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ANALYSIS OF A BILATERAL CONTACT PROBLEM WITH
ADHESION AND FRICTION FOR ELASTIC MATERIALS

AREZKI TOUZALINE

Abstract. We consider a mathematical model which describes a contact
problem between a deformable body and a foundation. The contact is
bilateral and is modelled with Tresca’s friction law in which adhesion is
taken into account. The evolution of the bonding field is discribed by a
first order differential equation and the material’s behavior is modelled
with a nonlinear elastic constitutive law. We derive a variational formu-
lation of the mechanical problem and prove the existence and uniqueness
result of the weak solution. Moreover, we prove that the solution of the
contact problem can be obtained as the limit of the solution of a regular-
ized problem as the regularizaton parameter converges to 0. The proof is
based on arguments of time-dependent variational inequalities, differential
equations and Banach fixed point theorem.

1. Introduction

Contact problems involving deformable bodies are quite frequent in indus-
try as well as in daily life and play an important role in structural and mechanical
systems. Because of the importance of this process a considerable effort has been
made in its modelling and numerical simulations. A first study of frictional contact
problems within the framework of variational inequalities was made in [5]. Recently
a new book [18] was appeared such that the aim is to introduce the reader of the
theory of variational inequalities with analysis to the study of contact mechanics,
and, specifically, with study of antiplane contact problems with linearly elastic and
viscoelastic materials. The mathematical, mechanical and numerical state of the art
can be found in [15]. The frictional contact problem with normal compliance and
adhesion for elastic materials was studied in [11]. In this paper we study a model of
an elastic contact problem with Tresca’s friction law in which adhesion into contact
surfaces was taken into account. We recall that models for dynamic or quasistatic
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process of frictionless adhesive contact between a deformable body and a foundation
have been studied in [2, 3, 15, 16]. In [1] the unilateral quasistatic contact problem
with friction and adhesion was studied and an existence result for a friction coefficient
small enough was established. As in [7, 8] we use the bonding field as an additional
state variable 0, defined on the contact surface of the boundary. The variable is re-
stricted to values 0 < 8 < 1, when 8 = 0 all the bonds are severed and there are
no active bonds; when 3 = 1 all the bonds are active; when 0 < § < 1 it measures
the fraction of active bonds and partial adhesion takes place. We refer the reader
to the extensive bibliography on the subject in [9,12,13,14,15,16,17]. In this work
we derive a variational formulation of the mechanical problem for which we prove
the existence of a unique weak solution, and obtain a partial regularity result for the
solution. Moreover, we study the behavior of the solution of a regularized problem as
the regularization parameter converges to 0.

The paper is structured as follows. In Section 2 we present some notations and give
the variational formulation. In Section 3 we state and prove our main existence and
uniqueness result, Theorem 2.1. Finally, in Section 4, we show that the regularized
problem admits a unique solution, Theorem 4.1, and prove a convergence result of

this problem, Theorem 4.2.

2. Problem statement and variational formulation

Let Q ¢ R%; (d = 2,3), be the domain occupied by a nonlinear elastic elastic
body. €2 is supposed to be open, bounded, with a sufficiently regular boundary I". T is
partitioned into three measurable parts I' = I'y ULy UT's where I'y, 'y, '3 are disjoint
open sets and meas I'y > 0. The body is acted upon by a volume force of density ¢
on () and a surface traction of density ¢o on I';. On I's the body is in bilateral and
adhesive contact with Tresca’s friction law with a foundation.

Thus, the classical formulation of the mechanical problem is written as follows.
Problem P;. Find a displacement field u : Q x [0,7] — R and a bonding field
B :T3x[0,T] — [0,1] such that

dive +¢1 =01in Q x (0,T), (2.1)
o= Fe(u) in Q x (0,7T), (2.2)
u=0 on Ty x(0,7), (2.3)
ov =y onlyx(0,T), (2.4)
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u, =0
lor + ¢ 3Ry (ur)| < g
|or + ¢ 2 Rr (ur)| < g => ur =0 onT3 x (0,7), (2.5)

’UT + CTﬁQRT (/U/T)’ =g =

FA>0st. ur =—A (O’T +c.5%R, (uT))
B=—(c;B|R: (ur)]* —a)4 on Ty x (0,7), (2.6)

ﬁ (0) = ﬁo on F3 (27)

