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VARIATIONAL-HEMIVARIATIONAL INEQUALITIES
ON UNBOUNDED DOMAINS

ALEXANDRU KRISTALY AND CSABA VARGA

Abstract. This paper is a survey about hemivariational and variational-
hemivariational inequalities defined on unbounded domains motivated by
certain non-smooth phenomena appearing in Mathematical Physics. The
paper contains various results obtained by the authors in the last few years.
It is divided into six sections: the first section is a short introduction; in
the second section we present some critical points results for locally Lips-
chitz functions; the third section is dedicated to Motreanu-Panagiotopoulos
functionals; in the fourth section we provide some existence results for
hemivariational inequalities; in the fifth section we give a multiplicity result
for a special class of hemivariational inequalities; and in the last section we
give some applications to hemivariational and variational-hemivariational
inequalities.

1. Introduction

The study of wvariational inequalities began in the sixties with the pioneering
work of Lions and Stampacchia [35]. The connection of this theory with the notion of
the subdifferential of a convex function was achieved by Moreau [43], who introduced
the notion of convex superpotentials which permitted the formulation and study in
the weak form of a wide ranging class of complicated problems in Mechanics and
Engineering (see Duvaut and Lions [12]). All the inequality problems studied in that
period were related to convex energy functions and therefore were linked with the no-
tion of monotonicity. Motivated by some problems from mechanics, Panagiotopoulos
introduced in [50, 51] the notion of nonconvex superpotential by using the generalized

gradient of Clarke. Due to the lack of convexity, new types of variational expressions
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were obtained; these are the so-called Hemivariational Inequalities. The hemivari-
ational inequalities appears as a generalization of the variational inequalities, but
actually they are much more general than these ones, because they are not equivalent
to minimum problems. They are no longer connected with monotonicity, but since
the main ingredient of their study is based on the notion of Clarke subdifferential of a
locally Lipschitz funtion, the theory of hemivariational inequalities appears as a new
field of Non-smooth Analysis. For a comprehensive treatment of the hemivariational
inequality problems we refer to the monographs Naniewicz and Panagiotopoulos [48]
(based on pseudomonotonicity), Motreanu and Panagiotopoulos [46], Motreanu and
Rédulescu [47] (based on compactness arguments). In the above works (and in refer-
ences therein) there are studied elliptic problems on bounded domains.

In this paper we treat hemivariational and variational-hemivariational in-
equalities problems on unbounded domains based on the authors’ results in the last
few years. Note that in the unbounded case the problem is more delicate, due to
the lack of compactness in the Sobolev embeddings. First, some old and new results
are recalled from critical points theory for locally Lipschitz functions and Motreanu-
Panagiotopoulos functionals see [9], [44], [45], [33], [28], [38], [46], [47], [29] with
applications to hemivariational and variational-hemivariational inequalities, see [66],
[11], [28], [36], [30], [31], [27], [29]. Then, we present for locally Lipschitz functions the
Mountain Pass Theorem (MPT) of ”zero altitude”, the version of MPT which satisfies
the Cerami condition, and a version of the three critical points theorem of Ricceri [58].
In the third section we present some critical points results as well as the principle of
symmetric criticality for Motreanu-Panagiotopoulos functionals. In the fourth section
we give some existence results for a general class of hemivariational inequalities. In
section five we prove a multiplicity result for a particular class of hemivariational
inequalities while the last section is dedicated to various applications.

2. Critical points results for locally Lipschitz functions

In this section we present some critical points results for locally Lipschitz
functions. These results appear in the papers of Motreanu, Varga [44], [45], Kristély,
Motreanu and Varga [33] and Kristaly, Marzantowicz and Varga [28].

2.1. Elements of nonsmooth analysis. Let (X,|| - ||) a real Banach space and

U C X an open subset. We denote by (-, -) the duality mapping between X* and X.

Definition 2.1. A function f : X — R is locally Lipschitz if, for every z € X,
there exist a neighborhood U of x and a constant L > 0 such that

[f(y) = f() < Llly = 2| forall y,z€U.
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Although it is not necessarily differentiable in the classical sense, a locally

Lipschitz function admits a derivative, defined as follows:
Definition 2.2. The generalized directional derivative of f at the point z € X
in the direction y € X is

fo(l';y) _ limsup f(Z+Ty) —f(Z)

z—x, T—0T T

The generalized gradient of f at x € X is the set
Of (x) ={a* € X*: (z*,y) < f°(z;y) for all y € X}.

For all z € X, the functional f°(z,-) is subadditive and positively homo-
geneous: thus, due to the Hahn-Banach theorem, the set df(x) is nonempty. The
next Lemma resumes the main properties of the generalized derivatives, which will
be useful in the sequel:

Lemma 2.3. Let f,g: X — R be locally Lipschitz functions. Then,
(f1) fo(z;y) = max{(§,y) : £ €0f(x)};
(f2) (f +9)°(z59) < fo(z5y) + 9° (w5 9);
(f3) (=) (z3y) = (2 —y).
(f1) The function (z,y) — ®°(x;y) is upper semicontinuous.
This notion extends both that of Gateux derivative, and that of directional

derivative for convex functionals. In particular:

Lemma 2.4. Let f : X — R be a convez, continuous, Gateaux differentiable func-

tional. Then, f is locally Lipschitz and

(f'(x),y) = [(x;y) forall z,ye X.

The next definition generalizes the notion of critical point to the non-smooth
context:
Proposition 2.5. The function Af(u) = 1{1)1; [|lw]|x+ is well defined and is lower

we
semicontinuous, i.e. iminf A¢(u) > Af(uo).
u—ug

Definition 2.6. Let f : X — R be a locally Lipschitz function. We say that v € X
is a critical point (in the sense of Chang) of f, if A;(u) = 0, which is equivalent with
the fact that 0 € 9f(u).
Remark 2.7. A point v € X is critical point of f if f°(z;y) >0 for all y € X.

Remark 2.8. Note that every local extremum of f is a critical point of f in the sense

above.
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Throughout in this paper we use the following notations for the locally Lip-

schitz function f: X — R and a number ¢ € R:
fo={uve X f(u) <ck

fo={ue X: f(u) = ck
K.={u€X:(u)=0,f(u) =c}
(Ke)s = {u € X : d(u, K.) < 6};
(Ke)s = X\ (Ke)s.

In the sequel we introduce the notion of Palais-Smale condition.

Definition 2.9. We say that the locally Lipschitz function f : X — R satisfies the
Palais-Smale condition at the level ¢ (shortly, (PS).), if every sequence {z,} C X
with f(z,) — ¢, and A¢(z,) — 0 when n — oo, contains a convergent subsequence in
X. If we replace the condition f(x,) — ¢ with {f(z,)} is bounded we say that the
function f satisfies the (PS) condition.

Remark 2.10. The (PS) condition has the following equivalent formulation: The
function h satisfies the Palais-Smale condition, if every sequence {x,} in X such that

(PS1): {f(zn)} bounded;
(PSs): there exists a sequence {e,} in ]0, +oo[ with €, — 0 such that
fo(zn;y—an) +en]ly—zn]| >0forallye X, neN

admits a convergent subsequence.

The following variant of Palais-Smale condition is an extension to the locally
Lipschitz case of the one introduced by Ghoussoub and Preiss [20]. We consider a
locally Lipschitz function f : X — R, a real number ¢ € R and a subset B C X.

Definition 2.11. We say that the locally Lipschitz function f satisfies the Palais-
Smale condition around B at level ¢ (shortly, (PS)g.), if every sequence {z,} C X
with f(x,) — ¢, dist(zy, B) — 0 and Af(z,) — 0 when n — oo, contains a convergent
subsequence in X.

In particular, we put (PS). = (PS)x . and simply (PS) if (PS). holds for
every ¢ € R.

For a fixed B C X and a fixed number § > 0, we denote the closed §-
neighborhood of B by Ns(B), that is,

Ns(B) ={z € X : dist(x, B) < ¢}.
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Definition 2.12. A generalized normalized pseudo-gradient vector field of the locally
Lipschitz f : X — R with respect to a subset B C X and a number ¢ € R is a locally
Lipschitz mapping v : Ns(B) N f~[c — §,¢ + 6] — X with some 6 > 0, such that
[Jo(@)|| < 1 and
1
(y*,v(z)) > = inf Ap(x) >0

redomuv
for all y* € df(z) and z € domv := Ns(B) N f~c — 6, ¢+ 4].

The existence of a generalized normalized pseudo-gradient vector field in the
sense of Definition 2.12 is given by the result below. For the proof, see Motreanu-
Varga [45].

Lemma 2.13. (Motreanu-Varga [45]) Let f : X — R be a locally Lipschitz function,
¢ € R and a closed subset B of X, such that (PS)p, is satisfied together with B N
K.f) = 0 and B C f¢. Then there exists & > 0 and a generalized mnormalized
pseudo-gradient vector field v : Ns(B) N f~t[c —§,¢+ 6] — X of f with respect to B

and c.
The following deformation result has been proved by Motreanu and Varga [45].

Theorem 2.14. (Motreanu-Varga [45]) Let f : X — R be a locally Lipschitz func-
tional, ¢ € R and a closed subset B of X provided on has (PS)p., BN K.(f) =
0 and B C f¢. Letv be a generalized normalized pseudo-gradient vector field of f with
respect to B and c. Then for every € > 0 there exist an € € (0,€) and a number § < c
such that for each closed subset A of X with ANB =0 and A C f._.,, where

g4 = min(e,ed(4, B)), (2.1)

and d(A, B) = inf{||lz —y|| : = € A, y € B}, there is a continuous mapping na :
R x X — X with the properties below

(i) na(-,x) is the solution of the vector field V4o = —pav with the initial
condition x € X for some locally Lipschitz function p4 : X — [0, 1] whose
support is contained in the set (X \ A);
(ii) na(t,z) =z forallt e R and v € AU fS°U foyz;
(iii) for every § < d < c one has na(1,B N f9) C fi-=.
Proof. Let us note that the existence of a normalized generalized pseudo-gradient
vector field v : Nas, (B) N f~1[c — 3e1,¢ + 3e1] — X of f with respect to B and ¢
is assured by Lemma 2.13, for some constants ¢; > 0 and €1 > 0. Consequently, a
constant, o1 > 0 can be found such that
* 1 * c
(y ,v(x)) > 50’1, Vy* € 8f(x), x € Ng(;l (B) N fC,351 N f +3e1, (22)
7
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We claim that the result of Theorem 2.14 holds for every € > 0 with

1 1
e< min{§,81,§01,50151}. (23)

In order to check the claim in (2.3) let us fix two locally Lipschitz functions ¢, 1 :
X — [0, 1] satistying
@=1on N5, (B)n fternf._.;
©0=0 on X\ (Nos (B)N fr?nf o.);
=0 on fEU fie
p=1 on [N feq,

for some g with

£ < gp < min(E, e1). (2.4)
Then we are able to construct the locally Lipschitz vector field V : X — X
by setting
-0 \V4 N- B)N 50, N c+3€1’
V(z) = 1p(@)Y(z)v(x), Vo€ .351( )N fezey N f (2.5)
0, otherwise.

Using (2.5) we see that the vector field V is locally Lipschitz and bounded, namely
IV(2)| <81, ze€X. (2.6)
From (2.2), (2.5) and (2.6) we derive

(V@) = 81y 0(@) 2 58101, Vo € Noy (B)NfeegN 40, 3" €05 (2). (27)

In view of (2.6) we may consider the global flow v: R x X — X of V defined
by (2.5), i.e.
dy

E(t,x) =V(y(t,x)), V(t,z) € R x X,

7(0,z) =z, Yz € X.
In the next we set
B; :=~([0,1]) x B). (2.8)
We notice that By in (2.8) is a closed subset of X. To see this let y, =
Y(tn,x,) € By be a sequence with t¢,, € [0,1], x,, € B and y, — y in X. Passing to a
subsequence we can suppose that t,, — ¢ € [0,1] in R. Putting u,, = (¢, z,) we get

t
d
[tn = ynll = 7 (t 20) = y(tn, 20l = II/ 271 2n)drl| < duftn — 1,
tn

where (2.6) has been used. Since u,, — y in X, it turns out that =, — v(—t,y) € B.
Finally, we obtain y = v(¢,v(—t,y)) € By which establishes the closedness of B;.

8
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The next step is to justify that f(v(t,x)) is a decreasing function of ¢ € R, for
each x € X. Toward this, by applying Lebourg’s mean value theorem and the chain
rule for generalized gradients we infer for arbitrary real numbers ¢ > ¢y the following

inclusions

[t x) = f(to, ) € Ou(f((t, 2)))

t=T1

C of(v(r, x))%(ﬂ )(t —to) = df (v(7,2))V (y(r, 2))(t - to)

with some 7 € (¢g,t), where the notation 9; stands for the generalized gradient with
respect to t. By (2.2) and (2.5) we derive that f(t,z) < f(t9,2). Now we prove the
relation
ANB; =0. (2.9)

To check (2.9), we admit by contradiction that there exist zo € B and tg €
[0,1] provided 7(tp,z9) € A. Since A and B are disjoint we have necesarilly that
tg > 0.

From the relations A C f._., and B C f¢ we deduce

c—ea < f(y(to, 20)) < f(y(t,20)) < flxo) < ¢, VE€[0,10]. (2.10)
It turns out that
’)/(t,xo) S Ngl (B) N fc N fc_gA, vVt € [0, to].

On the other hand from (2.6) we infer the estimate

to
d(A, B) < |1y(to z0) — zol| = | / V(y(s, 20))ds]| < Suto.
0

If we denote h(t) = f(v(t, zo)), then h is a locally Lipschitz function, and (2.5), (2.7)
allow to write

h'(s) < max{(y", Z%(S’x» Dyt edf(y(s, )}

= max{{y", V(1(s,2) : 9" € 9 (1(5,))} < g0y

for a.e. s € [0,tp]. Therefore, by virtue of (2.3), we have the following estimate
to
6 ta.0) = f (o) = hito) — b(0) = [ W (s)ds <
0

1
75(5101&) < 7616150 < 7€d(A,B) < —€4. (211)

The contradiction between (2.10) and (2.11) shows that the property (2.9) is actually
true. Taking into account (2.9) there is a locally Lipschitz function ¢4 : X — R
veryfying 14 = 0 on a neighborhood of A and ¥4 = 1 on B;. Then we define the
homotopy 14 : Rx X — X as being the global flow of the vector field V4 = ¥4 V. The

9



ALEXANDRU KRISTALY AND CSABA VARGA

assertion (i) is clear from the construction of 4 because one can take g4 = =19 4.
Assertion (ii) follows easily because V4 = 0 on AU f¢7¢ U f.,z. We show that (iii) is
valid for § = ¢+¢e — g with € described in (2.3) and g in (2.4). To this end we argue
by contradiction. Suppose that for some d € [6, c] there exists € B N f? such that

f(na(l,z)) >d—e. (2.12)
Using the fact that ¥4 = 1 on B; we deduce
na(t,z) =~(t,xz) € N5, (B)N fin fo_e, Vte [0, 1].

Then a reasoning similar to the one in (2.11) can be carried out to write

Fna(l,2)) — f(z) < —%6101 <.

This contradicts the relation (2.12) because f(z) < d. The proof of the assertion (iii)

is complete. O
In this section we present a general minimax principle for locally Lipschitz

functions. This result appears in the paper of Motreanu and Varga [45].

Theorem 2.15. (Motreanu-Varga [45]) Let f : X — R be a locally Lipschitz func-

tional and B C X a closed set such that ¢ := i%ff > —oo and f satisfies (PS)B,ec.

Let M be a nonempty family of subsets M of X such that

= inf . 2.1
c ]V}releélA%f(x) (2.13)

Assume that for a generalized normalized pseudo-gradient vector field v of f
with respect to B and c the following hypothesis holds

(H) for each set M € M and each number € > 0 with f|p < ¢+ € there exists a
closed subset A of X with fla < c+ea (see (2.1)), and AN B =0 such that for each
locally Lipschitz function ¢4 : X — [0,1] with supp pa C (X \ A) N supp U the global
flow €4 of pa® satisfies Ea(1, M) N B # .

Then the assertions below are true
(i) e= i%ff is attained;

(ii) K.(f)\ A# 0 for each set A entering (H);

(iii) K.(f)yNnB# 0.
Proof. The assertions (i) and (ii) are direct consequences of the property (iii). The
proof of (iii) is achieved arguing by contradiction. Accordingly, we suppose K_.(—f)N
B = (). By hypothesis we know that B C (—f)_¢, so Theorem 2.14 can be applied for
—f and —¢ (in place of f and ¢, respectively). Thus Theorem 2.14 yields an € > 0 with

the properties there stated. Then from the minimax description of ¢, by means of M,

10
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we obtain the existence of a set M € M satisfying f|y < c+e. Corresponding to M,
assumption (H) allows to find a closed set A C X \ B which satisfies A C (—f)~ ¢4
and the linking property formulated in (H). Theorem 2.14 gives rise to the deformation
na € C(R x X, X) which verifies na(1, BN (—f)_¢c) C (—f)—c—e. This reads as

na(l,B) C fr=. (2.14)
By Theorem 2.14 and assumption (H) it is seen that

alt,x) = na(-t,x), (2.15)
for all (t,2) € R x X. As shown in (H) one has the intersection property
&1, M)NB#0.
Combining with (2.15) it turns out
na(l,B) N M # 0.
Taking into account (2.13) we obtain the existence of some point o € M with f(z¢) >

¢+ e. This contradicts the choice of the set M. O

Corollary 2.16. (Motreanu-Varga [45]) Let f : X — R be a locally Lipschitz func-
tional satisfying (PS) and let a family M of subsets M of X be such that ¢ defined
by (2.13) is a real number. Assume that the hypothesis below holds

(H’) for each M € M there exists a closed set A in X with f|la < ¢ such that for
every homeomorphism h of X with h|a =ida one has h(M) N f€ # (.

Then c in (2.13) is a critical value of f and K .(f)NA =10 for every A in (H).
Proof. We consider the global flow {4 (see (2.14)) and we apply Theorem 2.15 with
B = f°. It is clear that (H’) implies (H) because A C M \ B and £4(1,-) is a
homeomorphism of X with £4(1,-) = i¢d on A. Then Theorem 2.15 concludes the
proof. O
Theorem 2.15 is suitable for applications to multiple linking problems.

Definition 2.17. Let Q, Qg be closed subsets of X, with Q¢ # 0, Qo C @, and let S
be a subset of X such that Qo NS = 0. We say that the pair (Q, Qo) links with S if
for each mapping g € C(Q, X ) with g|g, = id|g, one has g(Q) NS # 0.

Corollary 2.18. (Motreanu-Varga [45]) Given the subsets Q, Qo, S of the real Ba-
nach space X we assume that (Q,Qo) links with S in X in the sense above. Let
f X — R be a locally Lipschitz functional such that sgpf < oo and, for some

number o € Ry,
Qo C fa, SCf™
11
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Then assuming that for the minimazx value

=1 f s
¢ = infsup flg(x))

where
I'= {g € C(Q,X) : 9|Q0 = id|Qo}7
(PS)g,c is satisfied, the following properties hold
(i) ¢ >«
(i) Ke(f)\ Qo #0;
(i) K (f)NS#D if c = a.
Proof. Since the case a < ¢ follows immediately we discuss only the situation where
a = c¢. The conclusion is readily obtained from Theorem 2.15 by choosing M =
{9(Q): gT}and B=S. O
A direct consequence of this corollary is the following.
Corollary 2.19. (Mountain pass theorem; zero altitude) Let f : X — R be a lo-
cally Lipschitz function on a Banach space satisfying (PS). for every ¢ € R and the
conditions:
(i) f(z) = a > f(0) for all ||z|| = p where a and p > 0 are constants;
(i) there is e € X with ||e]| > p and f(e) < a.
Then the number

= 1 f 3
R

where [0, e] is the closed line segment in X joining 0 and e and

I'= {g € C([an]aX) : 9(0) =0, g(e) - 6}7

s a critical value of f with ¢ > «.
Proof. Tt is sufficient to take in Corollary 2.18 the following choices Q = [0,¢€], Qo =
{0,e}and S={x e X : ||z|]|=p }. O

A direct consequence of the above corollary is locally Lipschitz version of
Pucci-Serrin Mountain Pass theorem, see [52].
Theorem 2.20. Let X be a Banach space, h: X — R a locally Lipschitz functional,
satisfying the Palais-Smale condition, x and y two local minima of h. Then, h has a
critical point in X different from x and y.

In the next we prove a common generalization of some results of Chang [9]

and Kourogenis-Papageorgiou [23]. For this see the paper of Kristdly-Motreanu-Varga
[33]. Let us consider f : X — R to be a locally Lipschitz function.

12
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Definition 2.21. We say that f satisfies the (C)-condition at level ¢ (in short (C).)
if every sequence {z,} C X such that f(z,) — c and (1 + ||z,])A\s(xn) — O has a
convergent subsequence.

Tt is clear that (PS). implies (C).. Our approach is based on the following
idea. We consider a globally Lipschitz functional ¢ : X — R such that ¢(x) > 1,Vz €
X (or, p(z) > a, for some o > 0).

