STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LV, Number 2, June 2010

THE RATE OF APPROXIMATION OF FUNCTIONS
IN AN INFINITE INTERVAL BY POSITIVE LINEAR OPERATORS

ADRIAN HOLHOS

Abstract. We obtain an estimation, in the uniform norm, of the rate of
the approximation by positive linear operators of functions defined on the
positive half line that have a finite limit at the infinity.

1. Introduction

Let us denote by C*[0,00), the Banach space of all real-valued continuous
functions on [0, co) with the property that lim,_, ., f(x) exists and is finite, endowed

with the uniform norm. In [2], it is proved the following theorem:

Theorem 1.1. If the sequence A, : C*[0,00) — C*[0,00) of positive linear operators

satisfies the conditions

lim A,(e *, z)=e*, k=0,1,2,

n—oo
uniformly in [0,00), then

lim A, f(z) = f(z),

n—oo
uniformly in [0,00), for every f € C*[0,00).

In [1], it is proved the above theorem in a more general setting. In the same
book, the authors give the results for the particular operators of Szdsz-Mirakjan, of
Baskakov and of Bernstein-Chlodovsky.

In the following, we obtain an estimation of the rate of convergence of op-
erators satisfying the conditions from the above theorem, first, in the general form
and then, for the particular cases presented above. For this estimation, we use the
following modulus of continuity:

w*(f,6) = sup  [f(z)— f(t)],

z,t>0
e et <
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defined for every § > 0 and every function f € C*[0,00). This modulus can be

expressed in terms of the usual modulus of continuity, by the relation:

w(f,9) = w(f",9),

where f* is the continuous function defined on [0, 1] by

v ) f(=Inzx), x € (0,1]
J@) = { limg oo f(1), =0,

Remark 1.2. Because et — e™%| < |t — x|, for every ¢,z > 0, we have for § > 0
w(f,8) <w*(f,9),
and because |e™t — e | = et — 2| > e M|t — x|, for every t,x € [0, M], we have

w*(f,6) < w(f,eMd) < (1+eM)-w(f,d).

2. Main result

Theorem 2.1. If A, : C*[0,00) — C*[0,00) is a sequence of positive linear operators

with
A1 — 1] = a,,
|An(e ™ z) —e ||, = by,
JAne2)— . = en

where an, by, and ¢, tend to zero as n goes to the infinity, then

14nf = flloe < 1l @n + @+ an) - (£, v/an + b+ ¢ )

for every function f € C*[0,00).

Proof. Using the property of the usual modulus of continuity

u—v 2
P - Fo) < (14 U5 ) wro)

for the function F = f* and for u = e~* and v = ¢—* and using the relation f*(e—t) —
f(t), we obtain
0 -1 < (1+ 5w 6)
Because
An((e7t—e )2 x) = [A, (e, 2) —e 2] =2 "[A, (e 2) —e ¥ +e 2" [A, (1, 2)— 1]
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we obtain

An((e7t—e )2, 2)

A0 - f@he) < (Anfrn) + 2SI e )

a, + 2b, +c, .
< (1+an+62)w (f,9).

Choosing 6 = va, + 2b,, + ¢, and using the inequality
[Anf(z) = f(@)] < |f(@)] - [An(1,2) = 1] + An(|f(2) — f(2)], 2),

we obtain, in the uniform norm, the estimation stated in the theorem. O

Remark 2.2. Because all positive linear operators L can be modified to preserve
constant functions, Lf = ﬁL f, we can take a,, = 0 in the theorem above and obtain:

[Anf = flloo <2-w*(f, V200 + cn).

Remark 2.3. If we restrict ourselves on a compact interval [0, M] and if we use the

Remark 1.2, we obtain an estimation using the usual modulus of continuity:

14nf = flloe < € (£, V20 +ca)

We have used the Korovkin subset { l,e ® e 2® } for C*[0, 00), but as sug-

gested in the article [3], we can use any other Korovkin subset for this space, such as
 Trs ﬁ } In this case we can introduce

WH(f,8) = sup  [f(z) = f(8)],
z,t>0
| T8~ e[

for example { 1

defined for every § > 0 and every function f € C*[0,00). This modulus can be

expressed in terms of the usual modulus of continuity, by the relation:
w?(f,0) = w(f*,9),
where f# is the continuous function defined on [0, 1] by
(), zeb)
fAlay=q "\
lim; o0 f(t), z=1.

x

. _ _t
Because of Trs — Tt

< |z — t|, where x,t > 0, we have

w(f,0) <w¥(f,0),

2 %7 for x,t € [0, M], we obtain

x t

14z 1+t

w?(f,6) < w(f, (14 M)?6) < (14 M)*-w(f,0),

and because

where M > 0, is an integer. We have the following
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Theorem 2.4. If A, : C[0,00) — C[0,00) is a sequence of positive linear operators

which preserves linear functions and

An t2 _ 2
Sup | ( 71") Z ‘ — dn;
o>0  (1+2)?

