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ON A NEW SEQUENCE SPACE DEFINED
BY MUSIELAK-ORLICZ FUNCTIONS

VAKEEL A. KHAN

Abstract. In this paper we define a new sequence space m(M, ¢, p), which
is a generalization of m(¢, p) (B. C. Tripathy and M. Sen [12]) by Musielak-
Orlicz functions. We study some of the properties of this space.

1. Introduction

An Orlicz function is a function M : [0,00) — [0, 00), which is continuous,
non-decreasing and convex with M(0) = 0, M(z) > 0, for + > 0 and M(z) —
o0 as © — oo. If convexity of Orlicz function M is replaced by

M(z+y) < M(z)+ M(y)

then this function is called a modular function, defined and discussed by Nakano [10]
and Musielak [7] and others. It is well known that if M is a convex functions and
M(0) =0, then M(Az) < AM (x) for all A with 0 < A < 1 (see [1], [2], [9]).

Lindendstrauss and Tzafriri [5] used the idea of Orlicz function to construct
the sequence space

by = {J;:(mk)ZM<J;k|> <oofors0mep>0}.
k=1

The space £; with the norm

lz|| = inf{p>0:> M <|x:|> <1}

k=1
becomes a Banach space which is called an Orlicz sequence space. For M(z) = zP,

1 < p < o0, the space ;s coincides with the classical sequence space [,,.
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A sequence M = (Mjy,) of Orlicz functions is called a Musielak-Orlicz function
[See [3], [4], [6], [7]). In addition, a Musielak-Orlicz function N = (Ny) is called a
complementary function of a Musielak-Orlicz function M if

Ni(v) = sup{|v|u — My(u) :u >0}, k=1,2,---

For a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space

Iam and its subspace haq are defined as follows:
Im={x €s:Ipm(cx) < oo for some ¢ > 0},
ha ={z € s: Ipm(cx) < oo for all ¢ > 0},
where I is a convex modular defined by

Iu(z) =Y My(xx), @ = (zk) € Lu.
k=1

We consider [ equipped with the Luxemburg norm
]| = inf{k > 0 Lu(7) < 1},
or equipped with the Orlicz norm
l|2]|° = inf{%(l + I (kx)) : k> 0}

If x = (z,) is a sequence, then S(z) denotes the set of all permutation of the
elements of (z,). A sequence space F is said to be symmetric if S(z) C FE for all
x € E. A sequence space F is said to be solid if (y,) € E whenever (x,) € E and
[yn| < |2zn| for all n € N.

A BK-space is a Banach sequence space E in which the coordinate maps are

continuous, i.e. if (a:,(c"))k € F, then

||($](€n)) — (zk)|| = 0as n — o0

= |(x,(€")) — (zx)] — 0asn — oo, for each fixed k.

Let C denote the space whose elements are finite sets of distinct positive
integers. Given any element o of C, we denote by ¢(o) the sequence {¢,,(c)} which is
such that ¢, () = 1if n € 7,¢,(0) = 0 otherwise. Further, let

C, = {a eC: ch(d) < S} (cf.[8]),

be the set of those o whose support has cardinality at most s. Throughout the paper
¢n, denotes a non-decreasing sequence of positive numbers such that ng,+1 < (n+1)d,
for all n € N.
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The space m(¢) is defined as follows (Sargent [11]):

m(¢p) = {ac = (x) € w :sup sup ! Z\xk| < oo}.
ke€o

s>1 o€Cyq ¢s

The space m(¢,p) is defined as follows (B.C. Tripathy and M. Sen [12]):
For 1 <p < o0,

1/p
m(¢,p) == q = (x) €w:sup Sup1{2|xklp} < 00

s>1 o€Cs ¢s keo

In this paper we introduce the space m(M, ¢, p) as follows:
Let M = (M},) be a Musielak-Orlicz function. We define the following se-
quence space

m(M@p)::{x = (n) € w s sup sup - {Z [Mk (?')r}

s>1 oc€Cs d)s keo

1/p

< o0, for some p > 0}.

It is clear that if My (x) = x then m(M, ¢, p) = m(¢,p).
Throughout w, P, I', I°° denote the spaces of all p-absolutely summable,
absolutely summable and bounded sequences respectively. N and C denotes the set

of all natural numbers and complex numbers, respectively.

2. Main results

Theorem 2.1. The space m(M, ¢, p) is complete.
Proof. Let {x(™} be a Cauchy sequence in m(M, ¢,p). Then
1/p

sup supi Z[M <W>r < 00
s>1 oeC, D5 | 52 “\p ’

for some p >0 and for alln n=1,2,3,---).
For each € > 0, there exists a positive integer ng such that

||z — x(")\|m(M,¢,p) <€, for all m,n > ng.