Definition 2.22. We say that the function f satisfies the (¢ — C)-condition at
level ¢ (in short, (¢ — C),) if every sequence {z,} C X such that f(z,) — ¢ and
©(2n)Af(zn) — 0 has a convergent subsequence.

The (¢ — C),.-condition contains the (PS), and (C'). compactness conditions,
respectively. Indeed if ¢ = 1 we get the (PS).-condition and if p(z) = 1+ ||z| we
have the (C').-condition.

We need the following result in order to obtain the existence of a suitable

locally Lipschitz vector field.
Lemma 2.23. (Kristdly-Motreanu-Varga [33]) Let X be a Banach space and let f :
X — R be a locally Lipschitz function satisfying the (o — C).-condition, where ¢ :
X — R is a globally Lipschitz function such that ¢(x) > 1, Vx € X. Then for each
& > 0 there exist constants vv,e > 0 and a locally Lipschitz vector field

vif N e—ectel) N (KD — X
such that for each x € f~([c —e,c+€]) N (K.)§ one has
[o(@)[] < ¢(z) (2.16)
", v(z)) > % for all y* € 9f(x). (2.17)

In the sequel we shall prove a very general deformation result which unifies

several results of this kind it appears in the paper of Kristaly, Motreanu and Varga
[33].
Theorem 2.24. (Kristdly-Motreanu-Varga [33]) Let f : X — R be a locally Lipschitz
function on the Banach space X satisfying the (¢ — C).-condition, with ¢ € R and a
globally Lipschitz function ¢ : X — R with Lipschitz constant L > 0 and p(z) > 1,
V x € X. Then for every g > 0 and every neighborhood U of K. (if K. = 0,
then we choose U = () there exist a number 0 < € < g9 and a continuous function
n: X x[0,1] — X, such that for every (x,t) € X x [0,1] we have:

(a) [In(z,t) — 2|l < p(z)te"";

(b) n(x,t) = x for every x ¢ f~1([c — eo,c +eo]) and t € [0,1];

(c) f(n(z,1) < f(=);

13
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(d) n(z,t) #x = f(n(z,1)) < f(x).

(e) n(fete,1) C feeuU;

(£) n(fer=\U,1) C fo==.
Proof. Fix g9 > 0 and a neighborhood U of K.. From the compactness of K,
we can find § > 0 such that (K.)ss C U. Moreover, the proof of Lemma 2.23
guarantees the existence of v > 0 and 0 < € < g¢ such that p(z)Af(zx) > v for all
z € fYe—%,c+E]) N (K.)$. We consider the following two closed sets:

A={ze X :|f(x)—c >} U(K.)s (2.18)

5
B={reX:|fz) e < S} (K5 (2.19)
Because A N B = () there exists a locally Lipschitz function ¢ : X — [0, 1] such that

1 = 0 on a closed neighborhood of A, say AJ disjoint of B, ¢|p =1 and 0 < ¢ < 1.
For instance, we can take t(x) = d(z, g)(ﬁflzx, B’ VoelX.
Let V : X — X be defined by

V) :{ —p(x) - v(x), we fHe—Eeta])n(E)S (220)

0, otherwise,

where v(z) is constructed in Lemma 2.23. The vector field V' is locally Lipschitz and
by the same lemma, for x € f~([c —,¢ +&]) N (K.)§ we have

IV (@)l = () - [o(@)]] < ¢(z) (2.21)

W, V(@) = —(e) - (v, (@) < —b(a)3, V" € Of(@). (2.22)

Since V' is locally Lipschitz and ||V (x)|| < ¢(0)+L||z||, the following Cauchy problem:
n(x,t) = V(n(x,t)) a.e. on [0,1]

{ oz, 0) = (2.23)

has a unique solution n(z,-) on R, for each x € X. By (2.21) we have that:

(e, ) — 2| < / IV (n(z. 8)) ds < / oz, 5))ds =
- / lp(n(z, 5)) — pla)]ds + / o(@)ds <
0 0

t
<L [ lne.s) = alds + gl
0
Using Gronwall’s inequality we get ||n(z,t) — z| < (z)t - elt, therefore the assertion
(a) is proved. If x ¢ f~([c —E,c+&]), then z € A, so ¥ (x) = 0. By (2.20) it follows
that V(z) = 0 and from (2.23) we obtain that n(x,t) = x, for each ¢ € [0,1]. This
yields (b).

14
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Next, for a fixed z € X, let us consider the function h, : [0,1] — R given by

he(t) = f(n(x,t)). Using the chain rule we have
d

—h(t) < max{ (y*,

dt iﬂ(l’,t» (Yt e 8f(n(x,t))} =

dt

= max{ (4", V(n(e,t)))  y* € 0f (n(x,)) } ae. o [0,1],
Therefore, taking into account (2.22), we infer
4
dt
and clearly, by (2.20)
4
dt
Hence property (c) holds true.

halt) < —¥(n(e. )3 <Ot nla,t) € (e —Ee+E) MK (224)

he(t) <0, if n(x,t) & f1([c—& c+2]) N (K.

In order to prove property (d), suppose that n(z,t) # x. First, we show that
n(x,8) € fH[c—&c+&)N (K., Vsel0,t]. (2.25)

On the contrary, there would exist sg € [0, ¢] such that n(z, sg) € A. This implies that
V(n(z,sp)) = 0. Using the uniqueness of solution to the Cauchy problem formed by
the equation in (2.23) and the initial condition with the initial value n(z, s¢), we see
that

n(x, 7+ so) = n(x,s0), Vr €R.

Letting 7 = t — sg and 7 = —sg one obtains n(x,t) = x, which contradicts our
assumption. Thus the claim in (2.25) is true.
Using (2.24) and (2.25) it follows that
t g o
f@) = fafe.) == [ Thds= 1 [oeaas (@220)
We show that there is s € [0, ¢] such that

V(n(z,s)) # 0. (2.27)

For, otherwise, if ¢ (n(x, s)) =0, Vs € [0, t], then V(n(z, s)) = 0, Vs € [0,¢]. By (2.23),
we get that 7(x,-) is constant on [0,t], which contradicts n(z,t) # x. It results that
(2.27) is valid. Since ¥ > 0, from (2.26) and (2.27) we infer that f(n(z,t)) < f(z),
which proves assertion (d).

We show now assertion (e). Let p > 0 such that (K.)ss C B(0, p). We choose

SR
0<e<min{ o, L, e L(p0) + Lp)t Y. (2.28)

2°4"° 8
15
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We argue by contradiction. Let z € 7€ such that f(n(z,1)) > c—¢e and n(x,1) ¢ U.
Since, by (¢), f(n(z,t)) < f(z) < c+eand f(n(x,t)) > f(n(x,1)) for each t € [0, 1],

we get
c—e< f(n(z,t)) <c+e, Vtel0,1]. (2.29)
We claim that
n({x} x [0,1]) N (Kec)2s # 0 (2.30)
Suppose that (2.30) does not hold. This means that
n({z} x 0,1]) N (Ke)2s = 0. (2.31)
First, we show that
n(x,t) € B, Vte|0,1]. (2.32)

The fact that n(z,t) € f~([c — §,c+ 5]) follows from (2.28) and (2.29). By (2.31)
one has that n(z,t) € (K.)Ss. Consequently, from (2.19) we conclude that (2.32) is
established. On the basis of (2.32) and (2.24) we may write

1 1
@) = St 1) = a(0) = V) = = [ bttt > [ Jutaar

0
Then, combining (2.32) and the definition of ¥ it is clear that

f(@) = fn(z,1)) =
On the other hand, from (2.29) we obtain that
f(@) = f(n(z, 1)) < 2e. (2.34)

From (2.33) and (2.34) we get 3 < 2¢, which contradicts (2.28). This justifies (2.30).
The next step in the proof is to show that there exist 0 < t; < t5 < 1 such

22

(2.33)

that
dist(n(x,t1), K.) = 26, dist(n(x,t2), K.) = 36 (2.35)
and
20 < dist(n(x,t), K.) <39, Vi1 <t <ts. (2.36)
Denote ¢(t) = dist(n(x,t), K.), Vt € [0,1]. In view of (2.30) we have that {t € [0,1] :
g(t) <26} # (). Thus it is permitted to consider
t; =sup{t €[0,1] : g(t) < 20}.

Since it is known that (K.)ss C U and n(x,1) ¢ U, we derive that n(x,1) ¢ (K.)ss.
This means that g(1) > 36. Since g(t1) < 2§ it is necessary to have t; < 1. The
definition of ¢; implies g(t) > 26 for all ¢ € (¢1,1] (which is the first inequality in
(2.36)). Letting t | t; we deduce that g(t1) > 20. We obtain that g(t1) = 20, so

16



VARIATIONAL-HEMIVARIATIONAL INEQUALITIES ON UNBOUNDED DOMAINS

the first part in (2.35) is proved. Taking into account that g(1) > 34, we see that
{t € [t1,1] : g(t) > 36} is nonempty. Then we can define

ty = inf{t € [t1,1] = g(t) > 36}.

Since g(t2) > 30 and g(t1) = 20 it is clear that ¢; < to. By the definition of to we
have that g(t) < 3§ for all t; <t < tg, so (2.36) holds. In addition, letting t 1 t2, we
get g(t2) = 34, so (2.35) holds, too.

Let us show that

4
to — 11 < 5 . (237)

From (2.36) it follows that n(z,t) ¢ (K.)2s, Vt € [t1, t2], while (2.29) and (2.28) imply
n(z,t) € f~H[c—5,c+ 5]), Vt € [t1,t2]. The definition of the set B in (2.19) yields
T](I,t) € B, Vte [tl,tg].

Using the definition of v, (2.24) and (2.29) we see that

y d

to to
yw—m=2tlwmamms—[1ﬁmww

= ha(tr) = ha(tz) = f(n(z,t1)) — f(n(z, t2)) < 2e.
Therefore (2.37) is proved.
We need the following inequality
I, 12) (e, 1) = 6 (2.59)
To check (2.38) consider a point v € K, so that
dist(n(z,t1), K.) = ||n(z, t1) — v| = 26.

Here the compactness of K, and the first part in (2.35) have been used. Then, on the
basis of the second part in (2.35) we can write

In(z, t2) = 0z, t)|| = lIn(z, t2) — ol = [In(z, t1) = v]| = 36 — 26 = 6.

Therefore (2.38) holds.
Using (2.23), (2.21) and the Lipschtzianess of ¢ we can write

to

HWMﬂHM@WS/wWWMMWS/¢W%W%

t1 t1

= / z[w(n(% 5)) — p(n(x,t1))]ds + @(n(w,t1))(t2 — t1)

t1

S/2MMMJW—M%hW%+¢W@WﬁXb—h) (2.30)

ty

17
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By (2.39) and Gronwall’s inequality we get

In(z, t2) =z, t)ll < @z, tr))(t2 — tr)e" 27" (2.40)
From (2.38), (2.40), (2.37) and the Lipschtzianess of ¢ we deduce that

4e
§ < |In(z,t2) — nla, t1)| < 76L<p(n(w7t1))

g%%%wm+LM@¢mu (2.41)

In view of (2.35) and the choice of p to satisfy (K.)ss C B(0,p) we have n(x,t;) €
(K.)ss C B(0, p). This property and (2.28) yield from (2.41) that

de . 4]
< — < =
§< M0+ 1) < 5.

which is a contradiction. This proves (e).

In order to show (f), since (K.)ss C U it is enough to prove that

n(frN\ (Ke)ss, 1) C fO7°5. (2.42)
Let us denote
C=(fr\fo)n(Ke)ss -
To check (2.42), we note that it is sufficient to verify that
n(x,1) € f°, Voeel, (2.43)

because for x € f¢7¢ we have f(n(z,1)) < f(x) < ¢ — ¢, due to the nondecreasing
monotonicity of f(n(z,)).
To show (2.43), denote

D= (£ f75) N (K.
First, we verify that
Ve e C, 3t, € (0, %] such that n(z,t;) ¢ D. (2.44)
To this end, we prove the inclusion below
(t>0: n(z,7) €D, ¥r e 0,4} (0, %), e (2.45)

Indeed, if n(z,7) is in D C B, V7 € [0,t], we have ¥(n(z,7)) = 1, Vr € [0,1].
Therefore, by (2.24), we have “-h,(r) < —2, Vr € [0,¢]. From this and (2.29) we

27
obtain

hx(T)dT Z 7ta

N[22

td
2 > ho(0) — halt) = = | —

S~

sot < % . Thus (2.45) is satisfied.

18
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We are now in the position to prove (2.44). We proceed arguing by contradic-
tion. Assuming that there exist € C such that n(x,t) € D, Vt € (0, 475] , by (2.45),
we arrive at the contradiction

0k

%E{t>0: n(z,7) € D, V1 € [0,t]} C ( ’y)’

which proves (2.44).
Let us show that for every x € C, it is true that

n({z} x [0,1]) N (Kc)z5 # 0 = Jto € (0,3] such that n(z,to) € f7°,  (2.46)
with .
ts = inf{t € [0, 1] : dist(n(z,t), K.) < 5(5},
where the set {t € [0,1] : dist(n(z,t), K.) < 36} is nonempty in view of (2.36).
If (2.46) were not true it would exist x € C' with n({z} x [0,1]) N (Kc)s5 # ¢ and

f(n(z,t)) > c—e, ¥t € [0,t3]. Hence n(x,t) € D, Vt € [0,t3]. This follows from the
definition of ¢35 and since z € C. The inclusion in (2.45) implies that

ty < —. 2.47

5 (2.47)
Introduce

ty = sup{t € [0,t3] : dist(n(x,t), K.) > 3d}.
Since x € C, then z € (K.)Ss, thus the set {t € [0,t3] : dist(n(z,t), K.) > 30} is
nonempty. By the definitions of ¢35 and ¢, it follows that
n(@,t) € (FENST) N ((Ke)as \ (Ke)sg), VE € [ta, ta].
We remark that

In(z;ts) = n(z, ta)|| = 5 - (2.48)

Indeed, by the definition of ¢4 we have
In(z,ts) = n(z,ta)|l = In(z, ta) — vl — lIn(z, t3) —

> 30 — |In(x, t3) —v||, Yve K.

[N\CRIES)

This leads to
. 5 J
Hn(xat3> - 77(96,754)H > 30 — dlSt(n(xat3)’Kc) =30 — 55 = 97
so0 (2.48) is verified.
Using (2.23), (2.21) and the Lipschtzianess of ¢ we can write

t3

(. ts) — (e, ta)]| < / V(e ) ds < / o(n(z, 5))ds

ta ty
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= / (. ) — el t)lds + (. )t — t2)

ty

< [ Llne.s) = e t)ds + plae, 1)t — 1),

ty

By Gronwall’s inequality we get

In(z, ts) =z, ta)ll < @, ta))(ts — ta)e" 2710, (2.49)

Using (2.48), (2.49), the Lipschitzianess of ¢, the inclusion (K.)ss C B(0,p) and
(2.47), we have that

1) _
5 < In(z,t5) — n(z, ta)|| < e o(n(2, t4))(ts — ta)

4e
< e"(9(0) + Lln(z, ta)|)ts < e"(2(0) + LP); :
This contradicts the choice of € in (2.28), therefore (2.46) is true.
In order to complete the proof of (f), let « € C. From (2.44), there exists
t, € (0, %] such that n(x,t;) ¢ D. This means that

n(@,te) € (X\ fTH)UFTTU(Ke)ss-

On the other hand, n(z,t,) € f°¢ since, as z € C, f(n(z,tz)) < f(z) < c+e.
Consequently, we deduce that n(z,t,) € f¢7= U (Kc)%(; . Two cases arise:

1) nla.t,) € fo;

2) nle,ta) € (Ke)gs

In case 1) we have directly that

f(n(% 1)) < f(n(xatr)) <c—g,

which ensures the desired conclusion.

It remains to treat case 2). In this situation, we make use of property
(2.46). Therefore, we find to € (0,t3] such that n(z,tg) € f¢. Thus we may
write f(n(z,1)) < f(n(z,t9)) < ¢ —e. The proof is complete. O
Remark 2.25. If we choose ¢(x) =1 or p(z) = 1+ ||z|| then we obtain the defor-

mation lemmas of Chang [9] and Kourogenis-Papageorgiou [24], respectively.

In the next we present a a general linking type result for locally Lipschitz
functions which satisfy the generalized (¢ — C). condition. Let X be a Banach space
and A,C C X two sets.

Definition 2.26. We say that C links A, if ANC =0, and C is not contractible in
X\ A
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Theorem 2.27. (Kristdly-Motreanu-Varga [33]) If A,C C X are nonempty, A is
closed, C links A, T'c is the set of all contractions of C, and f: X — R is a locally
Lipschitz which satisfies the (¢ — C)c-condition with

c= inf su oh<o and su z) < inf f(x),
helc [0,1]ch a:egf( )< xeAf( )

then ¢ > ;Ielgf(l’) and ¢ is a critical value of f. Moreover, if ¢ = ;relgf(x), then there
exists x € A such that x € K..
Proof. Since by hypothesis C links A, for every h € T'c we have h([0,1] x C) # 0. So
we infer that ¢ > ;relgf(x)

First we assume that wlrelgf(x) < ¢. Suppose that K. = 0. Let U = 0 and let
e>0and n:[0,1] x X — X be as in Theorem 2.24. Also from the definition of ¢, we
can find h € T'¢ such that

f(h(t,x)) <c+eforallte|0,1] and x € C. (2.50)
Let H : [0,1] x C — X defined by
n(2t,z), if 0<t<

H(t,z) =
n(1,h(2t — 1,x)), if

It is easy to check that H € I'c and from d

obtain that for every x € C we have

FH(0,2) = F020.0)) < (0) < sup f(a) < if € [0,

ﬂH@x»—ﬂMmeLm»Scs<aﬁteBJ}
and from (2.50) we get
h(t,z) € f<'< for every t € [0,1].

So we have contradicted the definition of c¢. This proves that K. # ), when
c> ;Ielg f(z).

Next assume that ¢ = ;2£f<$) We need to show that K. N A # (). Suppose
the contrary and let U be a neighborhood of K. with UN A = . Let ¢ > 0 and
n:[0,1] x X — X be as in Theorem 2.24. As before let h € I'c such that f(h(t,z)) <
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¢+ ¢ for all (¢,x) € [0,1] x C. Then we define H : [0,1] x C — X by

1
n(2t, x), it 0<t<g
H(t,z) =
1
n(1,h(2t — 1,2)), if 3 <t<1.

Again, we have H € I'c. From Theorem 2.24 follows that for all 0 < ¢ <

and all z € C, we have

n(2t,w) =z or f((2t,2)) < f(z) < inf f(z) =

N | =

which implies

1
n(2t,x) € CxAforallt € [07 2} and all z € C.

1
For all ¢t € {2, 1] and all z € C, we have from d) Theorem 2.24

n(1,h(2t —1,2)) C fCFUU
while (fc=UU)N A =10.

So H is a contraction of C' in X \ A, which is a contradiction. This completely
proves the theorem. O

In the next we prove a variant of Mountain Pass Theorem.
Theorem 2.28. (Kristdly-Motreanu-Varga [33]) Let X be a Banach space, f : X — R
be a locally Lipschitz function and ¢ : X — R a globally Lipschitz function such that
p(x) > 1,V x € X. Suppose that there exist xt1 € X and r > 0 such that ||x1|| > r
and

(i) max{f(0), f(z1)} < inf{f(2) : [z| =r}

(i) the function f satisfies the (¢ — C)c-condition (¢ € R), where

— inf t
c yuérfél[%,}f]f(w ),

with

I'={ycC(0,1],X): 7(0) =0, (1) = z1}.
Then the minimaz value ¢ in (ii) is a critical value of f. Moreover, if ¢ = inf{f(z) :
lz|| =7}, there exist a critical point x of f with f(x) = c and ||z|| =r.
Proof. We will apply Theorem 2.27 with A = {z € X : ||z| = r} and C = {0,z }.
Clearly C links A and ¢ < co. Let v € I" and define

1, if z=x
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Then h € I'c. Therefore
“inf  sup f(h(t,z)) < f(h(t,z)) <ec. (2.51)
Relc [0,1]xC

On the other hand, if h € T'¢, then
1
h(2t,0), if te [O, 2}

y(t) =
h2—2t3), if te [;1}

belongs to I'" and so

inf sup f(h(t,z)) >c. (2.52)
helc 0,11xC

By (2.51) and (2.52) we have
c= inf sup f(h(t,x
o (h(t,))

and so we can apply Theorem 2.27 and finish the proof. O

2.2. Multiple critical points results. In this subsection we present a generaliza-
tion of the three critical points theorem of Ricceri [58] to locally Lipschitz functions
which appears in the paper of Kristdly-Marzantowicz-Varga [28]. To do this, we first

recall a topological result of Ricceri [59].