We denote by u the displacement field, o the stress field and € (u) the strain
tensor. Equation (2.1) represents the equilibrium equation. Equation (2.2) represents
the elastic constitutive law of the material in which F' is a given nonlinear function.
Here and below a dot above a variable represents a time derivative. We recall that in

linear elasticity the stress tensor o = (0;;) is given by
0ij = Qijkh€kh (U) ,

where F' = (ajjkn) is the linear elasticity tensor, for 4,j,k,h = 1,...,d; (2.3) and
(2.4) are the displacement and traction boundary conditions, respectively, in which
v denotes the unit outward normal vector on I' and ov represents the Cauchy stress
vector. Condition (2.5) represents the bilateral contact with Tresca’s friction law in
which adhesion is taken into account. Here g is a friction bound and the parameters
¢, and g, are adhesion coefficients which may depend on z € T'3. Asin [17], R, is a
truncation operator defined by

v if [v] <L

Rw)={ ,
L— if [u|>L
[v]
where L > 0 is a characteristic length of the bonds. Equation (2.6) represents the
ordinary differential equation which describes the evolution of the bonding field and
, =max(s,0) Vs € R. Since 8 < 0 on '3 x (0,7),
once debonding occurs, bonding cannot be reestablished. Also we wish to make it

it was already used in [17] where [s]

clear that from [11] it follows that the model does not allow for complete debonding
field in finite time. Finally, (2.7) represents the initial bonding field. We recall that
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the inner products and the corresponding norms on R?% and Sy are given by

N

Yu,v € RY,
Yo,T € Sq,

uv = uv;, v = (v.v)

N|=

0.7 = 04Tij, |T| = (7.7)

where S, is the space of second order symmetric tensors on R¢ (d = 2,3). Here and
below, the indices ¢ and j run between 1 and d and the summation convention over
repeated indices is adopted. Now, to proceed with the variational formulation, we
need the following function spaces:

d

H=(12(Q)", H = (H' ()", Q={r = (r5);7; = 7 € L2 (D)},

Q1 ={0e€Q;divc € H}.

Note that H and @ are real Hilbert spaces endowed with the respective canonical

inner products
<U,U>H = / uﬂ]id.’b, <O’, T>Q = / UijTijd(E.

Q Q

The strain tensor is )
e (u) = (ej (W) = 5 (uiy +uji) 3
divo = (0yj,5) is the divergence of o. For every element v € Hy we denote by v, and
v, the normal and the tangential components of v on the boundary I' given by
Uy = VY, U =0 — Uyl
Similarly, for a regular function o € ()1, we define its normal and tangential compo-
nents by
oy, =(ov).w, or=o0V—0,V

and we recall that the following Green’s formula holds:

(0,6 (v))g + (divo,v) y = / ov.vda Vv € Hy,
r

where da is the surface measure element. Let V' be the closed subspace of H; defined
by
V={veH :v=0onT;,v,=00nTj3}.
Since meas I'; > 0, the following Korn’s inequality holds [5],
le @l = callvlly, YveV, (2.8)

where the constant cq > 0 depends only on Q and I';. We equip V with the inner
product
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and |.||,, is the associated norm. It follows from Korn’s inequality (2.8) that the
norms |||z and ||.|ly, are equivalent on V. Then (V,|.||;,) is a real Hilbert space.
Moreover by Sobolev’s trace theorem, there exists dg > 0 which depends only on the
domain €2, I'y and I'3 such that

1oll(z2ryye < dallolly Vo € V. (2.9)

For p € [1,00], we use the standard norm of L? (0,T;V). We also use the Sobolev
space W1 (0,T;V) equipped with the norm

lollws.oe 0,75 = IVl oe 0,25y + 19l e 0,20 -

For every real Banach space (X, ||.||y) and T > 0 we use the notation C ([0,T];X)
for the space of continuous functions from [0,7] to X; recall that C ([0,T];X) is a

real Banach space with the norm

) = t .
”mHC([(),T],X) tgf&% lz (8] x
We assume that the body forces and surface tractions have the regularity

p1 €WV (0,T;H), @2 € WH™ <O,T§ (L? (Fz))d) (2.10)

and we denote by f () the element of V' defined by

(f(t),v)vz/ﬂ<p1 ) .vdac—i—/F oo () vda Yo eV, forte0,T].  (2.11)

2

Using (2.10) and (2.11) yield
fewr>(0,T;V).

