first show that if (1.10) holds for the coefficients of f = h+7, the required
condition (1.9) is satisfied. From (1.9) we can write
Re { 2Dy h(2))' — 2(Dg(2)) } -
(1= N(Dy*h(2) + Dig(2)) + Az(Djh(2)) — 2(Dig(2))")

A(z)
Bl = ©

Re

A(2) = 2(Di'h(2))" — 2(Djrg(2))

—z—i—anCnman anC’nm

n=2

and B(z) = (1 = A)(D"h(2) + Di*g(2)) + A(=(Di*h(2)) — 2(Djrg(2))' )

= z—l—anC n,m)(1 — A+ n\)a,z" —i—anC n,m)(1 — X —nA\)b,z

n=2 n=1

Using the fact that Re {w} > a if and only if |1 — o+ w| > |1 + o — w], it suffices to
show that

|A(z) + (1 — @)B(2)| — |A(z) — (1 + a)B(z)| > 0. (1.11)
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Substituting for A(z) and B(z) in (1.11), we get
[A(z) + (1 — @) B(2)| — [A(2) = (1 + @) B(2)|

= 2—a)z+ Z n*C(n,m)[(n+1—a)(1 — X+ nA\)]a,z"

n=2

=Y nFCm,m)n— (1= a)(1 = A+ nA\)b, 2" |

n=1

— | —az+ i n*C(n,m)[n — (1 +a)(1 — X +n\)a,z"

n=2

- i n*C(n,m)[n + (1+a)(1 = A+ nX)]bz" |

n=1

>(2—a)lz| — anC’(n,m)[n + (1 —a)(1 =X+ n\)|ay||z|"

n=2

- anC(n, m)[n— (1 —a)(1 =X —nA\)]|b,]| |2|"

n=1

—alz| — anC(n,m)[n — 14+ )1 = X+nN)]|an| 2"

n=2

- anC(n, m)[n+ (1+a)(1 =X —nA\)]|b,]| |2|"

n=1

[z

|an|

> 2(1 — a)lz| {2 — inkC(n,m

n=1

n+aoa—ai(n+1 e
e e [Ty

mu+”+“‘““n+”wﬂ}'

22(1—@){2—inkC(n,m T

n—a—ailn-—1)
) 1
n=1

The above expression is non negative by (1.10), and so f(z) € HR}' (A, @). O

Corollary 1.2. Let f = h+7g be of the form (1.2) and satisfy the condition (1.10).
Then each D'(z), —1 < i < m, is orientation preserving, harmonic univalent and

starlike of order o in U.
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Proof. Observe that n*C(n,m) is an increasing function of n. Therefore, by (1.10)

for each 7, —1 < i < m, we can write

S ln—a—aXn—Dllan| + Y [0+ o —aX(n+ 1)][by|ht]
n=1 n=1

IN

ZC(n,i)[n—a —aA(n — D]|a,| + Z[n—i—a —aX(n+ 1)]|b,|

n=1 n=1

< anC(n,m)[n— a—aX(n —1]]an| + [n+ a — ar(n + 1)]]by,]

< 2(1-a).

Thus, by (1.10) each D?(z), —1 < i < m, is orientation preserving, harmonic univalent
and starlike of order « in U.

The harmonic function

l1-«a
flz) =2+ Tp2"
nz;n”“C(n m)n —a—aX(n —1)]
1 -« PN
+Z «nkC(n, m)[n—i—a—a)\(n—i—l)]y"(z) (L7)

where Z |xn |+ Z |yr| = 1 shows that the coefficient bound given by (1.10) is sharp.
The fllIlCthnb of the form (1.7) are in HR}' (A, ) because

= nk n,m)n—oa— AN — ’I’Lk n,m)n a — AN
Z( Cn,m)[ An—1)], C(n,m)n + A +1)]bn>

l1—« |n| 11—«
n=1

=1+ |eal + Y lynl = 2.
n=2 n=1

|
Next theorem establishes that such coefficient bounds cannot be improved
further.