Theorem 2.29. (Ricceri [59, Theorem 4]) Let X be a real, reflexive Banach space,
let A C R be an interval, and let p : X X A — R be a function satisfying the following
conditions:

1. ¢(x,-) is concave in A for all x € X;
2. (-, A) is continuous, coercive and sequentially weakly lower semicontinu-
ous in X for all A € A;

3. B :=sup inf p(z,\) < inf sup p(z, ) =: fs.
! repreX Pl ) zeX AeAgp( ) 2

Then, for each o > (1 there exists a mon-empty open set Ay C A with the follow-

ing property: for every A € Ag and every sequentially weakly lower semicontinuous

function ® : X — R, there exists pg > 0 such that, for each p €]0, puo|, the function

©(, A) + p®@(-) has at least two local minima lying in the set {x € X : p(x,)) < o}.
The main result of this subsection is the following.

Theorem 2.30. (Kristdly-Marzantowicz-Varga [28]) Let (X, || -||) be a real reflexive
Banach space and X; (i = 1,2) be two Banach spaces such that the embeddings X —
X; are compact. Let A be a real interval, h : [0,00) — [0,00) be a non-decreasing

convez function, and let ®; : X, >R (i = 1,2) be two locally Lipschitz functions such
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that Ex ,, = h(|| - ||) + A®1 + pg o @y restricted to X satisfies the (PS).-condition for
everyc € R, A€ A, u € [0,|\ 4+ 1] and g € G, 7 > 0. Assume that h(|| - ||) + APy is
coercive on X for all A € A and that there exists p € R such that

Sup xig([h(llw\\) + A(@1(2) + p)] < nf ilelﬁ[h(”x”) + AM@1(x) + p)]. (2.53)

Then, there exist a non-empty open set A C A and r > 0 with the property that for
every A € A there exists po €]0, |A| + 1] such that, for each p € [0, uo] the functional
Exp = h(|| - ||) + A®1 + u®Py has at least three critical points in X whose norms are

less than r.

Proof. Since h is a non-decreasing convex function, X > z — h(||z]]) is also convex;
thus, A(]] - ||) is sequentially weakly lower semicontinuous on X, see H. Brézis [7,
Corollaire II1.8]. From the fact that the embeddings X < X; (i = 1,2) are compact
and ®, : X; > R (i = 1,2) are locally Lipschitz functions, it follows that the function
Ey, aswell as ¢ : X x A — R (in the first variable) given by

e, A) = h([|lz]]) + AM(@1(2) + p)

are sequentially weakly lower semicontinuous on X.

The function ¢ satisfies the hypotheses of Theorem 2.29. Fix o > sup igl(f ©
and consider a nonempty open set Ay with the property expressed in Theore?n 2.29.
Let A = [a,b] C Ap.

Fix A € [a,b]; then, for every 7 > 0 and g, € G, there exists u, > 0 such
that, for any p €]0, i, [, the functional EY , = h(|| - [|) + A®1 + pg- o P, restricted to
X has two local minima, say =7, 23, lying in the set {z € X : p(z,\) < o}.

Note that

U {reX px,\) <o} C {zeX:h(|z||)+adi(z) <o —ap}
A€Ela,b]
U{z € X : h(||z||) + bP1(z) < o — bp}.

Because the function A(]| - ||) + APy is coercive on X, the set on the right-side is
bounded. Consequently, there is some 7 > 0, such that

U {zeX:p ) <o} By, (2.54)
A€Ela,b]

where B,, = {z € X : ||z|| < n}. Therefore,
x1,%5 € By,
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Now, set ¢* = sup h(t) + max{|al,|b|} sup |®1] and fix r > 7 large enough such that
t€[0,n] By
for any A € [a, ] to have

{z € X : h(|jz|]) + A®1(z) < ¢* +2} C B,. (2.55)

Let * = sup |[®2| and correspondingly, fix a function g = g« € G,«. Let us define
B

po = min{|A|+1, m}. Since the functional Ey ,, = EXM = h(||-|)+AP1+p1gr- 0P
restricted to X satisfies the (PS). condition for every ¢ € R, u € [0, o), and z; =

x{*,xg = xg are local minima of E} ,,, we may apply Corollary 2.19, obtaining that

ey = inf max Ey ,(v(s)) > max{E\ ,(z1), Exu(x2)} (2.56)
Y€T s€[0,1]

is a critical value for E} ,, where I' is the family of continuous paths v : [0,1] — X
joining x1 and x5. Therefore, there exists x3 € X such that

cxp = Exp(z3) and 0 € OEy ,(z3).

If we consider the path vy € I" given by v(s) = 1 + s(x2 — 1) C B,we have

h(||zs]]) + A1 (z3) By u(w3) — pg(®@2(z3))

e — Hg(Pa(r3))

< s%pu(h(llv(S)ll) + A1 (v(s)) + pg(P2(v(s)))) — ng(Pa(w3))
s€|0,

< sup h(t) + max{|al, [b]} sup [®1] + 2p0 sup |g]
te[0,n] By

< " +2.

From (2.55) it follows that x3 € B,. Therefore, z;, i = 1,2,3 are critical points
for Ey ., all belonging to the ball B,. It remains to prove that these elements are
critical points not only for Ey , but also for £y, = (]| - ||) + A®1 + p®s. Let = z;,
i € {1,2,3}. Since x € B,., we have that |®y(z)| < r*. Note that g(t) =t on [—r*,r*];
thus, g(®2(z)) = P2(x). Consequently, on the open set B, the functionals Ej , and
&y, coincide, which completes the proof.

At the end of this section we recall the following non-smooth version of Ricceri
[62, Theorem 2.5] which is proved by Marano and Motreanu [37].

Theorem 2.31. (Marano-Motreanu, [37, Theorem 1.1]) Let (X, ||-]|) be a reflexive real
Banach space, and X another real Banach spaces such that X is compactly embedded
into X. Let ® : X - R and ¥ : X — R be two locally Lipschitz functions, such that

U is weakly sequentially lower semicontinuous and coercive. For every p > infx U,
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put

CIJ(u) — inU T—1(—c0.0D)) CI)(’U)
) — inf E(r—1( PD)w (257)

ueW=1(]—c0,p|) p—Y(u) ’

where (8- 1(] = o0, o))

thermore, set

is the closure of W~1(] — oo, p|) in the weak topology. Fur-

w

v :=liminf ¢(p), 0:= liminf ¢(p). (2.58)

p—-+oo p—(infx ¥)+
Then, the following conclusions hold.

(A) If v < 400 then, for every X >, either
(A1) © + AV possesses a global minimum, or
(A2) there is a sequence {un} of critical points of ® + AU such that
limy,— 400 U(up) = +00.
(B) If 6 < +oo then, for every X > 6, either
(B1) ® + AU possesses a local minimum, which is also a global minimum
of ¥, or
(B2) there is a sequence {un} of pairwise distinct critical points of ® + AU,
with Umy, oo ¥(uy) = infx U, weakly converging to a global mini-

mum of W.

3. Motreanu-Panagiotopoulos functionals

In this section we present some results from the critical point theory for
Motreanu-Panagiotopoulos type functionals. For details we refer the reader to the
monographs of Motreanu-Panagiotopoulos [46], Motreanu-Radulescu [47], Gasinski-
Papageorgiou [18] and the papers of Marano and Motreamu [38], [37]. At the end
of this section we present the Principle of Symmetric Criticality for this class of
functionals following the paper of Kristdly-Varga-Varga [29].

3.1. Critical point results. Let 7 = h + ¢, with h : X — R locally Lipschitz and
¥ : X — (—o00,+00] convex, proper (i.e., ¥ Z +00), and lower semicontinuous. Z is a
Motreanu-Panagiotopoulos type functional, see [46, Chapter 3 ].

Definition 3.1. ([46, Definition 3.1]) An element v € X is said to be a critical point
of Z=h+,if

RO (us v — ) + (v) — Y(u) > 0,Yv € X.
In this case, Z(u) is a critical value of Z.
We have the following result, see Gasinski-Papgeourgiu [18], Remark 2.3.1.
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Proposition 3.2. An element u € X is a critical point of T = h 4+, if and only if
0 € Oh(u) + OY(u), where OY(u) denotes the subdifferential of the convex function 1

at u, 1.e.
op(u) ={z" € X* : ¢p(v) —¥(u) > (x*,v — u)x for every v € X}.

Definition 3.3. ([46, Definition 3.2]) The functional Z = h + ¢ is said to satisfy the
Palais-Smale condition at level ¢ € R (shortly, (PS).), if every sequence (u,) from X
satistying Z(u,) — ¢ and

ho(umv - un) +¢(U) - "/J(un) > _ETLHU - un||7vv € X,

for a sequence (g,,) in [0, c0) with €, — 0, contains a convergent subsequence. If (PS),
is verified for all ¢ € R, 7 is said to satisfy the Palais-Smale condition (shortly,(PS)).

The next result is a non-smooth version of the Mountain Pass Theorem, see Corollary
3.2 from [46].

Theorem 3.4. (Motreanu-Panagiotopoulos [46]) Assume that the functional I : X —
(=00, +00] defined by I = h + 1, satisfies (PS), I(0) =0, and
(1) there exist constants o > 0 and p > 0, such that I(u) > a for all ||u]| = p;
(i) there exists e € X, with ||e|| > p and I(e) < 0.
Then, the number

c=inf sup I(f(t)),
jof sup (f(t))

where
L={feC(0,1,X) : f(0)=0, f(1)=e},
1s a critical value of I with ¢ > a.

In the next we present the three critical points theorem of Ricceri [55] for
Motreanu-Panagiotopoulos functionals. This result was proved by Marano and Motre-
anu [38, Theorem B].

Let hy, hy : X — R be locally Lipschitz functions, and let ¢ : X —]—00, +00]
be a convex, proper, lower semicontinuous function. Then the function hy + 1 + Ahs

is a Motreanu-Panagiotopoulos type functional for every A € R.

Theorem 3.5. (Marano-Motreanu [38]) Suppose that (X,|| - ||) is a separable and
reflexive Banach space. Let Iy = hy + 11, Io = hs, and let A C R be an interval. We
assume that:

(a1) h1 is weakly sequentially lower semicontinuous and ho is weakly sequen-

tially continuous;
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(ag) for every A € A the function Iy + M fulfils (PS).,c € R, and

lim ([ (u) + Ala(uw)) = +o0;

[lu]|—+o0

(as) there exists a continuous concave function h : A — R satisfying

sup inf (I1(u) + Ala2(u) + h(X)) < inf sup(f1(u) + Ma(u) + h(N)).
A€ uEX ueX \eA

Then, there exists an open interval Ag C A, such that for each A\ € Ay the function
I + M5 has at least three critical points in X.

3.2. Principle of Symmetric Criticality. We now prove the Principle of Symmet-
ric Criticality for Motreanu-Panagiotopoulos functionals. This result simultaneously
generalizes the Principle of Symmetric Criticality in its standard form, see Palais [49]
for smooth functionals; the result of Krawcewicz and Marzantowicz [25] for locally
Lipschitz functions; and the result of Kobayashi and Otani [22] for Szulkin-type func-
tionals. The results of this subsection is contained in the paper of Kristaly, Varga
and Varga [29].

Let G be a topological group which acts linearly on X, i.e., the action G x
X — X : |[g,u] — gu is continuous and for every g € G, the map u — gu is
linear. The group G induces an action of the same type on the dual space X* defined
by (gz*,u)x = (z*,g 'u)x for every g € G, u € X and z* € X*. A function
h: X — RU{+o00} is G—invariant if h(gu) = h(u) for every g € G and u € X. A set
K C X (or K C X*) is G—invariant if gK = {gu:u € K} C K for every g € G. Let

Y={ue€ X :gu=uforevery g € G}

the fized point set of X under G.
Now we recall some facts from [22]. Let

(X)) ={¢: X - RU{oc}: 9 is convex, proper, lower semicontinuous};
Dq(X)={y € ®(X): ¢ is G — invariant};

I'g(X*)={K CX": K is G — invariant, weak”—closed, convex}.

Proposition 3.6. ([22, Theorem 3.16]) Assume that a compact group G acts linearly
on a reflexiv Banach space X. Then for every K € I'q(X™*) and ¢ € ®¢(X) one has

Kls N 0(W]s)(u) £ 0 = K Now(u) £0, ue s, (3.1)

where K|y, = {z*|x : 2* € K} with (x*|g,u)s = (", u)x, u € X.
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Let A: X — X be the averaging operator over G, defined by

Au = / gudp(g), v e X, (3.2)
G

where p is the normalized Haar measure on G. The relation (3.2) can reads as follows
(z*, Au) x :/(x*,gu>xdu(g), ue X, x¥ e X*. (3.3)
G

It is easy to verify that A is a continuous linear projection from X to X and for
every G-invariant closed convex set K C X we have A(K) C K. The adjoint operator
A*:¥* — X* of A: X — X is defined by
(A*w*, 2)x = (W", Az)y, z€ X, w" € 3. (3.4)

Lemma 3.7. Let h : X — R be a G-invariant locally Lipschitz function and u € X.
Then

(a) O(hls)(u) € Oh(u)[s.

(b) Oh(u) € Ta(X™).
Proof. (a) Let us fix w* € 9(h|g)(u). Then by definition, one has

(w*,v)y < (h|n)?(u;v) for every v € .

First, a simple estimation shows that (h|s)?(u;v) < h(u;v) for every v € . Thus,
applying the above inequality for v = Az € ¥ with z € X arbitrarily fixed, by (3.4)
one has
(A*w*, 2) x = (w*, Az)s < hO(u; Az). (3.5)
Using [10, Proposition 2.1.2 (b)] and (3.3), we get
RO(u; Az) = max{(z*, Az)x : x* € Oh(u)}

= max{/G(sc*,gz)Xdu(g) :x e Oh(u)}

< [ Wsgalduto) = [ Ko ws2)dute) = [ 10(us)duts)
G G G
= hO%u; 2).
Combining this relation with (3.5), we conclude that A*w* € Oh(u). Since w* =
A*w*|x, we obtain that w* € 0h(u)|s, completing the proof of (a).
(b) Since Oh(u) is a nonempty, convex and weak*-compact subset of X*
(see [10, Proposition 2.1.2 (a)]), it is enough to prove that Oh(u) is G-invariant, i.e.,
gOh(u) C Oh(u) for every g € G. To this end, let us fix g € G and z* € Oh(u). Then,
for every z € X we have
(g, 2)x = (x*, 97 2)x < hP(u; 97 2) = hO(gu; 2) = hO(u; 2),
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ie., gx* € Oh(u). O
Theorem 3.8. (Kristdly-Varga-Varga [29]) Let X be a reflexiv Banach space and
I=h+v:X — RU{+oo} be a Motreanu-Panagiotopoulos type functional. If a
compact group G acts linearly on X, and the functionals h and ¥ are G—invariant,

then every critical point of I|s, is also a critical point of T.

Proof. Let u € ¥ be a critical point of Z|s. Thanks to Proposition 3.2 one has
0 € O(h|s)(u) + 0(¢|s)(u). Moreover, due to Lemma 3.7(a) we have

0 # =0(hls)(v) NO(Wls)(u) € —0h(u)lz N O(Y]x)(w).

By choosing K = 0h(u) in Proposition 3.6 and taking into account Lemma 3.7(b),
relation (3.1) implies that ) £ —dh(u) NIy (u). Thus, in particular 0 € dh(u)+ I (u),
i.e., u is indeed a critical point of Z. O

A direct consequence of this theorem is the following proved by Krawcewicz

and Marzantowicz [25].

Remark 3.9. (Krawcewicz-Marzantowicz [25]) Let f : X — R be a G-invariant
locally Lipschitz function and u € X a fixed point. Then u € X is a critical point
of f if and only if  is a critical point of f¢ = f|xc : X¢ — R.

4. Application to hemivaritional inequalities

4.1. Formulation of the problem. In this section we prove some existence results
for a general class of hemivariational inequalities. These results appear in the paper
of Kristély [27] and Dalyai-Varga [11].

Let (X, ||-]]) be a real, separable, reflexive Banach space, and let (X*, ||-|/+) be
its dual. We consider ¢ RY an unbounded domain. Also assume that the inclusion
X — LX) is continuous with the embedding constants C(1), where [ € [p,p*] (p >
2,p* = NN—_pp)

Let us denote by || - ||; the norm of L!(€2). In this section we suppose that the
following condition holds:

(CE): X is compactly embedded in L"(Q2) for some r € [p, p*|

Let A: X — X™* be a potential operator with the potential a : X — R, i.e. a
is Gateaux differentiable and
tim QAW ) 4y,
for every u,v € X. Here (-,) denotes the duality pairing between X* and X. For a
potential we always assume that a(0) = 0. We suppose that A : X — X* satisfies the

following properties:
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e A is hemicontinuous, i.e. A is continuous on line segments in X and X*
equipped with the weak topology.

e A is homogeneous of degree p — 1, i.e. for every u € X and t > 0 we
have A(tu) = =1 A(u). Consequently, for a homogeneous hemicontinuous
operator of degree p — 1, we have a(u) = %(A(u), u).

e A: X — X7 is a strongly monotone operator, i.e. there exists a function
Kk : [0,00) — [0, 00) which is positive on (0, 00) and lim;_, k() = co and
such that for all u,v € X,

(A(u) = A(v), u =) > K([lu = vl))[[u = o]

Let f: Q2 xR — R be a measurable function which satisfies the following
growth condition:
(F1) [f(z,8)] <c(|s|P~t + [s["71), for ae. z € Q, for all s € R
Let F: Q x R — R be the function defined by

F(xz,u) = / f(z,s)ds, fora.e. x€Q, VseR. (4.1)
0
For a.e. x € Q) and for every u,v € R, we have:
|F(z,u) = F(z,v)| < etlu—of (JulP 7+ o7 a7 o] 7 (42)

where ¢; is a constant which depends only of u and v. Therefore, the function F'(zx, )
is locally Lipschitz and we can define the partial Clarke derivative, i.e.

F(x,y+tw) — F(x,y)
t

FY(z,u;w) = limsup ) (4.3)

y—u, t—0+t

for every u,w € R and for a.e. z € R.

Now, we formulate the hemivariational inequality problem that will be studied
in the next:

Find u € X such that

(Au,v) + /Q FY(x,u(z); —v(x))dr >0, VYveX. (4.4)

To study the existence of solutions of the problem (4.4) we introduce the

energy functional ¥ : X — R defined by

where a(u) = %(A(u),m and ®(u) = [, F(x,u(z))dz.
Remark 4.1. In Proposition 4.6 we will prove that the critical points of the functional

U are solution of the problem (4.4).
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To study the existence of the critical point of the function ¥ is necessary to

impose some conditions on the function f:

(F2) There exists a > p, A € [0, %‘Z‘p_)p)[ and a continuous function g : R —

R, such that for a.e. z € RY and for all u € R we have

where limj,| o g(u)/[ul? = A.
(F2) There exists o € (max{p, p* pT;__pp},p*) and a constant C' > 0 such that for
a.e. ¢ € Q and for all © € R we have

1
—Clu|® > F(x,u) + - F3 (x,u; —u). (4.6)
p
Next, we impose further assumptions on f. First we define two functions by

f(z,s) = ‘Slilr(r)lJr essinf{f(x,t) : [t — s| < d},

f(z,s) = 511%1+ esssup{ f(z,t) : |t — s| < 4},

for every s € R and for a.e. 2 € Q. It is clear that the function f(z,-) is lower
semicontinuous and f(z,-) is upper semicontinuous. The following hypothesis on f
was introduced by Chang [9].
(F3) The functions f, f are N-measurable, i.e. for every measurable function
u: Q — R the functions = — f(z,u(z)),z — f(z,u(z)) are measurable.
(F4) For every € > 0, there exists c(¢) > 0 such that for a.e. = € Q and for

every s € R we have
|f(z,8)] <elsP~ + ()]s
(F5) For the a € (p,p*) from condition (F2), there exists a ¢* > 0 such that for
a.e. x € 2 and for all s € R we have

Fa,u) = ¢ (|ul® = [uf?).

Remark 4.2. We observe that if we impose the following condition on f,
(F4) lim,_ o+ esssup{ L&+ (2 6) € Q x (—¢,2)} =0,

|s[?

then this condition with (F1) imply (F4).

4.2. Some basic lemmas. Before to study the hemivariational inequality (4.4) we
prove some auxiliary lemmas. The results of this subsection appear in the paper of
Délyai-Varga [11]. So, we consider the function ® : X — R by

D(u) = /QF(:U,u(x))dm, Vue X, (4.7)
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where F(z,u) = [’ f ds, fora.e. x €, VscR..

Remark 4.3. For simplicity we denote h(u) = c|u/P~! and in the next two results

we use only that the function h is monotone increasing, convex and h(0) = 0.

The following results appears in the paper of Kristdly [27] and Délyai-Varga
[11].

Proposition 4.4. The function ® : X — R, defined by ®(u fQ ))dx is
locally Lipschitz on bounded sets of X.