Also we define the functional j : V' — R4 by

i) = [ glorlda
s
where g is assumed to satisfy

ge L>*(T3),g>0a.e onls. (2.12)
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In the study of Problem P; we assume that the elasticity operator F' satisfies

(a) F:QxS4— Sg;

(b) there exists M > 0 such that
|F (J?,e’:‘l) - F(l‘,€2)| < M|€1 - 62‘ y

for all 1,9 in Sy, a.e. z in

(c) there exists m > 0 such that
(F(z,61) — F (z,2)) . (61 — €2) > m ey — &]?,
for all €1,e2 in Sy, a.e. x in €Q;

(2.13)

(d) the mapping x — F (z,¢) is Lebesgue measurable on €2,

for any € in Sy;

(e) x — F (z,0) € Q.
As in [17] we assume that the adhesion coefficients ¢, and ¢, satisfy the conditions
Cry€q € L™ (T3), ¢ry €4 >0, a.e.on I's. (2.14)

Next, we define the functional 7 : L? (I'3) x V x V — R by

r(B,u,v) :/F ¢+ B%R; (ur) v, da.
3
Finally, we assume that the initial data satisfy
Bo € L*(T'3); 0< By <1, a.e. onTs, (2.15)
and we need the following set for the bonding field,
O={0:[0,T) — L*>(I'3); 0<6(t) <1Vte[0,T], ae. onl3}.

Now by assuming the solution to be sufficiently regular, we obtain by using Green’s
formula that the problem P; has the following variational formulation.

Problem P,. Find a displacement field v € W1 (0,7;€) and a bonding field
8 e Whe (O,T; L? (1"3)) N O such that

(Fe (u(t)) e (v) —e(u(t))g +i(v) =i (u(t)

(2.16)
+r(B(t),u(t),v—u(t) > (f(t),v—u(t), YveV,te|0,T],
B(t) = —(crB(t) | Ry (ur (t))\2 —¢ea)r aet € (0,T), (2.17)
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Our main result of this section, which will be established in the next is the following
theorem.
Theorem 2.1. Let T > 0 and assume (2.10), (2.12), (2.13), (2.14) and (2.15). Then

there exists a unique solution to Problem Ps.

3. Existence and uniqueness result

The proof of Theorem 2.1 will be carried out in several steps. In the first

step, let k > 0 and consider the space

X = {ﬁ € (10,7112 (T5)): sup_[exp (1) 18 (1) e,y | < +oo}-

t€[0,T]

X is a Banach space for the norm

18lx = supJexp (=kt) 18 (1) ey -
t€[0,T]

which is equivalent for the standard norm [[.[|¢((o 7}, 12(ry))» @nd for a given § € X we

consider the following variational problem.

Problem P, 3. Find ug : [0,T] — V such that

(Fe(ug (1)), e (v) —e(us (1)) + 4 (v) = j (ug (t))
(3.1)

+r(B(t),up (t),v—ug(t) > (f(t),v—ug(t), YveV,tel0,T].
Lemma 3.1. There ezxists a unique solution to Problem Pig and it satisfies ug €

([0, T];V).
Proof. Let t € [0,T] and let A; : V — V be the operator given by

(A, w)y, = (Fe (v),e(w)g +7r(B(t),v,w) Vv,weV.
Using (2.13) and the properties of R, (3.2) (see [15]) such that

IR, (u,)| < L,Yu€V; |R, (a) — R, (b)| < |a—b|, Va,b € RY,
(3.2)
(Rr (ur) — Ry (vr)) . (ur —v7) >0, a.e. on I'g, Vu,v €V,

it follows that A; is a strongly monotone and Lipschitz continuous operator. The
functional j is a continuous semi-norm on V', then by a classical argument of elliptic
variational inequalities [18], we deduce that there exists a unique element ug (t) € V
which satisfies (3.1). Let now, t1, t2 € [0,7]. In inequality (3.1) written for ¢ = ¢,
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take w = ug (t2) and also in the same inequality written for ¢ = to, take w = ug (t1) .

We find after adding the resulting inequalities that

(Fe (ug (t1))) — Fe (ug (t2)) € (ug (t1)) — e(ug (t2))) g <
(3.3)

r(B(t),up (tr) s up (t2) = up (t1)) +7 (B (82) , up (t2) s up (1) — up (2)) -

We have

r(B(t1) up (t1) up (t2) —ug (t1)) + 7 (B (t2)  up (t2) ,up (t1) —ug (t2)) =
Jr, (€2 (t1) = B2 (t2)) Ry (ur (t1)) - (upr (t2) — ugr (t1)) da

+ frB 32 (t2) (Rr (ur (t2)) — Ry (ur (t1))) - (ugsr (t1) — ugy (t2)) da.