Theorem 1.3. Fora; =1 and 0<a <1, f=h+7g€ HRP(\ a) if and only if

Z nkC(n,m){ln —a —aX(n — 1)]jan| + [n +a —aX(n+1)]b,|} < 2(1—a). (1.8)
n=1
Proof.  Since HR,, (A\,a) C HR{ (), ), we only need to prove the ”only if’ part
of the theorem. To this end, for functions f of the form (1.3), we notice that the

condition
) (Dp(2)) .
R {(1 — A D f(2) +Az(D‘,Tf(Z))’} =
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Equivalently,

(1—a)z— f [n—a—aX(n—1)|n*C(n,m)anz"— f [n+a—aX(n+1)|n*C(n,m)b,z"
Re n:zoc OOn:l — 2 O
z— 22 nkC(n,m)(1—A+nX)anz"+ 21 nkC(n,m)(1—A—nA)b,z"

n=

The above required condition must hold for all values of z in U. Upon choosing

the values of z on the positive real axis where 0 < z = r < 1, we must have

(1—a)— io [n—a—aX(n—1)]nkC(n,m)a,r" "1 — f [n+a—aX(n+1)n*C(n,m)b,r" 1
n=t n=t >0. (1.9

1— f nkC(n,m)(1=A+nX)a,r™ 1+ f nkC(n,m)(1—=A—nA)b,r7—1
n=2 n=1

If the condition (1.8) does not hold, then the numerator in (1.9) is negative
for r sufficiently close to 1. Hence, there exists zo = ro in (0,1) for which the quotient
of (1.9) is negative. This contradicts the required condition for f(z) € HRP(), ).
This completes the proof of the theorem. O

Corollary 1.4. Let f = h+ g be given by (1.3). Then Dif(z), =1 < i < m is
orientation preserving, harmonic and starlike of order a, 0 < a < 1, if and only if
the coefficient condition (1.8) holds.

Next we determine the extreme points of closed convex hulls of HR} (), «r)
denoted by clcoHR (A, ).

Theorem 1.5. A function f(z) € HRY(\, @) if and only if

Z z) + Yugn(z ))a

n=1
where

h(2) = 2, hn(2) = 2 = nkC(n, m) [nl—iaa— ai(n —1)] & (n22),

l-«a .
gn(2) =2+ nEC(n,m)[+a — ax(n+1)] (n=2)

ZX +Y,) =1, X,>0and Y, >0.

In particular, the extreme points of HR{ (A, &) are {h,} and {g,}.

Proof. First, we note that for f as in the theorem above, we may write

:Z Xohin (2) + Yogn(2))

> 11—«

Z nkC(n,m)[n — a — ai(n —1)]

n=2

X, 2"

f:x +Y,)
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l1—« - =
Ynfn — An n Bnina
*ancm s A SRR DL

n=1
where .
-«
An == Xn7
n*C(n,m)[n — a — aX(n —1)])
and
B _ l1-a
" pkC(n,m)n+a—aXn+1)] "
Therefore
Z n—a—a)\ A *Z C(n,m n—i—a—a)\(n—i—l)]Bn
-« l1-a
n=2
:ZXn+ZYn:1—X1 <1,
n=2 n=1
and hence f(z) € clcoHRP (A, «).
Conversely, suppose that f(z) € clcoHRI' (A, ). Setting
k — o — _
X, — n"C(n,m)[n —a —ai(n —1)] A, (n>2)
l-«a
and .
y, =" C(n,m)[n+a—al(n— 1)]Bm (n>1)
-«
where Y (X, +Y,) =1. Then
n=1
f(z)=2z- Zanz" + ZEE", Qn, b, > 0.
n=2 n=1
=z - i 1 -« Xp2"
N = nkC(n,m)[n — o — ai(n —1)] "
+> L-a Y, z"
= nkC(n,m)[n+ o —a(n—1)] "
:z—Z(h )—2)X, +Zgn - 2)Y,
n=2
= Z(thn(z) + Yngn(2))
n=1
as required. O

The following theorem gives the distortion bounds for functions in Rz(m, «)

which yields a covering result for the class HRY'(\, ).
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Theorem 1.6. Let f € HR (A, ). Then for |2| =r < 1, we have

1 l1-«a l1+a 9
1—0by)r— — b <
( or 2kC(2,m) (2aa)\ 2—a—ai 1)T < F)]

1 11—« 1+« 9
<(1 — .
< (L+bor+ 2kC(2,m) (2—04—0[)\ 2_@_@)\1)1)7“
Proof. We only prove the right hand inequality. Taking the absolute value of f(z),
we obtain
|f(2)| = Z+Za7LG+ ann
n=2 n=1

= |z4+bh z—i—Z(anz”—i—b zZ")

n=2
< @bzl + S (an + bl

n=2
< (4 b+ > (an +ba)r"

n=2

oo
< (1+b1)r+2(an+bn)r2

n=2

l-«a
< (1+b
s (4 1)r+2kC(2,m)(2—a—a)\)
i QkC(Q,m)(Z—a—a)\)a n 2k0(2,m)(2—a—ax\)b 2
= l-a " l-«a "
1-a 1+« 9
< (1+b 1- b
s 1+ 1)T+2’€C(2,m)(2—a—a)\)< 1—a1>r
1 1-a 1+« 9

< (145 — b .
s (4 1)TJrZ’fC’(Zm) <2—a—a)\ 2—a—al 1)T

O
The proof of the left hand inequality follows on lines similar to that of the
right hand side inequality.