Proof. For every u,v € X, with |lul|, ||v|| < r, we have
[®(u) — @(v)]|
/ Pz, u(z)) — Flz, v())|dz
< 01/ [u(z) — v(@)|[h(Ju(z)]) + h(|v(z)])]
)P 1/r u(x))? dx 2 v(z)|)? dz /v
< el [ ut) = v@P) "I (itu) )+ ([ (o)) d)

Q
< eallu = vllp[l2(luDllp + R (0)llp)
< C(u7 U)Hu - UH’

where % + 1% = 1 and we used the Hélder inequality, the subadditivity of the norm
|l - |l and the fact that the inclusion X — LP(2) is continuous. We observe that

C(u,v) is a constant which depends only of u and v. O

Proposition 4.5. (Kristaly [27] and Délyai-Varga [11]) If condition (F1) holds, then

for every u,v € X, we have

Ou"U OLEUZE'ULL' X. .
¢«>34@<,m,mm (4.8)

Proof. Tt is sufficient to prove the proposition for the function f, which satisfies only
the growth condition |f(xz,s)| < clu[P™! from Remark 4.3. Let us fix the elements
u,v € X. The function F(z,-) is locally Lipschitz and therefore continuous. Thus
F9(z,u(z);v(z)) can be expressed as the upper limit of (F(z,y+ tv(z)) — F(z,y))/t,
where ¢t — 07 takes rational values and y — u(z) takes values in a countable subset
of R. Therefore, the map z — F9(z,u(z);v(x)) is measurable as the “countable
limsup” of measurable functions in . From condition (F1) we get that the function
x — F9(x,u(z);v(z)) is from L'(RY).
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Using the fact that the Banach space X is separable, there exists a sequence

wy, € X with ||w,, — u|| — 0 and a real number sequence t,, — 0", such that

®°(u,v) = lim (wn + tnv) = @(wn)' (4.9)

n— oo tn

Since the inclusion X — LP(RY) is continuous, we get ||w, — ul[, — 0. Using [7,
Theorem IV.9], there exists a subsequence of (w,,) denoted in the same way, such that
wy(x) — u(z) a.e. x € RY. Now, let ¢, : RY — R U {+00} be the function defined
by
F(z,wn(x) + thv(x)) — F(z, w,(x))

ln
+arlo(@)[[h(jwn(2) + tno(2)]) + h(lwn (2)])]-

on(T) = —

We see that the the functions ¢, are measurable and non-negative. If we apply
Fatou’s lemma, we get

/ lim inf @, (x)dz < hminf/ on(z)dz.
¢ Q

) n—oo n—oo

This inequality is equivalent to

/limsup[—cpn(as)}das > limsup/[fgon(:r)]dz. (4.10)
Q Q

n—oo n—oo

For simplicity in the calculus we introduce the following notation:

(1) S0}7’(x) _ F(a:7wn(a:)+tnv(:v))7F(a:7wn(a:));

(i) @7 (@) = erlo(@)|[(lwn (@) + tnv(@)]) + h|wn (z)])]-
With these notation, we have p,(x) = —pk(z) + ¢2 (z).

Now we prove the existence of limit b = lim,,_, fQ ¢ (r)dz. Using the facts
that the inclusion X — LP(§) is continuous and ||w, — u|| — 0, we get ||w, —ul|, —
0. Using [7, Theorem IV.9], there exist a positive function g € LP(Q), such that
|wy (z)] < g(x) a.e. € Q. Considering that the function h is monotone increasing,
we get

e (@) < erfo(@)|[P(g(z) + o(@)]) + h(g(x))], ae 2 €Q.
Moreover, gp%(x) — 2ci|v(x)|h(Ju(z)|) for a.e. x € Q. Thus, using the Lebesque

dominated convergence theorem, we have

b= lim [ ©2(2)dz = / 21 [v(@) [ h(|u(z)]) dz. (4.11)
n—oo Q Q
If we denote by I} = limsup,, ., [o[—¢n(x)]dz, then using (4.9) and (4.11), we have
I =lim sup/ [—n(z)]de = ®°(u;v) — b. (4.12)
n—oo JQO
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Next we estimate the expression I, = [, limsup, . [—¢n(z)]dz. We have the in-

equality

n—oo n—oo

/limsup[goi(x)]dx—/ lim @2 (x)dz > I. (4.13)
Q Q

Using the fact that w,(z) — u(z) a.e. z € Q and ¢, — 0T, we get

i 2 =2c1 v(x u(x)|)dz.
/th 2 (x)dz = 2 /Q\ (@) |h(u(z))d

n—oo

On the other hand,

Fa,y + to(z)) — F(z,y)
t

dx

/ lim sup @} (2)dx < / lim sup
Q Q

n—o00 y—u(x), t—0+

= / FY(z,u(z);v(x))dz.
Q

Using relations (4.10), (4.12), (4.13) and the above estimates, we obtain the desired

result. O
Now we prove that the critical points of the function ¥ : X — R defined by

U(u) = a(u) — ®(u) are solutions of problem (4.4).

Proposition 4.6. If 0 € 0¥ (u), then u solves the problem (4.4).

Proof. Because 0 € 9V¥(u), we have ¥O(u;v) > 0 for every v € X. Using the

Proposition 4.5 and a property of Clarke derivative we obtain

0 < ¥0(u;v) < (u,v) + (—®)°(u;v)
= (A(u),v) + @°(u; ~v)
<.+ [ P (), o)

for every v € X. O

4.3. The Palais-Smale and Cerami compactness conditions. In this subsection
we study the situation when the function W satisfies the (P.S). and (CPS), conditions.
We have the following result.

Proposition 4.7. Let (u,) C X be a (PS). sequence for the function ¥ : X — R.
If the conditions (F1) and (F2) are fulfilled, then the sequence (u,) is bounded in X.

Proof. Because (u,) C X is a (PS). sequence for the function ¥, we have ¥(u,) — ¢
and Ag(u,) — 0. From the condition ¥(u,) — ¢ we get ¢+ 1 > ¥(u,,) for sufficiently
large n € N.

Because Ay (un) — 0, |Jun| > ||un]|Aw(uy,) for every sufficiently large n € N.

From the definition of Ay (u,) results the existence of an element z;; € 9V (u,), such
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that Ay (un) = ||z |lx. For every v € X, we have |z (v)| < ||z} |l«|lv]|, therefore

Un Un

llzs, lcllvl] > =23 (v). If we take v = u,, then ||z ||«||unll > =2} (un).

Using the properties W%(u,v) = max{z*(v) : z2* € O¥(u) } for every v € X,
we have —2*(v) > —W¥(u,v) for all 2* € O¥(u) and v € X. If we take u = v = u,

and z* =z}, we get —z (un) > —U%(up, u,). Therefore, for every o > 0, we have
1 1 1
a2 > o, ),
When we add the above inequality with ¢ +1 > ¥(u,,), we obtain
1 1,
c+1+ a||un|| > U(uy) — &\IJ (Un; Un).

Using the above inequality, ¥°(u,v) < (A(u),v) + ®°(u, —v), and Proposition 4.5 we
get

1
c+ 14 —|lunl
«

1
> U(uy,) — E\I/O(un;un)

Afun) ) = ®(un) —  ((Alun), ) + 2 (s —u)

—~

1
p
(
(

Y

A Gun), ) = [ [P (o) + 2 FS o) = ()] da

Qlm o+

vV
"=

)<A(“n)vun> - i/ g(un(a:))dx

Q

The relation limj,|— % = ) assures the existence of a constant M, such that
Jo 9(un(x))dz < M + X [, |un(2)|Pdz. We use again that the inclusion X — LP(9)
is continuous, that a(u) = %(A(u),u} and that

u

U
a(u) = [[ul"{A(5 ), 770 = £D)][ul?,
[l fleel|
to obtain
1 1 ACP(p)
1 n>7_*An7n_7 np_i
ct1l+]u ||_(p o) (A(un), un) = lluall
k(1) (a —p) — ACP M
> ()(a—p) () funf? — 2.
Q Q@
From the above inequality, it results that the sequence (u,,) is bounded. O

Proposition 4.8. If conditions (F'1), (F2’) and (F4) hold, then every (CPS).(c > 0)
sequence (u,) C X for the function ¥ : X — R is bounded in X.
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Proof. Let (u,) C X be a (CPS), (¢ > 0) sequence for the function ¥, i.e. ¥(u,) — ¢
and (1 4+ [Jun|)Aw(un) — 0. From (1 + |Jun|)Aw(us) — 0, we get ||un|[Aw(un) — 0
and Ay (u,) — 0. As in Proposition 4.7, there exists 2}, € 0W¥(u,) such that

Un

L. 1
=z, Mullunll = =0 (un; ;;un).

From this inequality, Proposition 4.5, condition (F2’) and the property W°(u;v) <
(Au,v) + @O (u; —v) we get

Ly Un; U
c+1>T(uy,) p\I' (Un; Unp)
> a(uy) — P(uy) — ;1) [(Aup, un) + @0 (un; —uy)]

> —/Q [F (2, un(x)) + %Fg(x,un(x); —uy(2))]dx
> Cllunllg

Therefore, the sequence (u,) is bounded in L*(€2). From the condition (F4) follows
that, for every € > 0, there exists c(g) > 0, such that for a.e. z € RV,

€ p —~7
F(z,u()) < Jlu(@)l” +

After integration, we obtain

c(e)

3
d(u) < = ull? + =Lful|’.
(U)_pHUIlp+ el

Using the above inequality, the expression of ¥, and ||u||, < C(p)||ul|, we obtain

k(1) —eCP(p cle) r -
= e < iy + Sy < e+ 1+ ful
Now, we study the behaviour of the sequence (||uyl|,). We have the following two

cases:

(i) If » = @, then it is easy to see that the sequence (||uy,||) is bounded in R.

(ii) If r € (o, p*) and « > p* p’;:pp, then we have

lally < Nl &% - a2
where r = (1 — s)a + sp*,s € (0,1).

Using the inequality Hu||;73* < C*P" (p)]|u||*"", we obtain

1) — eCv :
M”u”p <c+1+4 @”u”&l—s)a”unw , (4.14)
D T
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When in the inequality (4.14) we take € € (0, g,f(lz);)) and use b), we obtain that the
sequence (u,) is bounded in X. O
The main result of this section is as follows.

Theorem 4.9. (Dalyai-Varga [11])

1. If the conditions (CE),(F1)-(F4) hold, then U satisfies the (P.S). condition
for every c € R.
2. If the conditions (CE),(F1), (F2’), (F3), and (F4) hold, then ¥ satisfies
the (CPS). condition for every ¢ > 0.
Proof. Let (u,) C X be a (PS).(c € R) or a (CPS).(c > 0) sequence for the function
U(uy,). Using Propositions 4.7, 4.8 it follows that the sequence (u,,) is a bounded in
X. Because X is reflexive Banach space follows the existence of an element u € X,
such that u,, — u weakly in X. Because the inclusions X < L"(R") is compact, we
have that u, — u strongly in L"(RY).

Next we estimate the expressions I} = W0 (u,,;u, —u) and 12 = U0 (u; u—uy,).
First we estimate the expression I? = WO(u;u — u,). We know that ¥O0(u;v) =
max{z*(v) : z* € 0¥(u)}, Vv € X. Therefore, there exists z € 9¥(u), such that
UO(u;v) = z%(v) for all v € X. From the above relation and from the fact that
un, — u weakly in X, we get WO(u;u —up) = 25 (u — uy,) — 0.

Now, we estimate the expression I} = ¥0(u,;u, — u). From Ag(u,) — 0
follows the existence of a positive real numbers sequence g, — 0, such that
U0 (U, — ) + pin||tir, — uf| > 0.

Now, we estimate the expression I,, = ®°(u,; u—u, )+ ®°(u; u —1u,). For the
simplicity in calculus we introduce the notations hy(s) = |s|P~! and ho(s) = |s|". For
this we observe that if we use the continuity of the functions h; and hs, the condition
(F4) implies that for every e > 0, there exists a c(¢) > 0 such that

max {|f(z, )|, [f(z, 5)|} < eha(s) + c(e)ha(s), (4.15)
for a.e. z € RY and for all s € R. Using this relation and Proposition 4.5, we have

I, = O (up;u —uy) + ®(u;u — uy)
< / [F2 (@, up (2);upn(z) —u(z)) + Fg(x,u(x);u(x) — un(x))] dx
/L,xwa: (&) = u(@) + Tl u(@)) (u(z) - un(0))] da

) + ha(un (2))] [un (2) — u(z)|dz

@\

”%A ) + ha(un ()] [in () — u(a)d.
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Using Holder inequality and that the inclusion X — LP() is continuous, we get

I < 2eC(p)[un — ul[(|[Pa (w)llpr + 71 (un) )
+2¢()[Jun — ullr (P2l + 1h2(un) ),

where % + L =1and L+ L =1. Using the fact that the inclusion X — L"(Q) is

P

compact, we get that ||u, —ul|, — 0 as n — oco. For ¢ — 0% and n — oo we obtain

that I,, — 0.

Finally, we use the inequality WO (u;v) < (A(u),v) + ®°(u; —v). If we replace
v with —v, we get WO(u, —v) < —(A(u),v) +®°(u;v), therefore (A(u),v) < ®°(u;v) —

WO (u, —v).

In the above inequality we replace v and v by v = u,,v = u — u, then

U =u,v=u, —u and we get

(A(un),u —up) < @O(un, U — ) — OO (up; uy — u),

(A(u),uy —u) < B (u,up —u) — VO (u,u — uy).
Adding these relations, we have the following key inequality:

[un = ullk(un = u) < (A(un = u),un —u)

< [@%(unsu — up) + @(usu — up)| — VO (un; un — w) — VO(wsu—uy) =1, — I} — I7.

Using the above relation and the estimations of I,,, I} and I2, we obtain
l[tn = ulli(un = u) < In + pnlltn — ul| = 25 (un — ).
If n — oo, from the above inequality we obtain the assertion of the theorem.

4.4. Existence result. The main result of this subsection is the following.

Theorem 4.10. (Délyai-Varga [11])

1. If conditions (CE),(F1)-(F5) hold, then problem (4.4) has a nontrivial

solution.

2. If conditions (CE), (F1),(F2’), (F3), and (F4) hold, then problem (4.4)

has a nontrivial solution.

Proof. Using (1) in Theorem 4.9, and conditions (F1)-(F4), it follows that the func-
tional W(u) = L(A(u),u) — ®(u) satisfies the (PS). condition for every ¢ € R. From

P
Corollary 2.19 we verify the following geometric hypotheses:

Ja,p >0, such that ¥(u) > 5 on B,(0) = {u e X : |u| = p},
U(0) =0 and there exists v € H \ B,(0) such that ¥(v) < 0.

(4.16)
(4.17)
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For the proof of relation (4.16), we use the relation (F4), i.e. |f(z,s)| <
els[P= + c(e)|s|" L. Integrating this inequality and using that the inclusions X —
LP(RY), X < L"(R™) are continuous, we get that

ww) 2 W= 400y, 0) = L@yl
> ML= e Zeercmlul

The right member of the inequality is a function x : Ry — R of the form x(t) =
AtP — Bt", where A = M B = Lc(e)C(r). The function x attains its global
maximum in the point tp; = ( ) . When we take p =ty and 8 €]0, x(tar)], it is
easy to see that the condition (4.16 ) is fulfilled.

From (F5) we have ¥(u) < ( (u), u) +c*|lul[p—c*||lul|g. If we fix an element
v € H\ {0} and in place of u we put tv, then we have

]‘ * * O (e
U(tv) < (5<A(v),v> + ol — et [|o][3-

From this we see that if ¢ is large enough, tv ¢ B,(0) and ¥(tv) < 0. So, the condition
(4.17) is satisfied and Corollary 2.19 assures the existence of a nontrivial critical point
of W.

Now when we use (2) in Theorem 4.9, from conditions (F1), (F2’), (F3), and
(F4), we get that the function ¥ satisfies the condition (CPS). for every ¢ > 0. Now,
we use Theorem 2.28, which assures the existence of a nontrivial critical point for the
function ¥. It is sufficient to prove only the relation (4.17), because (4.16) is proved
in the same way.

To prove the relation (4.17) we fix an element v € X and we define the
function h : (0,400) — R by h(t) = 1 F(z, t"/Pu) — Cﬁt%_l\ma. The function h is
locally Lipschitz. We fix a number ¢ > 1, and from the Lebourg’s main value theorem

follows the existence of an element 7 € (1,¢) such that

h(t) — h(1) € O.h(T)(t — 1),

where 0; denotes the generalized gradient of Clarke with respect to ¢t € R. From the
Chain Rules we have

O F(z,tYPu) C p@F(x Pyl

Also we have

1 1
Oh(t) C —t—QF(m,tl/pu) + - OF (2 VPt — Ot 2l
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Therefore,
h(t) — h(1) C d,h(r)(t — 1)
1 1/p 1/p 1/p 1/p, |
- [F(x,t w) — tYPudF (2, £/70) + C[tY/Pu) } (t—1).

Using the relation (F2’), we obtain that h(t) > h(1) ; therefore,

1 o
SF(a, tYPu) — O—L— 5l > F(z,u) — C—L—|ul®.
t a—7p a—0p
From this inequality, we get
F(z,8Y/7) > tF(z,u) + C—L— [t/ — f]|ul®, (4.18)
a—=p
for every ¢t > 1 and u € R. Let us fix an element ug € X \ {0}; then for every t > 1,
we have
1
U (tYPug) = = (A Pug), t*/Pug) — / F(x,tYPug(x))da
p RN
t p
< —{Aug, ug —t/ F(xz,uo(x))de — C——— P — ]| o.
(Aun,uo) ~t [ Fa,uo(a))ds O Lo~ ]l
If ¢ is sufficiently large, then for vy = t'/Pug we have ¥(vy) < 0. This ends
the proof. O

In general the inclusion X — L"(Q) is not compact and we impose some
invariant properties. So, let G be the compact topological group O(N) or a subgroup
of O(N). We suppose that G acts continuously and linear isometrically on the Banach
space X. We denote by

X¢={uecH:gr=ugforal gec G}
the fixed point set of the action G on X. It is well known that X is a closed subspace
of X. In several applications the condition (CE) is replaced by the condition
(CEG) The embeddings X¢ < L"(RY) are compact (p < r < p*).
We suppose that the potential a : X — R of the operator A : X — X* is
G-invariant and the next condition for the function f: RY x R — R holds:
(F6) For a.e. x € RY and for every g € G, s € R we have f(gx,s) = f(z, s).

If we use the Principle of Symmetric Criticality for locally Lipschitz functions, see
Remark 3.9, from the above theorem we obtain the following corollary, which is useful

in the applications.

Corollary 4.11. We suppose that the potential a : X — R is G-invariant and (F6)

1s satisfied. Then the following assertions hold.
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(a) If the conditions (CEG),(F1)-(F5) are fulfilled, then problem (4.4) has a
nontrivial solution.
(b) If the conditions (CEG), (F1), (F2’), F3), and (F4) are fulfilled, then

problem (4.4) has a nontrivial solution.

5. A multiplicity result for hemivariational inequalities

In this section we state a multiplicity result for a particular hemivariational
inequality. These results appear in the paper of Faraci, lannizzotto, Lisei and Varga
[15]. Let @ c RY (N > 2) be an unbounded domain with smooth boundary 52,
p €]1, N[ be a real number. Throughout in this section X denotes a separable,
uniformly convex Banach space with strictly convex topological dual; moreover, we
assume that the condition (CE) holds. In the sequel, X will denote a (real) Banach
space (with norm || - ||) and X* its topological dual (with norm || - ||); by (-, ) we will
denote the duality pairing between X™* and X.

The next Lemma introduces the duality mapping on the space X, related to

the weight function t — tP~1:

Lemma 5.1. ([8], Propositions 2.2.2, 2.2.4) Let X be a Banach space with strictly
convex dual, p > 1 a real number. Then, there exists a mapping A : X — X* such
that for all x € X

(DM1): [|A(2)]l« = ll=|P~

(DM3): (A(z),x) = [|A(z)[l«]|=].-
Moreover, for all x,y € X

(A(x) = Az =) = (e~ = llylP~) Ul = Tyl

[l”
p

The functional x — is Gateauz differentiable with derivative A.

Let F: R — R be a locally Lipschitz, non-zero function such that F(0) =0
and
(F): there exist k& > 0, ¢ €]0,p — 1] such that [¢] < k|s|? for all s € R,
&€ OF(s).
Let b: Q0 — R be a non-negative, not zero function such that

(b): be LY(Q)N L>°(2) N LY(R), where v = oL

The problem studied in this section is the following.
Find ug € X, A > 0 such that

(P\)  (A(u—ug),v) + )\/Qb(x)Fo(u(x); —v(x))dz >0 forallve X
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Our approach to problem (Py) is variational. Given uy € X and A > 0, the
energy functional I : X — R associated to the problem (Py) is defined by

[lw = woll”
b

I(u) = A (u).

As in Proposition 4.6 follows that the critical points of I are solutions of the problem
(Pr).
Let us define the functional J : X — R by

() = /Q b(@)F (u(z))de

for all u € X.
Lemma 5.2. The functional J is well-defined, locally Lipschitz, sequentially weakly

continuous and satisfies
J°(u;v) < / b(x)F°(u(z);v(x))dx  for all u,v € X.
Q

Proof. In the same way as in Proposition 4.4 follows that J is locally Lipschitz and
from Proposition 4.5 follows the inequality. We prove now that J is sequentially
weakly continuous: let {u,} be a sequence in X, weakly convergent to some 4 € X.
Due to condition (C'E), there is a subsequence, still denoted by {u,}, such that
|lun, — @l — 0; then, by well-known results, we may assume that w,, — @ a.e. in
and there exists a positive function g € L™(2) such that |u,(x)| < g(z) for all n € N
and almost all x € Q. By the Lebesgue Theorem, {J(u,)} tends to J(@). O

Before to prove the main result of this section we recall two results.