This implies that

1 DRI L I

€T —
sup sup — M; | 4+—— <€, 2.1
5211) aea ¢s {Z[ < 14 )] } ( )

i€o
for some p > 0 and for all m,n > ng.
Hence

|x5m) — xEn)\ < ey for all m,n > ng and for all i € N,
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showing that for each fixed i (1 <4 < 00), the sequence {xgn)} is a Cauchy sequence
in C.

Let acg") — x; as n — oco. We define x = (z1,z2, 23, -+ ). We need to show
that = € m(M, ¢,p) and (™ — z.

From (2.1) we get, for each fixed s

(m) _

)\ 1%
Z M; M < ePp P, for some p > 0, for all m,n > ng and o € Cs.
i€o L P _
Taking n — oo we get
- |$(m) _x(n)| P
Z M; | 4—— < PP P | for some p > 0, for all m,n > ng and o € Cs.

p
py 1/p
1 |x<m) —
sup sup — M; | 44— <€, (2.2)
s>1 o€C, ¢s {zeza [ ( P

for some p > 0 and for all m,n > ng.

i€o L

This implies that

= M) _ 4 e m(M,¢,p), for all n > nyg.

Hence z = (") + 2 — (") € m(M, ¢, p) as m(M, ¢, p) is a linear space.
From (2.2)

=™ =z, <€, for all n > ng,
(M,o.p)

which implies that

||w(”) = ||mM,p,p) — 0, as n — o0.
Hence m(M, ¢,p) (1 < p < o0) is a Banach space.
Theorem 2.2. The space m(M, ¢, p) is a BK-space.
Proof. Suppose that

||x(”) — 2| (M, p,p) — 0 as n — oo.
For each € > 0 there exists ng € N such that
|z — z|| < € for all n > ny.
This implies that
1 | (n) | py 1/p
sup sup — Z M, By~ Tkl < ¢, for some p > 0 and for all n > nyg.
s>1 o€l ¢s keo 14
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Consequently
\m,g") — x| < €¢y, for all n > ng and for all k.
So |ac,(€n) — 2| — 0 as n — oo and the proof is complete. O

Proposition 2.3. 1. The space m(M, ¢,p) is a symmetric space. If z € m(M, ¢, p)

and v € S(x), then ||v||mm,op) = IZ|[mr,s,p)-
2. The space m(M, ¢,p) is a normal space.

Proposition 2.4. m(¢) C m(M, ¢, p).
Proof. Suppose that € m(¢). Then

1
x =sup sup — T =K < oco.
|| Hm(d)) szl? UG(I?)S ¢s {Z| ’ﬂ|}

neo
Hence for each fixed s,

> |l < Koy, 0 €C.

neo

This implies that

P
{Z [Mn (|$pn|)} } < K¢g, o € Cs, for some p > 0,
neo

so that

2\
Z [Mn (p")} } < K, for some p > 0.

1
sup sup |[—
s>1 0€Cs (bs {nea

Thus = € m(M, ¢, p) and this completes the proof. O
Proposition 2.5. m(M,¢,p) C m(M,,p) if and only if sup(%) < 00.
s>1 7 °

Proof.Let sup(£2) = K < oo. Then ¢4 < Ktp,. Now if (zx) € m(M, ¢, p), then

s>1

1
sup sup |—
s>1 o€Cs (bs

bs
s

2\ 1" 1/p
Z[M” (pn)] } < o0, for some p >0 .

neo

ENE 1/p
Z [Mn (;)] } < oo, for some p > 0,

neo

This implies that

1
sup sup
s>1 o€Cs Kws {

so that
[l (Mp.p) < 00
Hence m(M, ¢,p) € m(M, v, p).
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Conversely, suppose that m(M, ¢, p) C m(M, 1, p). We need to show that

sup(%) = sup(ns) < 0.
s>1 s s>1

Let sup(ns) = co. Then there exists a subsequence (7s,) of (7s) such that
s>1

lim (n,,) = oc.
1— 00

Then for (x) € m(M, ¢, p) we have

[ (5]}

1
sup sup |—
s>1 o€Cy ws neo

1/p
> sup sup | ! Z [M (W)]P =00
- sizpl JECI; . ¢Si " 14 ,

neo

1/p

for some p > 0.
This implies that (zr) ¢ m(M,v,p), a contradiction which completes the
proof. O

Theorem 2.6. [P C m(M, ¢,p) C 1.

Proof. Since m(M, ¢,p) =[P for My(z) = x and ¢, = 1, for all n € N, it follows that
P C m(M, ¢, p).
Next, let © € m(M, ¢,p). Then

1/p

1 P
sup sup | — Z [Mn (W)] = K < oo, for some p > 0.
s>1 o€Cy ¢S neo P
This implies that
|z, < K¢, for allm € N,

so that z € [*°. Thus m(M, ¢,p) C I*°.
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