Using (3.2), (2.13) (¢) and, (2.9), it follows that exists a constant ¢; > 0 such that

s (1) = us (t2)1ly <
(3.4)
ex (1 (00) = £ (E)lly + 18 (42) = 8.t aqry ) -

As f € C([0,T];V) and 8 € C([0,T];L?(I'3)), then (3.4) implies that ug €
C ([0, T);V). O
Next, we consider the following problem.

Problem P,5. Find a bonding field 5* : [0,7] — L? (I's) such that

B (1) == (o8 O |B: (uger () —ea) | ac.te(0,7), (3.5)

B*(0) = fo on I's. (3.6)

We have the following result.

Lemma 3.2. There exists a unique solution to Problem P and it satisfies
B e W (0,T;L* (I's)) N O.

Proof. We consider the mapping 7 : X — X given by

TH(t) = By — /0 (cr () |Rr (upr () — £0)1ds,

where ug is a solution of Problem Piz. Using that |R; (ug,)| < L, it follows that

there exists a constant ¢y > 0 such that

1T By (8) = TB2 () poryy < €2 fo 181 (5) = B2 ()] 1oy ds-
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Since
Jo 181 (8) = B2 (8)l| 21y ds = Joy € (€75 181 () = Ba (5)l| 2y Vs

kt

e
< |81 = B2l x 7

this inequality implies
_ c
FNTB () =~ T8 (Dl aqry) < 2 161 = Bally € 0.T],
and then,
¢
1761 = Thallx < 31181 = Bl (37)

The inequality (3.7) shows that for k > co, 7 is a contraction. Then we deduce, by
the Banach fixed point theorem that 7 has a unique fixed point §* which satisfies
(3.5) and (3.6). The regularity 8* € O is a consequence of (3.6) and (2.15), see [15,
16] for details. O
Now, we provide the existence of the solution of Theorem 2.1. Indeed, let 5* be the
fixed point of 7 and let u* be the solution of Problem Pz for g = 8%, i-e., u* = ug-.
Take v = u* (¢2) in inequality (3.1) written for ¢t = ¢1, and also take v = u* (1) in the
same inequality written for ¢ = ¢t5 and adding the two inequalities, we obtain using
similar arguments to those in the proof of (3.4), that there exists a constant ¢z > 0
such that

lw* (1) — w* ()|l <

es (18 (12) = 8" (02l ey + 1 () = F ()l ) Vin,t2 € 0,7
(3.8)
Now, as T3* = 3* we deduce from Lemma 3.2 that 8* € Wbh> (O,T; L? (Fg)) and
moreover as f € W1 (0,T;V), then (3.8) implies that u* € W1 (0,T;V). Thus,
we conclude by (3.1), (3.5) and (3.6) that (u*, 8*) is a solution to Problem P,. To
prove the uniqueness of the solution, suppose that (u,3) is a solution of Problem P
which satisfies

(u, B) € WH>(0,T;V) x WH> (0,T; L*(T3)) N O,

it follows that 8 € O. Moreover, we deduce from (3.1) that « is a solution to Problem
Py, and as by Lemma 3.1, this problem has a unique solution denoted by ug, we get
u = ug. Take u = ug in (2.16) and use the initial condition (2.18), we deduce that
is a solution of Problem P»g3. Therefore, we obtain from Lemma 3.2 that 5 = §* and

we deduce that (u*, 8*) is a unique solution to Problem P;. O
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4. The regularized problem

In this section we consider the frictional contact problem with adhesion in
the case when the contact condition (2.5) is replaced by the contact conditions
Usr

usy =0, UﬁT:*CT/BZRT UsT) = 9 F5——=
5 Ry (usr) — g e

,onI's x (0,7), (4.1)
where ¢ > 0 is a regularization parameter. The friction law (4.1) describes situation
when slip appears for a small shear, this is the case when the contact surfaces are
lubricated by a thin layer or non-Newtonian fluid. Thus the regularized problem is
defined as follows.