Theorem 5.3. ([60, Theorem 1 and Remark 1]) Let X be a topological space, A a

real interval, and f : X x A — R a function satisfying the following conditions:

(A1) for every x € X, the function f(x,-) is quasi-concave and continuous;

(Ag) for every X € A, the function f(-,\) is lower semicontinuous and each of
its local minima is a global minimum;

(A3) there exist pg > supy, infx f and A\g € A such that {x € X : f(x, ) <
po} is compact.

Then,
sip 1§f f= 151(f Sl/{p f
Theorem 5.4. ([65, Theorem 2], [13, Lemma 1]) Let X be a uniformly convexr Banach

space, with strictly convex topological dual, M a sequentially weakly closed, non-convex
subset of X.
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Then, for any convex, dense subset S of X, there exists xog € S such that the set
fye M : |ly — ol = d(xo, M)}

has at least two points.

The main result of this section is the following and appear in the paper of

Faraci, Tannizzotto, Lisei, and Varga [15].

Theorem 5.5. (Faraci-lannizzotto-Lisei-Varga [15]) Let Q € RY be an unbounded
domain with smooth boundary 0 (N > 2), p €]1, N[ be a real number, X be a sepa-
rable, uniformly convex Banach space with strictly convex topological dual, satisfying
(E). Let F : R — R be a locally Lipschitz, non-zero function satisfying F'(0) =0 and
(F), b: Q — R be a non-negative, not zero function satisfying (b).
Then, for every o €]infy J,supy J[ and every ug € J~1(] — o0, a]) one of the

following conditions is true:

(B1) there exists A > 0 such that the problem (P\) has at least three solutions

m X;
(By) there exists v € J~ (o) such that, for allu € J ([0, +00|), u # v,

lu = uol| > [[v = wuol-

Proof. Fix o and ug as in the thesis, and assume that (B;) does not hold: we shall
prove that (Bs) is true.

Putting A = [0, +oo[ and endowing X with the weak topology, we define the
function f: X x A — R by

u — ug||P
flu,\) = ”pO” + Ao — J(u)),

which satisfies all the hypotheses of Theorem 5.3. Indeed, conditions (A7), (As) are
trivial.

In examining condition (As), let A > 0 be fixed: we first observe that, by
Lemma 5.2, the functional f(-, A) is sequentially weakly lower semicontinuous (1.s.c.).

Moreover, f(-,A) is coercive: indeed, for all u € X we have

ﬂwMEHup(

and the latter goes to +o00 as ||u|| — 4+o00. As a consequence of the Eberlein-Smulyan

lu — uo|? .
7ﬂﬁﬁ*—kkcﬁwwmwww”P + Ao,

theorem, the outcome is that f(-,\) is weakly Ls.c..

We need to check that every local minimum of f(-,A) is a global minimum.
Arguing by contradiction, suppose that f(-,\) admits a local, non global minimum;
besides, being coercive, it has a global minimum too, that is, it has two strong local

minima.

44



VARIATIONAL-HEMIVARIATIONAL INEQUALITIES ON UNBOUNDED DOMAINS

We now prove that f(-,A) fulfills the Palais-Smale condition: let {u,} be a
sequence satisfying (PSi), (PSz2). From (PS), together with the coercivity of f(-, A),
it follows that {u, } is bounded, hence we can find a subsequence, which we still denote
{un}, weakly convergent to a point @ € X. By condition (CE) we can choose {u,}
to be convergent to @ with respect to the norm of L" ().

Fix € > 0. As the sequence {&,} from (PS2) tends to 0, for n € N big enough
we have

_ €
Enllun —all < 2

so, from (PS3) and Lemma 5.2 it follows

0 < ftun, AT — ) +§

(A(up — ug), & — up) + A /Q b(x) F° (un(z); up(z) — a(x))dz + %

IN

(f°(-, A;-) denotes the generalized directional derivative of the locally Lipschitz func-

tional f(-,\)). Moreover, for n big enough

IA

/ D) F° (tn (2): tn () — () )da
Q

k| b(@)un ()| |un () — a(z)|de
Q

_ £
kcqlibll lunll®llun = all- < o5

IN

Hence
(A(up —up),up — ) < e
for n € N big enough. On the other hand, (A(@ — ug), u, — @) tends to zero as n goes
to infinity. From the previous computations, it follows that
lim sup{A(u, — up) — A(a — ug), u, — @) < 0. (5.1)

Applying Lemma 5.1, we obtain that
(A(un, —ug) — AT — ug), up — @)

> (llun = uolP™ = ll@ = uol"~") (lun — uoll = [[& — uol) = 0.

From the previous inequality and (5.1), we deduce that |lu, — uo|| — ||@ — uo|| and
this, together with the weak convergence, implies that {u,} tends to @ in X: that is,
the Palais-Smale condition is fulfilled.

Then, we can apply Theorem 2.20, deducing that f(-,\) (or equivalently the
energy functional I) admits a third critical point: by Proposition 4.6, the inequal-
ity (Py) should have at least three solutions in X, against our assumption. Thus,
condition (As) is fulfilled.
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Now Theorem 5.3 assures that
sup inf f(u,A) = inf sup f(u, A) =: a. 5.2
sup inf f(u.3) = inf sup £(u. ) (52)

Notice that the function A — inf,cx f(u, A) is upper semicontinuous in A, and tends
to —oo as A — 400 (since o < supx J): hence, it attains its supremum in A* € A,
that is

e (e =uoll”
=inf [———+X(c—J . 5.3
o= inf (M= o (5.3
The infimum in the right hand side of (5.2) is easily determined as
O i L
u€J =1 ([o;+00[) p p

for some v € J71([o, +-0]).

It is easily seen that v € J~!(o). Hence

_ p
o= inf Muzuoll”
uweJ (o) p
By (5.3) and (5.4) it follows that
_ p _ p
inf (”““0” - A*J(u)) — inf (”““0” - A*J(u)) . (55)

weX D uweJ=1(o) D

We deduce that A\* > 0: if \* = 0, indeed, (5.5) would become a = 0, against (5.4).
Now we can prove (Bs). Arguing by contradiction, let w € J~!([o, +00[)\ {v}

(in particular « > 0). (5.4)

be such that ||w—wug|| = ||v —ugl|. As above, we have that w € J~ (o), and so both w
and v are global minima of the functional I (for A = A\*) over J~1(o), hence, by (5.5),
over X. Thus, applying Theorem 2.20, we obtain that I has at least three critical
points, against the assumption that (B;) does not hold (recall that A\* is positive).
This concludes the proof. O
In the next Corollary, the alternative of Theorem 5.5 is resolved, under a very
general assumption on the functional .J, and so we are led to a multiplicity result for
the hemivariational inequality (Py) (for suitable data wug, ).
Corollary 5.6. (Faraci-lannizzotto-Lisei-Varga [15]) Let Q, p, X, F, b be as in
Theorem 5.5 and let S be a convez, dense subset of X. Moreover, let J~([o, +0oc[)
be not convex for some o €]infx J,supy J|.
Then, there exist ug € J~1(] — 00,0[) NS and X\ > 0 such that problem (Py) admits
at least three solutions in X.
Proof. Since J is sequentially weakly continuous (Lemma 5.2), the set M =

JY([o, +00[) is sequentially weakly closed.
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By Theorem 5.4 we get that, for some ug € S, there exist two distinct points

v1, vy € M satisfying
o1 — ugl| = |lve — uol| = dist(ug, M).

Clearly uo ¢ M, that is, J(ug) < 0. In the framework of Theorem 5.5, condition (Bs)
is false, so (B1) must be true: there exists A > 0 such that (Py) has at least three

solutions in X. O

6. Applications

6.1. Existence results for a particular hemivariational inequality. In this
subsection we give some concrete applications of Theorem 4.10. In the first two
examples we suppose that X is a Hilbert space with the inner product (-, ).
Let f : RY xR — R be a measurable function as in the section 4, i.e. satisfies
the conditions (F1), (F2), (F’2) and (F3)-(F5).
Application 1. We consider the function V € C(R™,R) which satisfies the
following conditions:
(a) V(x) >0 for all z € RV
(b) V(z) — +o0 as |z]| — +oo.
Let X be the Hilbert space defined by

X = fuc H'®Y): /(|Vu(:z:)|2 V(@) u(@)2)dz < oo,
with the inner product
(u,v) = /(VUVU + V(z)uv)dx.

It is well known that if the conditions (a) and (b) are fulfilled then the inclusion
X — L2(RY) is compact, see [17], therefore the condition (CE) is satisfied.

Now we formulate the problem.

Find a positive u € X such that for every v € X we have

/ (VuVo + V(z)uv)dz —|—/ FY(z,u(x); —v(z))dz > 0. (6.1)
RN RN

We have the following result.

Corollary 6.1. 1. If conditions (F1)-(F5) and (a)-(b) hold, then problem
(6.1) has a nontrivial positive solution.
2. If conditions (F1),(F2’), (F3), (F4) and (a)-(b) hold, then problem (6.1)

has a nontrivial positive solution.
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Proof. We replace the function f by fi : RN x R — R defined by

flz,u) ifu>0;

fi (o) = | (6.2
0, ifu<0

and use (2) in Theorem 4.10. O

Application 2. Now, we consider Au := — A u+ |z|?u for u € D(A), where

D(A) :={u € L*(RY) : Au € L*(RM)}.
Here |-| denotes the Euclidian norm of R™. In this case the Hilbert space X is defined
by
X ={ue2®RY): / (IVul® + [2P2u?)da < oo},
RN

with the inner product
(u,v) = / (VuVo + |z|2uv)dz.
RN

The inclusion X — L*(RY) is compact for s € [2, %), see Kavian [21, Exercise 20,
pp. 278]. Therefore, the condition (CE) is satisfied.

Now, we formulate the next problem.

Find a positive u € X such that for every v € X we have

/ (VuVo + |z|?uv)de +/ FY (2, u(z); —v(z))dz > 0. (6.3)
RN RN
Corollary 6.2. 1. If conditions (F1)-(F5) hold, then problem (6.3) has a

positive solution.
2. If conditions (F1),(F2’), (F3), and (F4) hold, then problem (6.3) has a
positive solution.

Application 3. In this example we suppose that G is a subgroup of the
group O(N). Let © be an unbounded domain in RY with smooth boundary 952, and
the elements of G leave ) invariant, i.e. g(2) = Q for every g € G. We suppose that
Q is compatible with G, see the book of Willem [67, Definition 1.22]. The action of
G on X = WyP(Q) is defined by

gu(@) = ulg"2).
The subspace of invariant function X is defined by
XC¢:={ueX:gu=u, Vg€ G }.
The norm on X is defined by

full = ([ (9l + fupae) "
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If Q is compatible with G, then the embeddings X — L*(Q), with p < s < p* are
compact, see the paper of Kobayashi and Otani [22]. Therefore the condition (CEG)
is satisfied.

We consider the potential a : X — R defined by a(u) = %||u||p. This function
is G-invariant because the action of G is isometric on X. The Gateaux differential
A: X — X* of the function a : X — R is given by

(Au,v) = / (|VulP2VuVo + [ulPuv) dz.
Q

The operator A is homogeneous of degree p—1 and strongly monotone, because p > 2.
Now, we formulate the following problem.
Find uw € X \ {0} such that for every v € X we have

/ (|VulP2VuVo + [ulP~?uw) do +/ F(x,u(z); —v(x))dz > 0. (6.4)
Q Q

We have the following result.
Corollary 6.3. (a) If conditions (F1)-(F6) are fulfilled, then problem (6.4)

has a nontrivial symmetric solution.
(b) If conditions (F1), (F2’), (F3), (F4) and (F6) are fulfilled, then problem
(6.4) has a nontrivial symmetric solution.

6.2. Multiplicity results for some hemivariational inequalities. In this sub-
section we state a multiplicity result for a particular hemivariational inequality as
application of Corollary 5.6. Let & ¢ RY (N > 2) be an unbounded domain with
smooth boundary 992, p €]1, N[ be a real number. As in Section 5, let F': R — R be
a locally Lipschitz, non-zero function such that F'(0) = 0 and

(F): there exist k > 0, ¢ €]0,p — 1] such that [¢] < k|s|? for all s € R,

£ € OF(s).
Let b: Q — R be a non-negative, not zero function such that
b): be LY(Q) N L=(Q) N LY(Q), where p = ——
() b€ L) NL¥(@) N L(), where v = -

We suppose that F' is not a quasi-concave function, that is:

(C): there exists p €] infg F,supg F[ such that F~1([p, +00|) is not convex.

6.2.1. First application. Let V : Q — R be a continuous potential satisfying the
following conditions:

(Vl) infg V> 0;
(V) for every M > 0 theset {z € Q : V(x) < M} has finite Lebesgue measure
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(note that in particular, condition (V43) is fulfilled whenever V is coercive). We intro-
duce the space

X = {u cwhr(Q) : /Q(|Vu(a?)|p + V(x)u(z)|P)dz < oo}

endowed with the norm

Jull = ( [vup + v<x>u<x>|f’>dm)’l’

With the definitions above, for all ug € X, A > 0, our problem (P)) reads as follows:
/Q(W(U(iv) = uo(2)) P~V (u(z) — uo(2)) - V()

+V(@)u(z) — uo(2) P~ (u(z) — uo())v(x))dx
—|—)\/ b(x)F°(u(z); —v(x))dz > 0 for all v € X.
Q

We can state the following multiplicity result:

Corollary 6.4. Let Q, p, V, X be as above; F, b be as in Theorem 5.5 (with v =
p/(p—(q+1)) in condition (b)); S be a convex, dense subset of X. Moreover, assume
that condition (C) is satisfied. Then, there exist ug € S and A > 0 such that the
problem (Py\) admits at least three solutions in X .

Proof. We observe that X is a separable, uniformly convex Banach space with strictly
convex topological dual, and that C°(2) C X; moreover, the conditions (V1), (V2)
guarantee that the space X is compactly embedded in LP(f2) (see [4] for the case
p = 2), so condition (F) is satisfied with = p. Since b is not zero, there exist a point
2o € Q and R > 0 such that

b = / b(z)dx > 0,
B

where B is the open ball centered in zg with radius R, contained in €.

By condition (C), we can assume, without loss of generality, that there exist
real numbers s1 < sg < s3 such that F'(s1), F(s3) > p, F(s2) < p. Now we prove that
the functional J admits a non-convex superlevel set. Choose € > 0, Ry > R with

bloc Mmeas(A) < € < bi|F(si) — p| (i=1,2,3),

where A={z € Q: R < |z — 9| < Ri} and M = max{|F(t)|: |[¢t| < |si], i =1,2,3}.
There exists u; € C°(§2) such that

(2) sy ifzeB
up\r) =
! 0 ifzeQ\(AUB)
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and |[u1]leo = |s1]; define, also, ug,us € C(Q) by putting us = (s2/s1)u1, us =

(s3/s1)u1 (we assume s; # 0). Thus,

J(uy) = /Bb(:r)F(sl)dx—i—/b(x)F(ul(x))dx

A
> b1 F(s1) — M||b||comeas(A)
Z blF(Sl) — &
> bip.

Analogously, we get
J(UQ) < blp, J(Ug) > blp

Then, since us lies on the segment joining u; and ug, it is proved that J~*([bp, +00|)
is not convex. An application of Corollary 5.6 yields the existence of a function
up € J7H(] —00,b1p[) NS and A > 0 such that (Py) has at least three solutions in X.
O

Example 6.5. In this example we prove the existence of a continuous function g :

RY — R and a positive A such that the equation
(By) —Au+V(z)u=M@)Hu—1)(Inu—1)+g(x) inRY

(where V' is a positive and coercive potential and H is the Heaviside function) admits
at least three solutions in H2(R™) More precisely, let V : RN — R be a continuous,
positive and coercive function, X be as above with p = 2 < N, b be as in Theorem
5.5. Recall that the Heaviside function H : R — R is defined by

if s <
H(s) = 0 %5_07
1 ifs>0

and put
f(s)=H(s—1)(Ins—1) foralseR

(with obvious meaning for s < 0). We denote, for all s € R,

f-(s)= lim inf f(¢t), f+(s)= lim sup f(¥).

§—07F [t—s|<d §—0t [t—s|<d

Following Chang [9], for all continuous g : R — R and A > 0, by a weak solution of

(E\) we mean a function u € H?(R") such that, for almost every x € RY,
—Au(z) + V(z)u(z) € g(z) + Ab(@)[f- (u(2)), f+(u(z))]. (6.5)
It is easily seen that the function F': R — R defined by
F(s) = / CF@dt
0
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is locally Lipschitz and satisfies the condition (F') with arbitrary ¢ €]0,1[ for k big
enough; moreover, for all p €]2—e, 0] the set F~1([p, +00]) is not convex, so condition
(C) is fulfilled. Taking S = C°(RY), we can apply Corollary 6.4: thus, we find ug € S
and A > 0 such that the hemivariational inequality

[, (V@) = ua(a)) - V(o) + V@) ue) ~ uo(a)o(a) do+

+A b(x)F°(u(z); —v(x))de >0 forallve X
RN
admits at least three solutions in X. Let uw be one of these: by standard regularity

results, we get u € H}(RY) N H?(RY); arguing as in [9], we find that u satisfies (6.5)
with
g(x) = —Aug(z) + V(2)ug(z) for all z € RV,

Thus, (E)) has at least three weak solutions.

6.2.2. Second application. Here we give an application of Corollary 5.6 combined with
the Principle of Symmetric Criticality for locally Lipschitz functions. Let 2 be an
unbounded domain in RY (N > 2) with smooth boundary, such that 0 € Q, and G
be a closed subgroup of O(N) which leaves ) invariant, i.e. g(2) = Q for all g € G.
We assume that 2 is compatible with G, that is, there exists » > 0 such that

m(z,r,G) — oo as dist(x, Q) <r, |z| — oo,
where
m(xz,r,G) =sup{n € N: 3 g1,092, - gn € G s.t. B(gix,r) N B(gjz,r) =0 if i # j}.

We consider the space X = W, "”(€) endowed with the norm

P
Joll = ([ (9u@)P + o))z )
Our problem is the following: For ug € X, A > 0, find u € X such that
/Q(|V(u(x) = uo(2))[P72V (u(@) — uo(z)) - Vo(z)
Hu(@) = uo(@) P72 (u(@) — uo(x))v(z))dz
+)\/ b(x)F°(u(z); —v(z))dx > 0 for all v € X.
Q
We define the action of the group G over the space X as follows:
gu(z) =u(glz) forallg € G, ue X,z € Q.

We observe that G acts linearly and isometrically on X, i.e., the action G x X — X

which maps (g,u) into gu is continuous and, for every g € G, the map u — gu is
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linear and ||gu|| = ||u|| for every u € X. The group G induces an action of the same

Lu) for every g € G, u € X

type on the dual space X* defined by (gu*,u) = (u*, g~
and u* € X*.

We introduce the set
XC¢={ueX : gu=uforall gec G}

of the fixed points of X under the action of G, and observe that X is a Banach space
(which inherits all the properties of X), whose dual coincides with the fixed point set
of X* under the action of G, denoted (X)*. From [22, Proposition 4.2], follows that
X% is compactly embedded in L"(Q) for all 7 €]p, p*[.

We have the following result.

Corollary 6.6. Let Q, p, X, G be as above, S be a convex, dense subset of X©.
Let F be as in Theorem 5.5 and satisfying condition (C). Also, let b : Q — R be
a non-negative, G-invariant function (that is, b(gx) = b(x) for all g € G, z € Q)
satisfying condition (b) and such that

/ b(x)dr >0 (B = B(0,R) for some R > 0 small enough).
B

Then, there exist ug € S and A > 0 such that the problem (Py) admits at least three
solutions lying in X©.

Proof. We are going to apply Corollary 5.6 to the space X and to the functional
J|xc: first, we note that X¢ is separable and uniformly convex, and that (X%)*
is strictly convex (as a subspace of X*); moreover, the space X satisfies condition
(CEG) for any r €|p,p*[.

In order to see that J|xc¢ admits a non-convex superlevel set, we argue as
in the proof of Corollary 6.4, putting xg = 0 and choosing the functions uy,us, us €
C2°(Q) radially symmetric (so, in particular, lying in X&).

Thus, by Corollary 5.6 , there exist ug € S and A > 0 such that the energy
functional I|yc has at least three critical points in X&.

