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ON A NEW SEQUENCE SPACE DEFINED
BY MUSIELAK-ORLICZ FUNCTIONS

VAKEEL A. KHAN

Abstract. In this paper we define a new sequence space m(M, φ, p), which

is a generalization of m(φ, p) (B. C. Tripathy and M. Sen [12]) by Musielak-

Orlicz functions. We study some of the properties of this space.

1. Introduction

An Orlicz function is a function M : [0,∞) → [0,∞), which is continuous,
non-decreasing and convex with M(0) = 0, M(x) > 0, for x > 0 and M(x) →
∞ as x→∞. If convexity of Orlicz function M is replaced by

M(x+ y) ≤M(x) +M(y)

then this function is called a modular function, defined and discussed by Nakano [10]
and Musielak [7] and others. It is well known that if M is a convex functions and
M(0) = 0, then M(λx) ≤ λM(x) for all λ with 0 < λ < 1 (see [1], [2], [9]).

Lindendstrauss and Tzafriri [5] used the idea of Orlicz function to construct
the sequence space

`M =

{
x = (xk) :

∞∑
k=1

M

(
|xk|
ρ

)
<∞ for some ρ > 0

}
.

The space `M with the norm

||x|| = inf{ρ > 0 :
∞∑
k=1

M

(
|xk|
ρ

)
≤ 1}

becomes a Banach space which is called an Orlicz sequence space. For M(x) = xp,
1 ≤ p <∞, the space `M coincides with the classical sequence space lp.
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A sequenceM = (Mk) of Orlicz functions is called a Musielak-Orlicz function
[See [3], [4], [6], [7]). In addition, a Musielak-Orlicz function N = (Nk) is called a
complementary function of a Musielak-Orlicz function M if

Nk(v) = sup{|v|u−Mk(u) : u ≥ 0}, k = 1, 2, · · ·

For a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space
lM and its subspace hM are defined as follows:

lM := {x ∈ s : IM(cx) <∞ for some c > 0},

hM := {x ∈ s : IM(cx) <∞ for all c > 0},

where IM is a convex modular defined by

IM(x) =
∞∑
k=1

Mk(xk), x = (xk) ∈ lM.

We consider lM equipped with the Luxemburg norm

||x|| = inf{k > 0 : IM(
x

k
) ≤ 1},

or equipped with the Orlicz norm

||x||0 = inf{1
k

(1 + IM(kx)) : k > 0}.

If x = (xn) is a sequence, then S(x) denotes the set of all permutation of the
elements of (xn). A sequence space E is said to be symmetric if S(x) ⊂ E for all
x ∈ E. A sequence space E is said to be solid if (yn) ∈ E whenever (xn) ∈ E and
|yn| ≤ |xn| for all n ∈ N.

A BK-space is a Banach sequence space E in which the coordinate maps are
continuous, i.e. if (x(n)

k )k ∈ E, then

||(x(n)
k )− (xk)|| → 0 as n→∞

⇒ |(x(n)
k )− (xk)| → 0 as n→∞, for each fixed k.

Let C denote the space whose elements are finite sets of distinct positive
integers. Given any element σ of C, we denote by c(σ) the sequence {cn(σ)} which is
such that cn(σ) = 1 if n ∈ σ, cn(σ) = 0 otherwise. Further, let

Cs =

{
σ ∈ C :

∞∑
n=1

cn(σ) ≤ s

}
(cf.[8]),

be the set of those σ whose support has cardinality at most s. Throughout the paper
φn denotes a non-decreasing sequence of positive numbers such that nφn+1 ≤ (n+1)φn
for all n ∈ N.
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The space m(φ) is defined as follows (Sargent [11]):

m(φ) :=

{
x = (xk) ∈ ω : sup

s≥1
sup
σ∈Cs

1
φs

∑
k∈σ

|xk| <∞

}
.

The space m(φ, p) is defined as follows (B.C. Tripathy and M. Sen [12]):
For 1 ≤ p <∞,

m(φ, p) :=

x = (xk) ∈ ω : sup
s≥1

sup
σ∈Cs

1
φs

{∑
k∈σ

|xk|p
}1/p

<∞

 .

In this paper we introduce the space m(M, φ, p) as follows:
Let M = (Mk) be a Musielak-Orlicz function. We define the following se-

quence space

m(M, φ, p) :=

{
x = (xk) ∈ ω : sup

s≥1
sup
σ∈Cs

1

φs

{∑
k∈σ

[
Mk

(
|xk|
ρ

)]p
}1/p

<∞, for some ρ > 0

}
.

It is clear that if Mk(x) = x then m(M, φ, p) = m(φ, p).
Throughout ω, lp, l1, l∞ denote the spaces of all p-absolutely summable,

absolutely summable and bounded sequences respectively. N and C denotes the set
of all natural numbers and complex numbers, respectively.

2. Main results

Theorem 2.1. The space m(M, φ, p) is complete.

Proof. Let {x(n)} be a Cauchy sequence in m(M, φ, p). Then

sup
s≥1

sup
σ∈Cs

1
φs

{∑
i∈σ

[
Mi

(
|xi|
ρ

)]p}1/p

<∞,

for some ρ > 0 and for all n n = 1, 2, 3, · · · ).
For each ε > 0, there exists a positive integer n0 such that

||x(m) − x(n)||m(M,φ,p) < ε, for all m,n ≥ n0.

This implies that

sup
s≥1

sup
σ∈Cs

1
φs

{∑
i∈σ

[
Mi

(
|x(m)
i − x

(n)
i |

ρ

)]p}1/p

< ε, (2.1)

for some ρ > 0 and for all m,n ≥ n0.