Problem Pjs. Find a displacement field us : Q x [0,7] — R? and a bonding field

Bs : I's x [0,T] — [0,1] such that

divo (us) +¢1 =01in Q x (0,7), (4.2)

o= Fe(us) in Q x (0,7), (4.3)

us =0 on I'y x(0,7), (4.4)

ov =19y onlyx(0,T), (4.5)

usy, =0, 05 = —c- 05 Rr (usr) — 9% }on I's x (0,7), (4.6)
Bs = —(c-Bs | Rr (us7)* —€a)y on Ty x (0,7), (4.7)

G5 (0) = By on T's. (4.8)

As in [18] let us define the functional j5s : V' — R by
jis (0) = / g (VoZ+ 8 ~6) da,
s

then the problem (4.2) — (4.8) admits the following variational formulation.
Problem Py;. Find (us, 35) € Wh*°(0,T; V) x W1 (0,T; L? (I's))) N O such that

(Fe(us (1) ,e (v) —e(us (t)g + Js (v) — Js (us (t))

(4.9)

+7 (Bs (), us (£) ,v —us (1)) > (f (t) ,v —us (t), YveV,tel0,T],
85 (6) = —(en (1) | e (tge () — 2a) acc. on (0,7). (1.10)
Bs(0) = Bo on I's. (4.11)

Now, our main is to study the behavior of the solution as § — 0 and to prove
that in the limit we obtain the solution of Problem P;.
Theorem 4.1. Assume that (2.10), (2.12), (2.13), (2.14) and (2.15) hold. Then for

each § > 0, there exists a unique solution to Problem Pss.
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Proof. The proof of Theorem 4.1 is similar to the proof of Theorem 2.1 and it is
carried out in several steps. For this reason, we omit the details of the proof. The
steps are:

(i) For any § € X we prove that there exists a unique us € C ([0,7];V) such that

(Fe(us (1), e (v) = e(us (1)) g + s (v) = Js(us ()
(4.12)
+T(ﬁ(t) , Ug (t) ,U—Us (t)) 2 (f(t)7U — Us (t))V VIU € V? t S [O7T} .
Indeed as the functional js is proper convex and lower semicontinous on V, (see [18]),

then using similar arguments to those in the proof of Lemma 3.1, we deduce (7).

(#i) There exists a unique (5 such that

Bs € Wh> (0,T; L* (T'3)) N O, (4.13)
Bs (t) = —(coB5 () |Ry (usr (1))]> — a)+ ace. t € (0,T), (4.14)
Bs (0) = Po. (4.15)

The proof of this step is based on Lemma 3.2.

(#i7) Let Bs defined in (i) and denote again by us the function obtained in step ()
for 8 = Bs. Then, using (4.12) — (4.15) we see that (us, 85) is the unique solution to
Problem Pss and it satisfies

(us, Bs) € WH™(0,T;V) x Wh> (0,T; L* (T'3)) N O.

We now study the convergence of the solution (us,3s) as 6 — 0.
Theorem 4.2. Assume that (2.10), (2.12), (2.13), (2.14) and (2.15) hold. Then we

have the following convergences:

%ir% lus (t) —u (t)|ly, =0, for all t € [0,T7], (4.16)

tim 135 (t) = B (8)] sz = 0, for all t € [0,T]. (4.17)

The proof is carried out in several steps. In the first step, we show the following
lemma.
Lemma 4.3. For each t € [0,T), there exists 4 (t) € V such that after passing to a

subsequence still denoted (us (t)) we have
ugs (t) — u (t) weakly in V as § — 0. (4.18)
Proof. It is well known (see [18] ) that the inequality (4.9) is equivalent to the equality

(Fe(us(t)),e(v))g + (Vis (us (t) ,0) r2ry)
(4.19)
+r (Bs5 (t) ,us () ,v) = (f(t),v), YveV,tel0,T],
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where

. Usr t Ur
(Vs (us (1)) s v) 2 (ry) :/ g%da'
s Usr (t) + 52

Take v = us (¢) in (4.19), as
(Vs (115 (£)) (5 (8))) ) = 0, 7 (Bs () s (£) s (1)) = 0,
then we get from (4.19) that
(Fe (us (1)) & (us () < (f (1) us (),
and keeping, in mind (2.13) (c), it follows that there exists a constant C' > 0 such that
lus @)y < € (IF Ol +I1F O)lg) -

The sequence (us (t)) is bounded in V', then there exists @ (t) € V' and a subsequence
again denoted (ug (t)) such that (4.18) holds. Let us now consider the auxiliary
problem.

Problem P,. Find 3:[0,T] — L? (T'3), such that

ﬁ. (t) = - (C'rﬁ (t)) ‘RT (’UT (t))|2 - 5{1)—&-7 a.e. te (O’T) )
B(0) = Bo.