Now we prove that I is G-invariant on X. Let g € G and u € X; recalling that
up € X%, G acts isometrically over X and b is G-invariant, we obtain the following

equalities:
I(gu) = %ng —u|lP — /Q () F (gu(a)dz
= U=l = [ b Flulg " )da
- ;%”“ — uoll” = /Qb(y)F(U(y))dy = I(u).
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Then, applying Theorem 6.13, we deduce that the critical points of I|xc are actually
critical points of I. We can conclude that problem (Py) has at least three symmetric
solutions. |

Next we give an example, in order to highlight the generality of our hypothe-
ses:

Example 6.7. Put N = 3 and define the unbounded domain
Q= {(z1,22,73) €R® : |a3] < 27 + 23 +1}.

Then, consider the closed subgroup of O(3) defined by G = O(2) x {id}, whose action
on X = WyP(Q) (1 <p< N) is expressed as follows: for all g = (3,id) € G, and for
all w € X, (z1,x2,73) € Q we set

gu(z1, 29, 73) = w(§ (w1, 22), T3).

It is easily seen that €2 is G-invariant and compatible with G, and that the subspace
X of the fixed points of X under the action of G is the set of all u € X with a

cylindric symmetry, that is,
w(zy, m2, x3) = u(yr, Y2, w3) if 2} + 23 = yi + 7.
Let ¢ €]0,p — 1] be a real number, F': R — R be defined by
F(s)=1—|s|"™" —1| for all s € R.

It is easily seen that F is a locally Lipschitz function, satisfying F(0) = 0 and condi-
tions (F') (with k = ¢+ 1) and (C) (for all p €]0,1]).

Moreover, we consider a non-negative function b : 2 — R, having a cylin-
dric symmetry and satisfying condition (b) and we assume that b is positive in a
neighborhood of 0.

In such a setting, Corollary 6.6 applies: thus, there exist ug € X%, A > 0 such
that the hemivariational inequality (Py) admits at least three solutions, and each of

them has a cylindric symmetry.

6.3. Some differential inclusion problems in RY. In this subsection we give
two applications for some differential inclusions problems. The first application is a
differential inclusion problem with two parameters. This result appears in the paper
of Kristdly, Marzantowicz and Varga [28].

Let p > 2 and F : R — R be a locally Lipschitz function such that
L max{je]: € € P ()}

~ Pt
(F2) limsup ) <0;

it —otoo [HP T
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(F3) There exists £ € R such that F(f) > 0, and F(0) = 0.

Here we study the differential inclusion problem

N —Apu+ |ulP~2u € Aa(z)OF (u(z)) + pB(x)0G(u(x))  on RN,
(o) u(xr) — 0 as |z] — o0

where p > N > 2, the numbers \, i are positive, and G : R — R is any locally
Lipschitz function. Furthermore, we assume that 3 € L'(R") is any function, and
(@) aeL*RY)NLYE(RY), a >0, and sup g essinf ;< ga(z) > 0.

The functional space where our solutions are going to be sought is the usual
Sobolev space WP (RN ), endowed with the norm

i = ([ 1wuer+ [ wer)

Definition 6.8. We say that u € W?(R") is a solution of problem (Py ), if there
exist £p(z) € OF (u(z)) and &g (z) € OG(u(z)) for almost every x € RY such that for
all v € WHP(RY) we have

/ (|Vu|P~2VuVo + |ulP~?uv)ds = )\/ oz(sr:)fpvdx—k,u/ B(x)égvdx. (6.6)
RN RN RN

Remark 6.9. (a) The terms in the right hand side of (6.6) are well-defined. Indeed,
due to Morrey’s embedding theorem, i.e., WLP(RN) — L>(RY) is continuous (p >
N), we have u € L>®(RY). Thus, there exists a compact interval I C R such that
u(z) € I for a.e. x € RV, Since the set-valued mapping OF is upper-semicontinuous,
the set OF(I) C R is bounded; let Cr = sup |0F(I)|. Therefore,

| a(z)épvdx| < Crlla||p||v]le < oo.
]RN

Similar argument holds for the function G.

(b) Since p > N, any element u € WP(RY) is homoclinic, i.e., u(z) — 0 as
|x| — oo, see Brézis [7, Théoreme I1X.12].

Remark 6.10. An upper bound for the embedding constant c,, of WHP(RY) —
L>®(RY), is 2p(p — N) 71 (see [7]), ie. coo < 2p(p— N)~L.

Remark 6.11. Every function u € WHP(RY) (p > N) admits a continuous repre-
sentation, see [7, p. 166]; in the sequel, we will replace u by this element.

Note that no hypothesis on the growth of G is assumed; therefore, the last
term in (P/\u) may have an arbitrary growth. However, assumption (&) together
with (F3) guarantee the existence of non-trivial solutions for (P ,). The embedding
WLP(RYN) — L*°(RY) is continuous (due to Morrey’s theorem (p > N)), bit it is not

compact. We overcome this gap by introducing the subspace of radially symmetric

55



ALEXANDRU KRISTALY AND CSABA VARGA

functions of W1P(RY). The action of the orthogonal group O(N) on WHP(RY) can
be defined by (gu)(x) = u(g~'x), for every g € O(N), u € WLP(RY), z € RN, It
is clear that this group acts linearly and isometrically; in particular ||gu|| = ||u| for
every g € O(N) and u € WHP(RY).

We denote by

WERRN) = {fu € WHP(RY) : gu = u for all g € O(N)},
the subspace of radially symmetric functions of W1P(RY).

We have the following result, which is contained in the paper of Kristdly [30].

Proposition 6.12. ( Kristaly [30] ) The embedding era’g (RN) — L>®(RN) is compact
whenever 2 < N < p < oo.

Proof. Let u,, be a bounded sequence in era’g(RN). Up to a subsequence, u,, — u in

WLE(RN) for some u € WAP(RN). Let p > 0 be an arbitrarily fixed number. Due to

rad

the radially symmetric properties of u and u,,, we have

[un = ullwir By (g19.0) = [Un = wllwre By (g2y.0) (6.7)
for every g1,g2 € O(N) and y € RV, For a fixed y € RY, we can define
m(y,p) =sup{n e N : Fg; € O(N), i € {1,...,n} such that
Bn(giy, p) N Bn(g5y,p) =0, Vi # j}.
By virtue of (6.7), for every y € RY and n € N, we have

[un = wllwir _ SUPnen unllw, , + lullwr
m(y,p) m(y, p)

llun — uHWl’p(BN(va)) <

The right hand side does not depend on n, and m(y, p) — +o0o whenever |y| — +oo
(p is kept fixed, and N > 2). Thus, for every ¢ > 0 there exists R. > 0 such that for
every y € RN with |y| > R. one has

[t — ullwre(By(y,p)) < (25,)7" for every n €N, (6.8)

where S, > 0 is the embedding constant of W'?(By (0, p)) — C°(Bn|0, p]). More-
over, we observe that the embedding constant for W1?(By(y, p)) — C°(Bnly, p])
can be chosen S, as well, independent of the position of the point y € RN This fact
can be concluded either by a simple translation of the functions u € W1?(By(y, p))
into By(0,p), ie. a(:) = u(- —y) € WHP(By(0,p)) (thus [ullwie( sy, =
@l wir By (0,p)) a0 [[ullcoByly.p) = llillcoBylo,0))); OF; by the invariance with re-
spect to rigid motions of the cone property of the balls By (y, p) when p is kept fixed.
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Thus, in view of (6.8), one has that

sup |lun — ullcoyly,p) < €/2 for every n € N. (6.9)
ly|>Re

On the other hand, since u,, — w in Wia"g(RN ), then in particular, by Rellich theorem
it follows that u,, — u in C°(By|[0, R.]), i.e., there exists n. € N such that

lwn — ul|coByio,r.)) <& for every n > n.. (6.10)

Combining (6.9) with (6.10), one concludes that ||u, — u||p~ < & for every n > n.,
i.e., u, — u in L (RY). This ends the proof. O
An alternate proof of Proposition 6.12. Lions [34, Lemme II.1] provided us with
a Strauss-type estimation (see [63]) for radially symmetric functions of W1P(RY);

namely, for every u € era’g(RN ) we have
Ju(@)] < /P (AreaSN ) TP ful || TP 2 0, (6.11)

where SV~ is the N-dimensional unit sphere.

Now, let {u,} be a sequence in era’g (RY) which converges weakly to some
u € era’g(RN ). By applying inequality (6.11) for u,, —u, and taking into account that
|lwn — ullw1p is bounded, and N > 2, then for every e > 0 there exists R. > 0 such
that

[tn, = ull L (> k) < C|R|N/P <&, Vn €N,

where C' > 0 does not depend on n. The rest is similar as above. O

Let ®1,®5 : L®(RY) — R be defined by

Dy (u) =— ./RN a(x)F(u(z))dr and Pg(u) = — o B(x)G(u(x))dx.

Since a, 3 € LY(RY), the functionals ®;,®, are well-defined and locally Lipschitz,
see Clarke [10, p. 79-81]. Moreover, we have

0P (u) C —/RN a(x)OF (u(x))dz, 0Ps(u) C — - B(x)0G (u(x))dz.

The energy functional £y, : WHP(RY) — R associated to problem (PA}H), is given by
1
Expu(u) = 5||qu + AR (1) + pPa(u), ue WHP(RY).

It is clear that the critical points of the functional £, , are solutions of the problem
(Py,.) in the sense of Definition 6.8.

Since «, 3 are radially symmetric, then £ ,, is O(NN)-invariant, i.e. £y ,(gu) =
Expu(u) for every g € O(N) and u € WHP(RY). Therefore, we may apply a non-smooth
version of the principle of symmetric criticality, proved by Krawcewicz-Marzantowicz

[25], for locally Lipschitz functions, see Remark 3.9.
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Proposition 6.13. Any critical point of Ef\aﬁ =&

WP (RN) will be also a critical
point of Ex -

In the proof of the main result we use, the following result.
inf{®; (w): weW P RY), |lu|P<pt} _ 0

rad

t

Proposition 6.14. lim;_,¢+

Proof. Due to (F1), for every & > 0 there exists d(g) > 0 such that
€| < elt|P™t, Yt e [=6(e),0(e)], VE € DF(t). (6.12)
For any 0 <t < % (%)p define the set
Se={ue WhRY) : [ul]” < pt},

where co, > 0 denotes the best constant in the embedding WP (RN) < Lo°(RY).
Note that u € S; implies that ||u]|e < d(¢); indeed, we have ||u]|oo < coollu| <

Coo(pt)Y/P < 6(¢). Fix u € Sy; for a.e. € RV, Lebourg’s mean value theorem and
(6.12) imply the existence of &, € IF(0,u(zx)) for some 0 < 6, < 1 such that

F(u(z)) = F(u(z)) = F(0) = &u(z) < & - [u()] < elu(z)[?.

Consequently, for every u € S; we have

By(u) = —/RN (@) F(u(z))dz > —e/ o) u(z) P da

RN
—ellallplullte = —elle i Bo[lul?

v

\%

—¢e||laf| L1 pt.
p
Therefore, for every 0 < t < % (@) we have

inf €S <I>1(u)
02 T2 > |,
Since € > 0 is arbitrary, we obtain the required limit. O
The main result of this subsection appear in the paper Kristdly, Marzantowicz

and Varga [28].

Theorem 6.15. (Kristdly-Marzantowicz-Varga [28]) Assume that p > N > 2. Let
a, 3 € LYRYN) be two radial functions, « fulfilling (&), and let F,G : R — R be two
locally Lipschitz functions, F' satisfying the conditions (f‘l)—(f‘?)).Then there exists a
non-degenerate compact interval [a,b] C]0,+oo[ and a number ¥ > 0, such that for
every A € [a,b] there exists pg €]0, X + 1] such that for each p € [0, uol, the problem
(p)\,u) has at least three distinct, radially symmetric solutions with L°°-norms less
than 7.
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Proof. We are going to apply Theorem 2.30 by choosing X = era’g(RN) X=X, =
L>®(RY), A =[0,4+00), h(t) =t?/p, t > 0.

Fixge G, (1>0), x€ A, u e [0,A+1], and ¢ € R. We prove that the
functional Ey ,, : W2P(RV) — R given by

rad
Expu(u) = 5””\\” +A®1 (u) + (g 0 Bo)(u), u € WERY),

satisfies the (PS),. condition.

Note first that the function %H -|I? + A®; is coercive on era’g(]RN). To prove
this, let 0 < & < (p||||1c? A\)~1. Then, on account of (F2), there exists (¢) > 0 such
that

F(t) < eltP, V]t > 8(c).

Consequently, for every u € W2P(RV) we have

Dy (u) = — /RN a(z)F(u(x))dx

- o(2) F(u(z))dz — / o(2)F(u(z))dz

/{zew:|u<m>|>zs<s>} {2€RN :|u(2)|<5(c)}

> —5/ a(x)|u(x)|Pdr — max |F(t)|/ afz)dr
{2ERN:|u(x)|>5(c)} It1<é(e) {2E€RN:|u(x)|<8(e)}
=z —ellallpeslul” = llefer max F )]

Now, we have

Dl + 310 > (5 - eAllallet, ) ull” = Aol o PO

D T~ A\p ° [¢]<5(e
which clearly implies the coercivity of %H [P+ ADy.

As an immediate consequence, the functional E) , is also coercive on
WLP(RN). Therefore, it is enough to consider a bounded sequence {u, } € W1 (RN)

rad rad

such that
ES  (un;v —up) > —epl|v —uy || forall ve Whe(RY), (6.13)

rad

where {e,} is a positive sequence such that €, — 0. Since the sequence {u,} is
bounded in era’g(RN)7 one can find an element u € W, ’p(RN) such that w, — u

weakly in W2P(RY), and u,, — u strongly in LOO(RN) due to Proposition 6.12.
Due to Proposition 2.3 for every u,v € Wrad (RY) we have

ES (u;v) < /RN(WuV’ 2VuVo + |ulP~2uv) + A (u;v) + pu(g o @2)°(usv). (6.14)
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Put v = win (6.13) and apply relation (6.14) for the pairs (u,v) = (up, u—1uy,)
and (u,v) = (u,u, — u), we have that
In < enllu—unll = EX (s un — u) + A[®F (un; u = un) + @7 (u; un — u)]

"‘M[(g o (I)2)O(un; u— un) + (9 © q)Z)O('LU Un — u)]a

where
1, "< / (IVtn P2V, — |[VulP~2Vu) (Vu, — Vu)
RN
b [ 2 = 20— w)
RN
Since {u,} is bounded in erazg(RN), we have that lim,,_, . e, |lu — uy|| = 0. Fixing

z* € OES ,(u) arbitrarily, we have (2%, up, —u) < EY |, (u;un, —u). Since u, — u weakly
in ereﬁ(RN), we have that liminf, . EY ,(u;un, —u) > 0. The functions ®7(+;-) and
(go®2)°(+;-) are upper semicontinuous functions on L (RY). Since u,, — u strongly
in L>(RY), the upper limit of the last four terms is less or equal than 0 as n — oo,
see Proposition 2.3 (fy).

Consequently,

limsup I,, <O0. (6.15)

Since [t — s|P < (|t|P~2t — |s|P72s)(t — s) for every t,s € R™ (m € N) we infer that
lun, —ul|P < I,. The last inequality combined with (6.15) leads to the fact that u,, — u
strongly in era’g (RN), as claimed.

It remains to prove relation (2.53) from Theorem 2.30. First, we construct
the function ug € WP (RN) such that ®;(ug) < 0.

On account of (&), one can fix R > 0 such that ar = essinf|;<ga(z) > 0.
For o €]0, 1] define the function

0, if xcRNV\By(0,R);
we(r) =< t, if x € Byn(0,0R);
mies (R—|z)), if € By(0,R)\ Bn(0,0R),
where By (0,7) denotes the N —dimensional open ball with center 0 and radius r > 0,
and 7 comes from (F3). Since o € L2, (RY), then M (a, R) = SUPge By (0,R) ¥(T) < 00.

A simple estimate shows that

—®, (wy) > wy RN [apF(f)o™N — M(a, R) max |F(t)|(1 — o™)].

[t1<I2]

When o — 1, the right hand side is strictly positive; choosing o( close enough to 1,

for uy = wy, we have ®1(ug) < 0.
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Let us define the function for every ¢ > 0 by

B(t) = inf{®1(u) : u € er’g(RN), w <t}

a
We have that §(¢t) <0, for ¢t > 0, and Proposition 6.14 yields that
lim —B(t)

=0. 6.16
t—0+ ¢ ( )

We consider the ug € WP (RN), for wehich & (ug) < 0. Therefore it is possible to

rad
choose a number 77 > 0 such that

luofP] ™
0<77<—(I)1(UQ) T .

By (6.16) we get the existence of a number ¢y € (0, W) such that —8(to) < nto.
Thus

B(to) > Pu;ﬁ’]_ 1 (uo)to- (6.17)

Due to the choice of ty and using (6.17), we conclude that there exists pp > 0 such
that

_ﬁ(to) < po < —(I’l(U,o) |:||u;||p:| ) to < —<I>1(u0). (618)

Define now the function ¢ : WL (RV) x T — R by

ra

P
p(u,A) = —p + ADq (u) + Apo,

where I = [0, 4+00). We prove that the function ¢ satisfies the inequality

sup inf elu,A) < inf  supo(u, ). (6.19)
el ueWLP(RN)) u€WLP(RN) A€l

The function

P
I>A— inf [|u|| + Alpo + q)l(u))]
uveW FRN) L P

is obviously upper semicontinuous on I. It follows from (6.18) that

P
it pun) < i [T o] = o
X ueW, g -0

Thus we find an element A € I such that

P _
sup inf  p(u,\) = inf [HUH + Apo + <I>1(u))] . (6.20)
el u€W, P (RN) weWLP@RNY [ P
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Since —(to) < po, it follows from the definition of 3 that for all u € WL?(RN) with
W < tg we have —®;(u) < po. Hence

p
to < inf{”l;” cu € WEPRN), —®y(u) > po ). (6.21)

rad

On the other hand,

wll?
inf  supe(u,\) = inf [” | +sup (A(po + ‘I>1(u)))}
uEW,E(RN) el weW ERN) L P A€l

rad
P
inf {|u|| i =D (u) > po}.
weWbh P (RN) p

rad

Thus inequality (6.21) is equivalent to

to < inf  supe(u, A). (6.22)
w€WLP(RN) el

We consider two cases. First, when 0 < \ < é—%, then we have that

p _ — —
P R+ 200 < 000 =3 <t
ueWLP@®RNY [ P

rad
Combining this inequality with (6.20) and (6.22) we obtain (6.19).
Now, if é—% < A, then from (6.17) and (6.18), it follows that

TR |
[ + Alpo + @1 (uo))

e P S+ 20000
(RN)

uewl® p

IN

ol 1o
p Po
It remains to apply again (6.20) and (6.22), which concludes the proof of (6.19).

IN

(po + ®1(ug)) < to.

Due to Theorem 2.30, there exist a non-empty open set A C A and » > 0
with the property that for every A € A there exists ug €]0, A + 1] such that, for each
w € [0, po] the functional Sf\fﬁ = %H 1?4+ APy + pu®s defined on Wr{a’g(RN) has at
least three critical points in era’g (RM) whose || - ||-norms are less than r. Applying
Proposition 6.13, the critical points of Siaﬁ are also critical points of £y ,,, thus, radially
weak solutions of problem (Py ). Due to the embedding W?(RN) < L>(RN), if
T = CooT, then the L*°-norms of these elements are less than 7 which concludes our
proof. O

The second problem studied in this subsection is the following differential

inclusion problem:

(D)

—Apu+ |ulP~?u € a(x)0F (u(z)), x € RN,
u € WHP(RN),
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where 2 < N < p < o0, a € LY (RV)NL>(RY) is radially symmetric, and OF stands
for the generalized gradient of a locally Lipschitz function F': R — R. By a solution
of (DI) it will be understood an element u € W1P(RY) for which there corresponds
a mapping RY > z — (, with {, € OF(u(x)) for almost every € RY having
the property that for every v € WHP(RYN), the function z — «a(z){,v(z) belongs to
LY(RYN) and

/ (|Vu|p_2Vqu+|u\p_2uv)dx:/ a(z)pv(zr)de. (6.23)
RN RN

Under suitable oscillatory assumptions on the potential F' at zero or at in-
finity, we show the existence of infinitely many, radially symmetric solutions of (DI).
These results appear in the paper of Kristaly [30].

Forl=0or [ = +o0, set

F
F; :=limsup (p) (6.24)
[p|—1 ‘p‘p

Problem (DI) will be studied in the following four cases:
e 0 < F} < 400, whenever [ =0 or [ = 400 and
e ;= +o00, whenever [ =0 or | = +o0.
In the next in this subsection we assume that:
(H) o F: R — R is locally Lipschitz, F(0) =0, and F(s) >0, Vs € R;
e o € LYRY) N L*°(RY) is radially symmetric, and a(x) > 0, Vo € RY.
Let F : L®(RY) — R be a function defined by

F(u) = /]RN a(z)F(u(x))dz.

Since F is continuous and « € L*(RY), we easily seen that F is well-defined. More-
over, if we fix a u € L (RY) arbitrarily, there exists k, € L'(R") such that for every
r € RY and v; € R with |v; —u(z)| < 1, (i € {1,2}) one has

(@) F(v1) — @) F(v2)| < ku(z)|vr — va].