The covering result follows from the left hand inequality given in Theorem 1.6.
Corollary 1.7. If f(z) € HR7 (A, ). Then
2M1C(2,m) — 1 — (1 + A\)2kC(2,m) — 1
v o] < 2C@m) 1= (1 £ N2 CR.m) = 1)a
28C(2,m)(2 — a — al)

HH1C(2,m) — 1 — (14 N)2EC(2,m) — Da
- 6O (2,m) (2 — @ —aN) bl} < Jo).
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Proof. Using the left hand inequality of Theorem 1.6 and letting r — 1, we prove
that

1 l1-«a 1+ o
(1=b) = 2kC(2,m) (2—a—a)\ B 2—a—a)\b1>
1
==t~ e e —a e
(1 =b)2FC2,m)2—a—ad) — (1 —a)+ (1+a)b
N 2kC'(2,m)(2 — a — a)
2EC(2,m)(2 —a —aX) —28C(2,m)(2 —a —a)\)b; — (1 — a) + (1 + a)by
26C(2,m)(2 — a — aN)
26C(2,m)2—a—aX) —1+a—[25C(2,m)(2 —a —a)) — (1 + )b
2kC(2,m)(2 — o — aX)
2M1C(2,m) — 1 — af(1 + N)2FC(2,m) — 1]
2kC(2,m)(2 — a — aX)
~[20(2,m) —1—a((1+N)C(2,m) -1
2kC(2,m)(2 — a — aX)

— (1 + Ol)bl]

|
Now we show that HRY' (), ) is closed under convex combinations of its

member and also closed under the convolution product.
Theorem 1.8. The family ﬂR}f(A, a) is closed under convex combinations.

Proof. Fori=1,2,..., suppose that f; € HR*(\, a) where

oo oo
z)=z— E a; 2" + E binZ".
n=2 n=2

Then, by Theorem 1.3

in C(n,m)[n —a— ai(n —1)] aerZn kC(n,m)n+ a — aX(n +1)]

bin <1
(1-a) (1-a) ’

n=2

(1.10)

o0
For Y} t;, 0 <t; <1, the convex combination of f; may be written as
i=1

N o DN S LA S
i=1 n=2
Using the inequality (1.8), we obtain

= nFC(n,m n—a—ailn
5 sl oo <Zm,n>

n=2
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+ink0(n m)[?z—i—a;a)\ (n+1 (thm>

1
= OonkCn,mn—oc—oz)\n—l = kC’nmn a—ailn+1
=Zti(2 (n,m)| ( N Spl L )}bm>

and therefore Y t;fi € HRT(\, ). O
i=1

Theorem 1.9. For 0 < 3 < a <1, let f(z) € HRP (A, ) and F(z) € HRI'(\, 3).
Then f(z) * F(z) € HR (A, «)) C HRP (A, B).

Proof. Let
fz)=2- i anz" + 3 b,Z" € HR (A, )
n=2 n=1
and
F(z)=z— i An2" + i?nfn € HR (M, B)
n=2 n=1

f(z)*xF(z)=2z— Z anApz" + ZBnEnE".
n=2 n=1

For f(2) x F(z) € HRY (), 3) we note that |A,| < 1 and |B,,| < 1.
Now by Theorem 1.3 we have

> ’n,k n,m)n — — n —
5o el = =P =, )

n=2

C(n,m)[n+ 8 — BA(n+1)]
Z = bl 1B

> 7ﬁ BA(n —1)] n*C(n,m)[n + B — BA(n + 1))
Z_: —3 |an|+z - b

and since 0 < <a<1

n=1

i n*C(n,m)[n —a —ai(n —1)] ] + i n*C(n,m)[n + a — ai(n + 1)] bl < 1,
l1-«o 1-a
n=2 n=1
by Theorem 1.3 f(z) € HRY (), «). Therefore
[(2)  F(z) € HRP (A, 0) C HRP (N, ). 0

222



SUBCLASSES OF HARMONIC FUNCTIONS BASED ON GENERALIZED DERIVATIVE OPERATOR

Concluding remarks. We observe that, if we specialize the parameter
A = 0, for suitable choice of Kk = 0 and m = 0 ; m = 0 and kK = 0 we obtain the
analogous results for the classes studied in [2, 3] and [4] respectively.
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