Using similar arguments to those in the proof of Lemma 3.2, we have the following

result.

Lemma 4.4. Problem P, has a unique solution which satisfies
Bewh>(0,T;L*(T'3)) N O.

Next, we have the convergence result.
Lemma 4.5. Let (3 be the solution to Problem P,, then we have

tim (|65 () = 8 (D)l ey = 0, for all £ € 0,77 (4.20)

Proof. Using the properties of the operator R., (see [15] ), it follows that there exists
a constant Cy; > 0 such that

t
15 (8) = B)] aqry < C / s () = e () oy ds. (4:21)

From (4.18) we deduce that us- (t) — @, (t) strongly in (L? (Fg))d, as 6 — 0. On the
other hand using (2.9), we have

[usr () = @r (W)l (L2 (ryy)r < o llus (8) —a ()]l

<da (If @)y +la@)ly),
208



ANALYSIS OF A BILATERAL CONTACT PROBLEM
which implies that there exists a constant Cy > 0 such that
|usr (t) — tr (t)H(m(rS))d < Cs.

Then it follows from Lebesgue convergence theorem that

t
tin [ s (9) = (9]0 5 = 0.

So we deduce from (4.21) that

185 (t) = B )l g2, — 0 as 6 — 0, for all ¢ € [0, 77,

and so (4.20) is proved.

Now it is necessary to show the following result.
Lemma 4.6. We have @ (t) = u (t) for all t € [0,T].
Proof. Let t € [0,T]. We have (see [18] ),

s(0) = § )] < 619l e vy, meas T,
lda(us () = j (@ (@) < 6|9l oo (r,) meas Ts (4.22)
F 19l oo gy lusr () = wr @)l 20y -
It follows from (4.22), as § — 0, that
js (v) — j(v), forallv eV, (4.23)

and
Js (us (1)) — j(u(t)). (4.24)
On the other hand we have

r(Bs (1) s us (1) ;0 —us (1))

=71 (Bs (t),us (t),v —us (t)) =7 (B (1), us () ,v — us ()
(4.25)

+r(B(8),us (1) 0 —us () =7 (B1),a(t),v—us (1))

+r(B(8),u(t),ut) —us () +r (B (), u(t),v—u(t)).
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Using that 0 < S (t) < 1,0 < G5 (t) < 1, for all t € [0,7], and the properties of the

operator R,, we have as § — 0,
T (Bs () s us (1), v —us (1) — 7 (B(t),us (t) ;v —us (t)) — 0,
r(B(t),us(t),v—wus () —r(B@E),u),v—us(t) —0, (4.26)

(B (t),a(t),a(t) —us(t) — 0.

So, we deduce from (4.25) and (4.26) that
r(Bs (), us () 0 —us (t) = r (B (t),u(t),v—u(t)),as § —0. (4.27)

Therefore, using (4.23), (4.24), (4.27), and passing to the limit in (4.9) as § — 0, we
obtain

(Fe(u(t),e(v) —e(@(t))g +j(v) —j(u(t))
(4.28)

Hr (B, a(t),v—a(t) > (f(t),v—a(t), YweV.

Take now v = u (¢) in (4.28) and v = @ (t) in (2.16) and add them up, we obtain using
(2.13) (c) that

mla () —u @y <r (B, ut),ut)—at)+r @), ut),ut)—ut). (4.29)
So as
r(B@),ut),ut)—u)+rB@),ud),u)—u)) <0,
it follows from (4.29) that
a(t)=u(t). (4.30)

We have now all the ingredients to prove Theorem 4.2. Indeed, from (4.20) and
(4.30), we deduce immediatly (4.17). To prove (4.16), take v = u (t) in (4.28), and
using (2.13) (¢), it follows

m [lus (1) — u ()] <
Js(u (t)) — js(us (t)) + 7 (Bs (t) ,us (t) ,u (t) —us (t)) (4.31)

+(Fe(u®),e(u(t) —us ()q + (f (£),us (8) — u(t))y .
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Passing to the limit as § — 0 in the previous inequality and using the convergences

Js(u (t)) — js(us (t)) — 0,
T (Bs (t) s us () ,u(t) —us (t) — 0,

(Fe(u(®)),e(u(t) —us (t)q + (f (), us (8) = u(t))y — 0,

we see immediately that (4.16) follows from (4.31).
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