Indeed, if we fix some small open intervals I; (j € J), such that F|;, is Lipschitz
function (with Lipschitz constant L; > 0) and [—|ju| g — 1, ||ullzes + 1] C Ujesl;,
then we choose k, = amaxjey L;. (Here, without losing the generality, we supposed
that cardJ < 4o00.) Thus, we are in the position to apply Theorem 2.7.3 from [10,
p. 80]; namely, F is a locally Lipschitz function on L>°(R¥) and for every closed
subspace E of L>(R™) we have
O(Flg)(u) C / a(x)0F (u(x))dz, for every u € E, (6.25)
RN
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where F|g stands for the restriction of F to E. The interpretation of (6.25) is as follows
(see also [10]): For every ¢ € 9(F|g)(u) there corresponds a mapping RY > z +— ¢,
such that ¢, € OF (u(x)) for almost every z € RY having the property that for every
v € E the function z — a(z){,v(z) belongs to L'(RY) and

(Cv)p = /RN a(z)(v(z)dr.

Now, let & : WLIP(RY) — R be the energy functional associated to our

problem (DI), i.e., for every u € WHP(RY) set
1
E(u) = EHUH%LP — F(u).

It is clear that & is locally Lipschitz on W1P(RY) and we have

Proposition 6.16. Any critical point u € WYP(RN) of £ is a solution of (DI).

Proof. Combining 0 € 0&(u) = —Apu + |ulP~?u — O(F|ywrp@rny)(u) with the inter-

pretation of (6.25), the desired requirement yields, see (6.23). g
Since « is radially symmetric, then £ is O(N)-invariant, i.e. £(gu) = £(u)

for every g € O(N) and u € WHP(RY), we are in the position to apply the Principle

of Symmetric Criticality for locally Lipschitz functions, see Remark 3.9. Therefore

we have

Proposition 6.17. Any critical point of €, = 5|WYZ§(RN) will be also a critical point

of €.

Remark 6.18. In view of Propositions 6.16 and 6.17, it is enough to find critical

points of &, in order to guarantee solutions for (DI). This fact will be carried out by

means of Theorem 2.31, setting
X = WLERY), X := L®°RY), ®:=—F, and ¥:= |- |7, (6.26)

where the notation || - ||, stands for the restriction of || - |y1.» into WLP(RN). A few
assumptions are already verified. Indeed, the embedding X < X is compact (cf.
Theorem 6.12), ® = —F is locally Lipschitz, while ¥ = || - |2 is of class C* (thus,
locally Lipschitz as well), coercive and weakly sequentially lower semicontinuous (see
[7, Proposition IIL.5]). Moreover, &, = <I>|Wr1£(RN) + %\I/. According to (6.26), the
function ¢ (defined in (2.57)) becomes

o(p) = sup|jyp<, F (v) — F(u)

 lulE<p p— llull?

. p>0. (6.27)

The investigation of the numbers 7 and ¢ (defined in (2.58)), as well as the cases (A)
and (B) from Theorem 2.31 constitute the objective of the next.
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Theorem 6.19. (A. Kristély [30]; The case 0 < F; < 400) Let I =0 orl = 400,
and let 2 < N <p < +00. Let F : R — R and a : RY — R be two functions which
satisfy the hypotheses (H) and 0 < F} < +oo. Assume that || p=~F, > 2Vp~! and
there exists a number 3 €2V (pF)) ™Y, ||| L[ such that

2
(2=NpBFy —1)1/p

< sup{r : meas(Bn(0,7) \ o~ (|3, +00[)) = 0}. (6.28)

Assume further that there are sequences {ar} and {by} in ]0,+oo] with ar < by,

limg— 400 b =1, limg— 4 oo Z—’; = +o00 such that
sup{sign(s)¢ : £ € OF(s),|s| €]ag, br[} < 0. (6.29)
Then, problem (DI) possesses a sequence {un} of solutions which are radially sym-
metric and
im sl =1
In addition, if F(s) =0 for every s €] — o0, 0], then the elements u,, are non-negative.

Proof. Since limy_. 1o, b = 400, instead of the sequence {by}, we may consider a
non-decreasing subsequence of it, denoted again by {b;}. Fix an s € R such that
|s| €]ag, br]. By using Lebourg’s mean value theorem (see [10, Theorem 2.3.7]), there
exists 6 €]0,1[ and & € IF(0s + (1 — )sign(s)ay) such that

F(s) = F(sign(s)ax) = &o(s — sign(s)ax) = sign(s)&o(|s| — ax)
= sign(fs + (1 — 0)sign(s)ag)&a(|s| — ax).

According now to (6.29), we obtain that F(s) < F(sign(s)ay) for every s € R com-
plying with |s| €]ag,b]. In particular, we are led to max|_q, q,) F' = max_p, p,] F
for every k € N. Therefore, one can fix a p,, € [—ag, ar] such that

F(p,) = max F = max F. (6.30)

[—ak,ar] [—bk,b]
Moreover, since {by} is non-decreasing, the sequence {[p.|} can be chosen non-
decreasingly as well. In view of (6.28) we can choose a number y such that

2
(2_NpﬁooFoo - 1)1/;0

<p< (6.31)

< sup{r : meas(By(0,7) \ & *(]fs0, +00[)) = 0}.
In particular, one has

a(x) > B, fora.e. z € By(0,pn). (6.32)
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For every k € N we define

0, it xeRN\ By(0,p);
up(z) =< Py, if 2e Bn(0,5); (6.33)
It is easy to see that uy belongs to W1 P(RY) and it is radially symmetric.
Thus, u, € era’g(]RN). Let pr = (CZ’T’CO)?, where ¢ is the embedding constant of
WhP(RN) — L®°(RN).
CLAM 1. There exists a ko € N such that ||uk||? < pi, for every k > kq.
Since limy_, 4 oo Z—’; = 400, there exists a kg € N such that

b
ai > coo(pNwn K (p, N, 1))/, for every k > ko, (6.34)
k

where wy denotes the volume of the N-dimensional unit ball and

2p 1
K(p,N,p) = 7 (1 — 2]\7) +1. (6.35)

Thus, for every k > kg one has

/\Vuk|pdx+/ |ug|Pda
RN RN

207" K -
< [ =] (volBy(0,u) — volBy(0, 5)) + 71 |PvolBn (0, 1)

e[

1
= |l wnK(p, N, p) < df ™ wnK(p, N, )
b
< (—)P = pr,
(coo) P

which proves Claim 1.
Now, let ¢ from (6.27) and v = liminf, . ¢(p) defined in (2.58).
CLAIM 2. v =0.
By definition, v > 0. Suppose that v > 0. Since limg_, oo Iﬁpﬁ = 400, there
is a number k7 € N such that for every k > k; we have

2 _
2 > St 1)l = o) + N on K (p, Nop), - (630)
k

where [ is an arbitrary fixed number complying with

el N p
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Moreover, since [p,| — +00 as k — 400 (otherwise we would have F, = 0), by the
definition of F,, see (6.24), there exists a ko € N such that

(5
jpk) < Fo +1, forevery k > ks. (6.38)
PP

Now, let v € WLP(RN) arbitrarily fixed with |[v]|? < pj. Due to the continuous

embedding W1P(RY) — L>®(RY), we have |[v||} . < & pi = bY. Therefore, one has

sup |v(z)| < bg.
z€RN

In view of (6.30), we obtain

Fv(z)) < : max | F =F(p,), forevery z € R, (6.39)
—Ok,0k

Hence, for every k > max{ko, k1, k2}, one has

sup F(v) — F(uk)

vll?<px

= sup /RN a(m)F(v(x))dm—/ a(z)F(ug(x))dx

[l <pw RN
< F@)lels - / o (2) F (ug () dac
BN(07ﬁ)
< F@(lalls — foVwn)
< (Foo+ DA (lallz — BoVwn)
Y _
< Slpw - 15PN wn K (p, N, 1)
vy
< 2 op — lluxll®)-

2

Since ||Jug||2 < pg (cf. Claim 1), and pr, — 400 as k — +oo, we obtain

. . L SUDyp<p, F (V) — Flug) v
= lim inf < liminf < liminf < =,
7= lminfo(p) < Jiminf ¢pe) < Jiminf o — Jurl? =2
contradiction. This proves Claim 2.

CLAIM 3. &, is not bounded below on W-P(RN).

By (6.31), we find a number e such that

O<eOO<FOO—;5]ZO<<i)p+1>. (6.40)

In particular, for every k € N, SUP || >k % > Fy — €oo. Therefore, we can fix pj
with |pg| > k such that
F(pr)
|px|P

> Fy — €oo- (6.41)
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Now, define wy, € era’g(RN) in the same way as uy, see (6.33), replacing p, by jr.
We obtain .
Er(wy) = ;Ilwkllf — F(w)

1 _
< L P i on K (o, N, ) - / o) F(wy(z))da
p Bn(0,%)

1, . N
< 1o K (p, N, ) = (Foo = o) el ocion ()

= i (00— e~z ) <~ B (2)
p 2N p ju
Since |pr| — 400 as k — 400, we obtain limy_, 1o &-(wg) = —oo, which ends the
proof of Claim 3.

The case 0 < F, < +00. It is enough to apply Remark 6.18. Indeed, since
v =0 (cf. Claim 2) and the function &, = *f‘wrli;g(RN) + 1%” - || is not bounded
below (cf. Claim 3), the alternative (Al) from Theorem 2.31, applied to A = %, is
excluded. Thus, there exists a sequence {u,} C era’g (RN) of critical points of &,
with limy, 4 o |Jtn||r = +o0.

Now, let us suppose that F(s) = 0 for every s €] — 00,0, and let u be a
solution of (DI). Denote S = {z € RY : u(x) < 0}, and assume that S # . In virtue
of Remark 6.11, the set S is open. Define ug : R¥ — R by ug = min{u, 0}. Applying
(6.23) for v := ug € WHP(RY) and taking into account that ¢, € dF (u(x)) = {0} for

every x € S, one has
0= / (|Vu|p72VuVuS + |u|p72uus)dx = /(|Vu|p + |u|P)dz = ||u||§';vlyp(s)7
RN S

which contradicts the choice of the set S. This ends the proof in this case.

Remark 6.20. A closer inspection of the proof allows us to replace hypothesis (6.28)
by a weaker, but a more technical condition. More specifically, it is enough to require
that p||a||L=F; > 1, and instead of (6.28), put

1
sup{Nﬁl -
M

(1-0)(pBiFoN — 1)1/p} >0, (6.42)

where
M ={(o,4) : o €)(pllall=F) "N, 1], B €lpFio™) " ol p=[}
and
Ng, = sup{r : meas(By(0,7) \ o~ (|8, +o0[)) = 0}.
Now, in the construction of the functions w; we replace the radius 5 of the ball by

ou, where o is chosen according to (6.42).
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The case 0 < Fjy < +00. The proof works similarly as in the case 0 < Foo <
+o0o and we will show only the differences. The sequence {py} defined as above,
converges now to 0, while the same holds for {p;}. Instead of Claim 2, we can prove
that § = liminf,_ o+ ¢(p) = 0. Since 0 is the unique global minimum of ¥ = || - [|2, it
would be enough to show that 0 is not a local minimum of &, = _'7:|Wr1a‘j’(RN) + % 112,
in order to exclude alternative (B1) from Theorem 2.31. To this end, we fix py with
|pk| <  such that

F(pr)
|Pr|P
where g¢ is fixed in a similar manner as in (6.40), replacing Soo, Foo by Bo, Fo,

> Fy — €o,

respectively. If we take wy, as in case 0 < Fiy < 400, then it is clear that {wy,} strongly
converges now to 0 in WLP(RN), while &, (wy) < —%\ﬁﬂpwgv 2/p)" N <0=E.(0).

a

Thus, 0 is not a local minimum of &,. So, there exists a sequence {u,} C eraig(RN)
of critical points of &, such that lim,, 1 [|un|» =0 = ianrl.;(’j(RN) W. This concludes
completely the proof of Theorem 6.19.

In the next result we trait the case when the function F has oscillation at

infinity. We have the following result.

Theorem 6.21. (A. Kristdly [30]; The case F; = +00) Let I =0 orl = +oo, and let
2<N<p<-+oo. Let F: R — R and a: RY — R be two functions which satisfy (H)
and F; = +o00. Assume that ||a|p~ > 0, and there exist ;1 > 0 and f; €]0, ||| L]
such that

meas(Bn (0, 1) \ o' (61, +00])) = 0, (6.43)

and there are sequences {ay} and {by} in )0, +oo[ with ar < by, limg_ 100 by =1,

limg— 4 0o Z—’; = +o00 such that

sup{sign(s)¢ : £ € OF(s),|s| €]ak, br[} <0,
and 7
MmaxX(—qay,a —
limsup —— 5= < (pef o 2) 7, (6.44)
k—+oco k
where ¢ is the embedding constant of W1P(RN) « L>(RN). Then the conclusions
of Theorem 6.19 hold.

Proof. The case F, = +00. Due to (6.43),
a(x) > B, for a.e.z € By(0,p). (6.45)

Let p;,, and pi as in the proof of Theorem 6.19, as well as ug, defined this time by
means of g > 0 from (6.45).
CLAIM 1’. There ezists a ko € N such that ||ug||? < pg, for every k > kq.
The proof is similarly as in the proof of Theorem 6.19.
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Cram 27, v < 5.
Note that F(p,) = max[_g, q, F, cf. (6.30). Since [py| < ag, then
limg 400 % = 0. Combining this fact with (6.44), and choosing ¢ > 0 sufficiently

small, one has

i F(py) + 1PelPuNwnp~ ol ;1 K (p, N, )
im sup

D < ((p+ ekl i),
k—-+oo k

where K (p, N, u) is from (6.35). According to the above inequality, there exists k3 € N
such that for every k > ks we readily have

Feollale < 0+ )~ b, o~ ipu P oK (. N,
1 p+e 1

— ullf ] < — ||luklP) .
(= Pl ) < (o= )

Thus, for every k > ks, one has

IN

1

sup  F(v) = Flur) < F(pg)llallr < —— (pr — llurll?) -
loli2<pn pre
Hence v < pig < %, which concludes the proof of Claim 2’.

CLAM 3. &, is not bounded below on WoP(RN).
Since F, = 400, for an arbitrarily large number M > 0, we can fix p; with
|pr| > k such that
F(pr)
||
Define wy, € era’g(RN) as in (6.33), putting py instead of p,. We obtain

> M. (6.46)

1
&) = Sl - Flw)
1 _
< iNonlnPKeNw - [ a(@P(ue)ds
p BN(Oa%)

- 1 1
Since |pi| — 400 as k — 400, and M is large enough we obtain that
lim &, = —o0.
i &) = o0

The proof of Claim 3’ is concluded.

Proof concluded. Since v < % (cf. Claim 2’), we can apply Theorem 2.31 (A)
for A = %. The rest is the same as in Theorem 6.19.

The case Fy = +o0.

We follow the line of Fi,, = +00. The sequences {px}, {p;} are defined as

above; they converge to 0. Let u > 0 be as in (6.45), replacing B by fo. Instead of
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Claim 2’, we may prove that 6 = liminf, o+ p(p) < %. Now, we are in the position to
apply Theorem 2.31 (B) with A = %. Since Fy = 400, for an arbitrarily large number
M > 0, we may choose fj, with |gx| < 1 such that

F(5
Epk) > M.
| o |P

Define w;, € Wl’p(RN) by means of p; as above. It is clear that {wy} strongly

rad

converges to 0 in WL?(RN) while

- 1 1
Er(wr) < |prlP N wy (pK(p, N, p) = 2NM60> <0=2¢,(0).
Consequently, in spite of the fact that 0 is the unique global minimum of ¥ = || - ||2,
it is not a local minimum of &,; thus, (B1) can be excluded. The rest is the same as
in the proof of Theorem 6.19. This completes the proof of Theorem 6.21.
In the next we give some example. We suppose that 2 < N < p < +o00.

Example 6.22. Let F': R — R be defined by

9N +p+3
F(s) = |s|P max{0, sinIn(In(|s| + 1) + 1)},
p
and a : RY — R by
1

= 6.47
Then (DI) has an unbounded sequence of radially symmetric solutions.
Proof. The functions F' and « clearly fulfill (H). Moreover, Fp, = 2N;p+3. Since
laf|L = 1, we may fix Soo = 1/4 which verifies (6.28). For every k € N let

ar = V11 and b, = e T,

If ap, < |s| < by, then (2k — 1)w < In(In(|s| + 1) + 1) < 2k, thus F(s) = 0 for every
s € R complying with ay, < |s| < bg. So, F (s) = {0} for every |s| €]ag, bx[ and (6.29)

is verified. Thus, all the assumptions of Theorem 6.19 are satisfied. O

Example 6.23. Fix 0 € R. Let F': R — R be defined by

p

8" gp—o max{0,sinlnln 1}, s €J0,e7![;
0, s ¢]0, e,

and let o : RY — R be as in (6.47). Then, for every o € [0, min{p — 1,p(1 —e~™)}|,
(DI) admits a sequence of non-negative, radially symmetric solutions which strongly
converges to 0 in WHP(RY).
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Proof. Since ¢ < p — 1, (H) is verified. We distinguish two cases: o = 0, and
o €]0,min{p — 1,p(1 — e ™)}

Case 1. 0 = 0. We have F = #. If we choose 3y = (1+2~)~2 this clearly
verifies (6.28). For every k € N set

2k (2k—1)m

and by =e ¢ . (6.48)

ap =¢e ¢

For every s € [ak, b], one has (2k — 1)7 < Inln 1 < 2km; thus F(s) = 0. So, 0F(s) =
{0} for every s €]ag, bi[ and (6.29) is verified. Now, we apply Theorem 6.19.

Case 2. o €]0,min{p —1,p(1 — e~ ™)}[. We have Fy = +o00. In order to verify
(6.43), we fix for instance By = (1 +2V)~2 and pu = 2. Take {a} and {b} in the
same way as in (6.48). The inequality in (6.44) becomes obvious since

max|_,, 41 F  8Nt1 p—o
lim sup [ l;’”ak] < lim sup Pk — =
k—+oo bk; p k—+o00 b
N+1
_ 8 lim e[pieﬂ'(pio_)]e&kfl)w _ 0
p k—-+o0
Therefore, we may apply Theorem 6.21. (|

Example 6.24. Let {ax} and {b;} be two sequences such that a; = 1, by = 2 and
ap = k*, by, = EF*1 for every k > 2. Define, for every s € R the function

b§+1—b§ :
{ — if s € [bg, ar11];

ap4+1—bg’
0, otherwise.

Then the problem
—Apu+ ulP~2u € (1+|x\N)2 [f( (z)), ?(u(:ﬂ))L zeRY,
u € WHP(RY),

possesses an unbounded sequence of non-negative, radially symmetric solutions when-
p
ever 0 < o< ¥ (ﬂ> (AreaSN-1)~1

2p
Proof. Let F(s fo t)dt. Since the function f is locally (essentially) bounded, F'
is locally Llpschltz. A more explicit expression of F is
—bP .
bp — bp ai-f: bi (s — bk), if s € [bk, ak+1[;
F(s)=1q b -, if s € [ag,bl;
0, otherwise.

An easy calculation shows, as we expect, that OF (s) = [f(s), f(s)] for every s € R.
Taking «a(z) = (H) is verified, and [|a|/,r = & AreaSYN~1. Moreover,
F(s) . Fl(ag) . bh =

F, = limsup > lim »— = lim > L — 4t
lslotoo [SIP T k—teo @y k—teo ag

o
(I+]z[N)??

72



VARIATIONAL-HEMIVARIATIONAL INEQUALITIES ON UNBOUNDED DOMAINS

Choosing 1 = 1 and S = 0/4, (6.43) is verified, while (6.29) becomes trivial. Since
max(_q, q, F = F(ay) = b} — by, relation (6.44) reduces to pc? ||| < 1 which is
fulfilled due to the choice of ¢ and to Remark 6.10. It remains to apply Theorem
6.21. g

6.4. An application to variational-hemivariational inequalities. In this sub-
section we give two applications of the Principle of Symmetric Criticality for
Motreanu-Panagiotopulos functionals. These results appear in the paper of Lisei
and Varga [36].

First we formulate the problem. For this let F' : R x RM x R — R be
a Carathéodory function, which is locally Lipschitz in the second variable (the real
variable) and satisfies the following conditions:
(F1) F(z,0) =0 for all z € R x RM and there exist ¢; > 0 and 7 €]p, p*[ such that

€] < er(|s]P~t 4 |s|"7Y), VE € OF(z,5), (z,5) € RE x RM x R.

We denoted by 0F(z,s) the generalized gradient of F(z,-) at the point s € R and
pr = % is the critical Sobolev exponent.