Hence

|x(m)
i − x

(n)
i | < εφ1 for all m,n ≥ n0 and for all i ∈ N,
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showing that for each fixed i (1 ≤ i <∞), the sequence {x(n)
i } is a Cauchy sequence

in C.
Let x(n)

i → xi as n → ∞. We define x = (x1, x2, x3, · · · ). We need to show
that x ∈ m(M, φ, p) and x(n) → x.

From (2.1) we get, for each fixed s

∑
i∈σ

[
Mi

(
|x(m)
i − x

(n)
i |

ρ

)]p
< εpφs

p , for some ρ > 0, for all m,n ≥ n0 and σ ∈ Cs.

Taking n→∞ we get∑
i∈σ

[
Mi

(
|x(m)
i − x

(n)
i |

ρ

)]p
< εpφs

p , for some ρ > 0, for all m,n ≥ n0 and σ ∈ Cs.

This implies that

sup
s≥1

sup
σ∈Cs

1
φs

{∑
i∈σ

[
Mi

(
|x(m)
i − xi|
ρ

)]p}1/p

< ε, (2.2)

for some ρ > 0 and for all m,n ≥ n0.

⇒ x(n) − x ∈ m(M, φ, p), for all n ≥ n0.

Hence x = x(n0) + x− x(n0) ∈ m(M, φ, p) as m(M, φ, p) is a linear space.
From (2.2)

||x(n) − x||m(M,φ,p) < ε, for all n ≥ n0,

which implies that

||x(n) − x||m(M,φ,p) → 0, as n→∞.

Hence m(M, φ, p) (1 ≤ p <∞) is a Banach space.

Theorem 2.2. The space m(M, φ, p) is a BK-space.

Proof. Suppose that

||x(n) − x||m(M,φ,p) → 0 as n→∞.

For each ε > 0 there exists n0 ∈ N such that

||x(n) − x|| < ε for all n ≥ n0.

This implies that

sup
s≥1

sup
σ∈Cs

1
φs

{∑
k∈σ

[
Mk

(
|x(n)
k − xk|
ρ

)]p}1/p

< ε, for some ρ > 0 and for all n ≥ n0.
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Consequently

|x(n)
k − xk| < εφ1, for all n ≥ n0 and for all k.

So |x(n)
k − xk| → 0 as n→∞ and the proof is complete. �

Proposition 2.3. 1. The space m(M, φ, p) is a symmetric space. If x ∈ m(M, φ, p)
and v ∈ S(x), then ||v||m(M,φ,p) = ||x||m(M,φ,p).

2. The space m(M, φ, p) is a normal space.

Proposition 2.4. m(φ) ⊆ m(M, φ, p).

Proof. Suppose that x ∈ m(φ). Then

||x||m(φ) = sup
s≥1

sup
σ∈Cs

1
φs

{∑
n∈σ

|xn|

}
= K <∞.

Hence for each fixed s, ∑
n∈σ

|xn| ≤ Kφs, σ ∈ Cs.

This implies that{∑
n∈σ

[
Mn

(
|xn|
ρ

)]p}1/p

≤ Kφs, σ ∈ Cs, for some ρ > 0,

so that

sup
s≥1

sup
σ∈Cs

 1
φs

{∑
n∈σ

[
Mn

(
|xn|
ρ

)]p}1/p
 ≤ K, for some ρ > 0.

Thus x ∈ m(M, φ, p) and this completes the proof. �

Proposition 2.5. m(M, φ, p) ⊆ m(M, ψ, p) if and only if sup
s≥1

(φs

ψs
) <∞.

Proof.Let sup
s≥1

(φs

ψs
) = K <∞. Then φs ≤ Kψs. Now if (xk) ∈ m(M, φ, p), then

sup
s≥1

sup
σ∈Cs

 1
φs

{∑
n∈σ

[
Mn

(
|xn|
ρ

)]p}1/p
 <∞, for some ρ > 0 .

This implies that

sup
s≥1

sup
σ∈Cs

 1
Kψs

{∑
n∈σ

[
Mn

(
|xn|
ρ

)]p}1/p
 <∞, for some ρ > 0,

so that

||x||m(M,ψ,p) <∞.

Hence m(M, φ, p) ⊆ m(M, ψ, p).

147



VAKEEL A. KHAN

Conversely, suppose that m(M, φ, p) ⊆ m(M, ψ, p). We need to show that

sup
s≥1

(
φs
ψs

) = sup
s≥1

(ηs) <∞.

Let sup
s≥1

(ηs) = ∞. Then there exists a subsequence (ηsi) of (ηs) such that

lim
i→∞

(ηsi) = ∞.

Then for (xk) ∈ m(M, φ, p) we have

sup
s≥1

sup
σ∈Cs

 1
ψs

{∑
n∈σ

[
Mn

(
|xn|
ρ

)]p}1/p


≥ sup
si≥1

sup
σ∈Csi

ψsi

1
φsi

{∑
n∈σ

[
Mn

(
|xn|
ρ

)]p}1/p
 = ∞,

for some ρ > 0.
This implies that (xk) /∈ m(M, ψ, p), a contradiction which completes the

proof. �

Theorem 2.6. lp ⊆ m(M, φ, p) ⊂ l∞.

Proof. Since m(M, φ, p) = lp for Mk(x) = x and φn = 1, for all n ∈ N, it follows that
lp ⊆ m(M, φ, p).

Next, let x ∈ m(M, φ, p). Then

sup
s≥1

sup
σ∈Cs

 1
φs

{∑
n∈σ

[
Mn

(
|xn|
ρ

)]p}1/p
 = K <∞, for some ρ > 0.

This implies that

|xn| ≤ Kφ1, for all n ∈ N,

so that x ∈ l∞. Thus m(M, φ, p) ⊂ l∞.
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