Let a : RExRM — R (L > 2) be a nonnegative continuous function satisfying
the following assumptions:

(A1) a(z,y) > ap > 0if |(x,y)] > R for a large R > 0;

(A2) a(x,y) — 400, when |y| — +oo uniformly for z € RE;

(43) a(z,y) = a(z’,y) for all 7,2’ € R with |z| = |2’| and all y € RM.
Consider the following subspaces of W1P(RL x RM)

E={uecW"(RE x RM) :u(z,y) = u(a',y) ¥ z,2’ € RE, |z| = |2'|, Yy € RM},

E = {uec WhP(RL x RM) . / a(z)|u(z)[Pdz < oo},

RL+M

E,=ENE={uck: / a(z)|u(z)Pdz < oo},

RL+M
endowed with the norm
= [ 1Vu@ras+ [ auerd
RL+M RL+M
and the closed convex cone K ={v € E : v >0 a.e. in RF x RM}.
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The aim of this subsection is to study the following eigenvalue problem (P ):
For A >0 find u € K such that

/ V()P 2 V(=) (Vo(2) — Vu(z))dz + / ()P (2)(0(2) — u(2))dz
RL+M

RL+M
OZUZ"UZ—UZ z
o [ P uEi) — u()ds > 0

for all v € K, where F°(z,s;t) is the generalized directional derivative of F(z,-) at
the point s in the direction t.
Let Z) : E —] — 00, +o0] be defined by
1
Ix(u) = 2;||U||p — AF(u) + ¥ (u),

where ¥ (u) denotes the indicator function of the closed convex cone K,i.e.

QPK(U):{ 0, if zek

400, otherwise.

Clearly 9 is convex and lower-semicontinuous on E.

Now we rewrite problem (Py) by using the duality map. By Theorem 3.5
from [1] it follows that E is a separable, reflexive and uniform convex Banach space.
We denote by E* its dual. Let A : E — E* the duality mapping corresponding to
the weight function ¢ : [0, +oo[— [0, +oo[ defined by p(t) = tP~1, where p €]1, +o00|.
It is well known that the duality mapping J satisfies the following conditions:

[|Aullx = ¢(|ul|) and (Au,u) = ||Aul|||u|| for all u e E.

Moreover, the functional x : E — R defined by x(u) = %Hu”p is convex and Gateaux
differentiable on E, and dy = A. The problem (P)) can be reformulated in the
following way: For A > 0 find u € K such that

(Au,v — u) + )\/ FO(z,u(2);v(2) — u(z))dz >0

RL+M
for every v € K.

Lemma 6.25. Fiz A > 0 arbitrary. Fvery critical point uw € E of the functional )
is a solution of the problem (Py).

Proof. Since u € E is a critical point of the functional 7y, one has
(Au,v —u) + M=F)°(u;v — u) + e (v) — xe(u) >0

for every v € E. From Proposition 4.5 we obtain

(Au,v — u) + )\/ FO(z,u(2);u(2) — v(2))dz + i (v) — Y (u) >0

RL+M
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for every v € F.
Therefore u € I and for every v € K we have

(Au,v —u) + /\/ FOz,u(2);u(z) —v(2))dz > 0. O
RL+M
Let a : RE x RM — R (L > 2) be a function, which satisfy the assumptions
(A1), (A2), (A3). We consider the following subspaces of WP (RE x RM)

E={ueW"RL x RM) : u(z,y) = u(z',y) ¥V z,2’ € R, |z| = |2/|, Vy € RM},

E = {uec WH(RL x RM) . / a(z)|u(z)Pdz < oo},
RL+M
E,=FENE={uck: / a(z)|u(z)Pdz < oo}
RL+M
endowed with the norm
[P = [ VP [ a@ue)r
RL+M RL+M

The next result is proved by de Morais Filho, Souto, Marcos Do [42] and is a very
useful tool in our investigations.

Theorem 6.26. If (A1), (A2) and (A3) hold, then the Banach space E, is continu-
ously embedded in L*(RY xRM), if p < s < p*, and compactly embedded if p < s < p*.

We have,
lulls < C(s)||ul| for each u € E,,

where || - ||s is the norm in L*(R* x RM) and C(s) > 0 is the embedding constant.
Let

G:{g:E—>E:g(v):vo<(I;2 (;dRM ),REO(RL)},

where O(RL) is the set of all rotations on RY and Idgwm denotes the M x M identity
matrix. The elements of G leave REFM invariant, i.e. g(RLTM) = RLFM for all
g€aq.

The action of G over E is defined by

(gu)(2) =u(g™'2), g€ G, ue€E, ae zcRFM

As usual we shall write gu in place of 7(g)u.
A function v defined on R¥TM is said to be G-invariant, if

u(gz) =u(z), ¥V g€G, ae ze€RETM,
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Then u € E is G-invariant if and only if u € 3, where
Y:=E,=FENE.

We observe that the norm

ull={ [, (vucr +a<z>|u<z>|”>dz};

is G-invariant.
In order to study our problem we give the assumptions on the nonlinear
function F. We assume that F : R* x RM xR — R is a Carathéodory function, which

is locally Lipschitz in the second variable, satisfying condition (F1) and moreover:

(F2) lim max{[¢] £ € 0F (2, 5)}
s—0

RL+M.
|s[P~*

=0 uniformly for every z €

(F'3)There exists v > p such that
vF(z,5) + F%(z,8,—s) <0, ¥(z,5) € REFM xR,
(F4) There exists r > 0 such that
inf{F(z,5): (zs]) € RETM x [r,00)} > 0.
Remark 6.27. a) If F : REFM x R — R satisfies (F1) and (F2), then for every
€ > 0, there exists ¢(g) > 0 such that

i) [£] <els|P~t +c(e)|s|"L, V& € DF(z,5), (2,8) € REFM x R;

i) |F(z,8)| <els|P+cle)]s|", ¥ (z,8) € REFM x R.

b) If F: REFM x R — R satisfies (F'1), (F3) and (F4), then there exist cz,c3 > 0
and v €|p, p*[ such that
F(z,8) > cals|” — es|s|P.

To study the existence of the solutions of problem (Py), it is sufficient to
prove the existence of critical points of the functional Ty (see Lemma 6.25).

We have the following result, which appear in the paper of Lisei-Varga [36].
Theorem 6.28. (Lisei-Varga [36]) Let F: RE x R® x R — R be a function, which
satisfies (F'1)-(F4) and F(-,s) is G-invariant for every s € R. Then for every A > 0
problem (Py\) has a nontrivial positive solution.

Before to prove this result we introduce some notations and we prove some
auxiliary results. We have that the cone K is G-invariant, it follows that g is G-
invariant. Taking into account that the action of G is linear and isometric on E, we
deduce that the function y(u) = %Hu”p is G-invariant. The function F is also G-
invariant, because F(+, s) is G-invariant for every s € R. If we apply Theorem 3.8, it

is sufficient to prove that the functional 7y, := 7y . has critical points, which implies
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that the functional Z) has critical points, which are solutions for problem (Py). We

introduce the following notations:

- lls =111l

, Fs =F
b

. s = 7/%’2

and the restricted duality map Ay, : ¥ — X* with Ay = A‘E. Therefore we have

1
In(u) = ];\IUHQ = AFz(u) + s (w).
In the next we verify that the conditions of Theorem 3.4 are satisfied by the functional
Is.
Proposition 6.29. If F : RF x RM x R — R verifies the conditions (F1)-(F3) and
F(,s),s € R is G- invariant, then Iy, satisfies the (PS) condition, for every A > 0.

Proof. Let A > 0 and ¢ € R be some fixed numbers and let (u,) C ¥ be a sequence
such that )
Is(un) = EHuan = AFs(upn) + ¥s(u,) — ¢ (6.49)

and for every v € ¥ we have

<Azumv*un>+>\/ FO(z,un(2):un(2)~v(2))dz4ts (V) =5 (un) 2 —enllv—unl|s,
RL+M
(6.50)
for a sequence (g,,) in [0, +00] with ¢, — 0.
By (6.49) one concludes that (u,) C XN X. Setting v = 2u, in (6.50), we

obtain
(Asup, un) + )\/ FO>2,un(2); —un(2))dz > —e,||un||s. (6.51)
RL+M
By (6.49) one has for large n € N that
1
c+1> 5||un||p§) - /\fZ(un)' (652)
We multiply inequality (6.51) with v~ and use Proposition 4.5 to obtain
n Astun, up A
sij22_<WL“>_,/ FO(2, un (2); —tn (2))dz. (6.53)
14 14 V JRL+M

Adding the inequalities (6.52) and (6.53), and using (F'3) we get

€ 1 1
14 gl > ( - ) ]2
v p v
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From this, we get that the sequence (u,,) C XN is bounded. Because FE is reflexive,
it follows that X is reflexive too and there exists an element u € Y such that u,, — u
weakly. Since N X is closed and convex, we get u € K N X. Moreover, from (6.50)

with v = u we obtain
(Asitin, 4 — un) + A/RHM FO(2,un (2); un(2) — u(2))dz > —nllun — ulls.  (6.54)
From this we get
(Asstin, iy — 1) < )\/RHM FO(,un (2): tn(2) — u(2))dz + nlltm — ulls
< [ male )~ ) ¢ € € 0P @)z + 2l —uls
A (a2 + )2 (=) = u(2)ldz + 2nllun — ulls:

RL+M

Hence, by Hoélder’s inequality and the fact that the inclusion ¥ < LP(RETM) s

continuous (see Theorem 6.26), we obtain
(Astin, tn —u) < XeC(p)|lun —ul|s[[un] [ +Xe(e)un —ullr[[un] [ 7" +enlun —ulls.

Moreover, the inclusion ¥ < L"(RE+M) is compact for r €]p, p*[ (see Theorem 6.26),
therefore ||u, — ul|, — 0 as n — +oo. For ¢ — 01 and n — 400 we obtain that

lim sup(Asun,, un, — u) < 0. Finally, since the duality operator Jyx has the (S;)
n—-+oo
property we obtain u,, — u in I, because I is closed. O

Proposition 6.30. If I/ : RL x RM x R — R werifies (F1)-(F4) and F(-,s) is
G-invariant for every s € R, then for every A > 0 the following assertions are true:
i) there exist constants ay > 0 and py > 0 such that Is(u) > ay for all
llulls = px;
il) there exists ex € IC with ||ex]| > pa and Ixs(ex) < 0.
Proof. From Remark 6.27 and from the fact that the embedding ¥ — L!(RE+M) is
continuous for [ € [p, p*], it follows that

Fa(u) <eCP(p)l[ulls; + ¢()C (r)[ulls:,

for every u € . It is suffices to restrict our attention to elements u which belong to
K NY, otherwise Zx(u) will be 400, i.e. i) holds trivially.

Let A > 0 be arbitrary. We choose ¢ €]0, [ and for u € KNX we have

1
pACP(p)
@w:;mg—vam>@—Mm@)m%—mwwmm&.
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We denote by M = 117 — XeCP(p) and N = Ac(e)C"(r) and we consider the function
g: Ry — R given by ¢(t) = MtP — Nt". The function g attains its global maximum

_1
in the point ¢t = (2—%) "7 If we take py =ty and ay €]0,g(tx)[, the condition i)
is fulfilled.

To prove ii) from b) Remark 6.27 we observe that for every u € X N3 we

have )
%MOSQW%+%%ﬁ@mw@—MMMﬁ

If we fix an element v € (KX NX)\ {0} and in place of u we put tv, then we
have

1
Iﬂw)<<p+xm?@0|M§V—A@MBV-

From this we see that if ¢ is large enough, then ||[tv||s > pa and Zx(tv) < 0. If we
take ey = tv we obtain the desired results. O
Proof of Theorem 6.28. Now we prove that the conditions of Theorem 3.4 are satisfied
by the functional Zy,. Because F(z,0) = 0, it follows that

75(0) = /R+ F(z,0)dz = 0.

From Proposition 6.29 we get that Zs, satisfies the (P.S) condition. Proposition 6.30
implies that Zy satisfies the conditions (i) and (ii) from Theorem 3.4, hence the

number
cy = inf sup Ix(f(t)),
r= s Io(f0)
where
FA = {f € C([O,l],E) : f(O) = Oa f(l) = € }a
is a critical value of Zy, with ¢y > ay. O

In the next we replace (F3) and (F4) with the following two conditions
(F'3) There exist q €]0,p[,v € [p,p*],a € Lv—a (RETM), g e LY (RYTM) such that
F(z,8) < a(2)|s|” + B(2)
for all s € R and a.e. z € REFM,
(F’4) There exists ug € K such that / F(z,up(z))dz > 0.
We have the following result. e

Theorem 6.31. (Lisei-Varga [36]) Let F : RE x RM x R — R be a function which
satisfies (F1),(F2), (F/S), (Flél) and F(-,s) is G-invariant for all s € R. Then
there exists an open interval Ag C A such that for each A € Ag problem (Py) has at

least three distinct solutions which are azxially symmetric.
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To prove Theorem 6.31 we combine Theorem 3.5 with Theorem 3.8. First we
consider the functional f : E x A —] — 00, 400] given by f(u,\) = I (u) + Al2(u),

Where
u) = *1 u p -+ = 7.7 u) = — F(z,u(z dZ
Il( ) || || 1/%(“), IZ(U) ( ) /R’f*' ( ) ( )) .

As in Lemma 6.25 we have that every critical point of the function f = I + Al
is a solution of problem (Py). Using Theorem 3.8 it is sufficient to prove that the
functional fy = (I 1+ AL 2) ‘ satisfies conditions from Theorem 3.5, where we choose
hi,VY1,hy : X — R v
hy(u) = 1HU||§7 Ui (u) = s(u), ho(u) = —Fs(u) = */ F(z,u(z))dz, ueX,
P RL+M
and take
I = hy + ¥y, Iy = ho.

First we prove that (a;) holds.
Proposition 6.32. If F : RL x RM xR — R verifies the conditions (F1) and (F2),
then hy is weakly sequentially lower semicontinuous and hs is weakly sequentially
continuous.
Proof. The weakly sequentially lower semicontinuity of hy = 2%” - |1% is standard
(every convex lower semicontinuous function is sequentially lower semicontinuous, see
e.g. [7]).

In order to prove the weakly sequentially continuity of he we assume that (u,)
is a sequence in ¥ such that u,, = u (in ). We will prove that Fx(u,) — Fx(u).

By Lebourg’s Mean Value Theorem (see [10]) it follows that there exist 6,, €
[0,1] and v,, € OFx(u + O, (u, — u)) such that

Fs(un) — Fx(u) = (vp, un — u).
We denote w,, = u+ 0, (u, —u). Using the definition of F, Proposition 4.5 it follows

that

Fs(up) — Fs(u) < (F)?(wnsu, —u) < / F°(z,wp(2); un(2) —u(z))dz

RL+M
= / max{(v(z),un(z) —u(z)):ve GF(z,wn(z))}
RL+M
Now we use Remark 6.27 to get
Folwn) = o) < [ (eha@l + e@lwn@l ) () - u(ldz,
RL+M
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We use Holder’s inequality and the fact that the inclusion ¥ — LP(RE+M) is contin-

uous (see Theorem 6.26) to obtain
Fe(un) = Fs(u) < eCp)|un — ullslwalls™ + () C(r)Jun — ullr wallz ™. (6.55)
Now we use the same ideas as before for —Fy and find the existence of 7, € [0,1] and
On, € O(—Fx)(u + 7p(un, — u)) such that
Fx(u) — Fu(un) = (On, un — u).

We denote w0, = u + 7, (u, — u). Using the definition of —F2, and properties of the
generalized gradient (see [10]), it follows that

Fe(u) — Fslup) < (=Fe)(Wn;ty —u) = (Fx)? (n; u — uy).
Analogously to (6.55) we get
Fe(u) = Fs(un) < eC)lun — ulls@nlls™ + c(€)O() un — ullr @l (6.56)
Using (6.55) and (6.56) we have
|Fe(un) = Fe()| < eC®)llun —ulls (w5~ (6.57)
a7 + e(e)C(r) lun = ully (lwnlli™ + w771,

The inclusion ¥ < L"(RE+M) is compact for 7 €]p, p*[ (see Theorem 6.26), then we

get that ||u, —ul|, — 0 as n — +o00, while the sequences (w,,) and (w,,) are bounded

in the || - ||, and || - || norms. Then in (6.57) we get Fx(u,) — Fx(u). Hence hy is

weakly sequentially continuous. O

Proof of Theorem 6.81. For this let u € KN Y, from condition (F 3) and from the

fact that the embedding ¥ < LY (RX+M) is continuous and ¢ < p it follows that
felu,A) > %||u||§ - )\/RHM a(z)|u(z)]9dz — A B(z)dz

RL+M
1

> —lulle = Alled| o= [ullZ = AlIBIL
p q

1
> —ulls; = Alla
P

7 CU D ull = AllBI]1-

v—gq

Therefore, if ||u||ls — 400, we have fs(u,\) — +00. Let (u,) C KNI be a
sequence such that

fs(un,A) — ¢ (6.58)
and for every v € ¥ we have
(Agun,v—un>+)\/ FO(2,un(2); tun (2)—0(2))dz+s (0) =5 (un) > —en||lv—tun||s,
RL+M
(6.59)
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for a sequence (g,,) in [0, 4+o00[ with &, — 0. From (6.58) follows that the sequence
(uy,) is bounded in XNY and as in Proposition 6.29 we get that there exists an element
u € KN X such that u, — u. Let us define the function

g(t) = sup {fz(u) Ll < t} |

Using ii) from Remark 6.27 and the fact that the inclusion ¥ «— L{(RE+M) [ € [p, p*]
is continuous, it follows that

g(t) < eCP(p)t + c(e)CT (r)ts. (6.60)
On the other hand g(t) > 0 for each ¢ > 0, then from the above relation we get
t
lim @

t—0t ¢

= 0. (6.61)

By (F/Zl) it is clear that ug # 0 (since F(0) = 0). Therefore it is possible to choose a

number n such that

1 —1
0<?’]<.7:2(U()) |:p|’LLO|g:| .

t
From lim @
t—0+ t

such that g(to) < nto. Thus

= 0 it follows the existence of a number ¢, € ]0, Zl)||u0||§[

—1
g(to) < Duavg} Fo(uo).

Let py > 0 such that

1 —1
alto) < o < [ 3lluolls|  Ftuoko (6.62)

Due to the choice of ¢y and (6.62) we have
po < Fs(uo). (6.63)

Define h : A = [0,400[— R by h(X) = ppA. We prove that the function h
satisfies the inequality

i‘;ﬁué%%z(fﬂ“’ M) +h(A) < dnf ileer)(fz(w A) + h(N)).

The function
. 1
Az it (Sl + Al — F(w)

is obviously upper semicontinuous on A.
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From (6.63) it follows that

. T
Jm inf [fs(u,A) + oA < lim [plluOII’é + Alpo — fz(uo))] = —o0. (6.64)

Thus we find an element A € A such that

up int (o)) = gt [l + X - )] 60)
From g(tg) < po it follows that for all u € ¥ with %Hqu < tg, we have Fx(u) < po.
Hence
to < inf {2];||u||g : Fe(u) > po} . (6.66)
On the other hand,
(s )+ ) =it Ll +sup O — Z(0)|

) 1
wt {Jully < o) > m |-
Thus (6.66) is equivalent with

to < inf . .
o< inf i‘é‘z[fz(“’ A) + po] (6.67)

There are two distinct cases:
MIEo<A< %, we have

o - -
it [l + X0 = Fo()] < £50.5) = oo < 0

Combining the above inequality with (6.65) and (6.67) we obtain the inequal-
ity from (az) Theorem 3.5.
(I1) If % < ), then from pg < Fs(up) and (6.62) it follows

; 1 T 1 _
wRhs [p”ull’é Moo - fz(u))} < ol + Ao = Fa(uo))

1

to
< ];||U0||§ + —(po — Fx(uo)) < to.

Po
Theorem 3.5 implies that there exists an open interval Ag C A, such that for
each A € Ay, the function fx(-, A) has at least three critical points in £N3X. Therefore,
problem (Py) has at least three distinct solutions for every A € Ag. This ends the
proof. O
We conclude this subsection with two examples for which Theorem 6.28 and

6.31 can be applied.
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Example 6.33. Let k € R,k > 1. We define the sequence of real numbers (A4,,) by

Ag =0, and
1 1 1 1

An:1*k+2fk+3fk+"'+ n>1

Tk
n
Let » > p > 2. We consider the functions f, F' : R — R given respectively by

f(s) =s|s|P72(|s|" P+ A,) fors€]—n—1,-n]U[n,n+1[, n €N,
F(u)z/f(s)ds foruel]—n—1,—-n]Un,n+1[, n €N.
0

Clearly F satisfies (F'1), (F2), (F3) and (F4), hence owing to Theorem 6.28 problem
(P») has a nontrivial positive solution.

Example 6.34. Let A : RY — R be a continuous, nonnegative, not identically zero,
axially symmetric function with compact support in RZ. We consider F : RE x RM x
R — R defined by

F((z,y),s) = A(z)min{s", |s|?} for (z,y) € RE x RM scR,

where r € }p, I(/[;j—i]\m [ is an odd number and ¢ €]0,p[. The function F satisfies

the assumptions (F'1), (F2), (F'3) and (F'4) and F (-, s) is G-invariant for all s € R.
Theorem 6.31 implies that there exists an open interval Ag C A such that for each

A € Ag problem (Py) has at least three distinct solutions which are axially symmetric.
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