18 a sequence which tends to zero as n goes to the infinity, then

14nf = flloo < 2% (£,V/dn),

for every function f € C*[0,00).
Proof. Using the property of the usual modulus of continuity
(u—wv

P - o) < (14 S50 ) wir),

for the function F = f# and for u = t/(1+t) and v = 2/(1+ ) and using the relation
f#(t/(1+1t)) = f(t), we obtain

1 t z \° # (t—x)? 2
10 =101 < |14 5 (- o) [o#00) = (14 0 ) o 00)
Because
An(t—2)% x) = A, (1%, 2) — 2°
we obtain

Auf@) = )] £ A0 - S@))a) < (1455 ) H(1.0)

Choosing § = +/d, we obtain, in the uniform norm, the estimation stated in the

theorem. n

3. Applications

In order to obtain particular results, we use the following

Lemma 3.1. For every x > 0 we have

x
e e < “ 0 for every n > 1,
2e
where o, = 1_;7$" and x, > 0, for everyn > 1.
Proof. First, let us notice that
1
maxze” “ = —, for every ¢ > 0. (3.1)
x>0 ec

Indeed, the point ¢ = 1/c is a maximum point for f() = te™<, ¢t > 0.
Secondly, let us notice that 0 < a,, < 1, for every n > 1. This is true, because

of the inequality 1 — e~ < x, for z # 0.
136
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Next, using the inequalities between geometric, logarithmic and arithmetic

means
U— U+

\/uv<1 I 5 for 0 < v < u,
nu—Inv

for the values u = e7** > v = e~" > 0, we obtain
e T 4 7% 1— o,

e T —em? < 5 (1l —ay) = 9 (meimln + xeiw) :

Using (3.1), we obtain

za 7I<lfan 1 +1 lfoz?7
e T —e —+ -] = -
- 2 ex, € 2eq,

2
—on

It remain to prove that

1 - .
—— < Tp, which is a particular case of
n

2

-
1- ;)
—— 2 <z, forxz>0.

l—e—%
x

This is equivalent with z2e™% +2e™% — 1 — e~ 2% < 0, for > 0, which is true by an

elementary calculus argument. |

Corollary 3.2. For the Szdsz-Mirakjan operators M, : C*[0,00) — C*[0,00) defined

by
e () (K
M f(z) = e g%m Fl)
we have for f € C*[0,00), the estimations

0.~ fle <207 (£.02) 0 nz1
and
Hﬂlnf‘f.f”M>§;2'(U# (fa2qu) ) n’Z 1.

Proof. We have M, (1,z) =1, so a,, = 0. We, also, have

_e—A/n
M, (e, x) = e NS

)

which gives, by Lemma 3.1

A
Mn —At , _ -z < .
M (e, 0) — e < 2

It follows that ) )
bp < — and ¢,, < —, forn >1,
2en en

and because 5 ) )
an +2b, +cp < —+ — < —, forn>1,

2en  en n
we obtain the estimation stated in the theorem.
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Because M, (t,2) = & and M, (t*,z) = 2? + £, we obtain
dn, :sup—|Mn(t2’$) il = sup _r i
23>0 (1+x)? >on(l+x)2  4n
]
Corollary 3.3. For the Baskakov operators V,, : C*[0,00) — C*[0,00) defined by
> /n+k—1 xk k
an(x):kz_o( +l<: )Wf(n>7

we have for f € C*[0,00), the estimations

5

and

1

— > 1.
\/ﬁ> "=

Proof. From the identity V,(1,z) = 1, we deduce a,, = 0. Computing

anf*fHooS?‘W# <f7

n

—At — = -n o= Ak —n—k _ (_.,—X\/n B
Va(e™ x) Z(k>( xe ¥ (1+x) ( xe —l—l—i—x) )

k=0
we obtain

Vale ™ 2) =™ = |[L4a(l—e )" —e |

—X/
67)\1; efnln(ler(lfe "))+)\m o 1‘

IN

|:—TL1H (1 -l—(E(l _ e—)\/n)) + )\.’E} . e*ﬂlﬂ(l*f’{l}(l*e‘z\/"))?
where, we have used the inequality ¢! — 1 < tet for
A

t=-nln (1 +z(1 —e”‘/”)) + Az > —nz(l —e M) + Az > —nx - - + Az =0.
Because In(1 +t) > t/(1+t), for every t > 0, we obtain
—nx(l —e M) 4+ Xz + Aa?(1 — e ")

(1 + :E(l _ ef)\/n))”%i’l
—na(l —e M) £ Az + A2 (1 — e ™)

L4 (n+ D)a(l — e=M/n) 4 20t 42(] _ e=A/n)2

|Vn(6_/\t,$) _e—)\z‘ <

Because 1 — e~ > \/n — A\2/(2n?), we get from the above inequality

2\
Vn 7)\t, _ -z < .
ilé}é.ﬂ (6 ZL') € | = TL(’I’L + 1)(1 _ efA/n)
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Using the same inequality, we obtain

2 2
b, =sup|Vp(e t x) —e ¥ < <—, forn>1
e S G ) S
and using 1 —e~2/" > 2/n —2/n% 4+ 4/(3n%) — 2/(3n*), we have
_ - 4 h(n)
2t 2x
cp =sup |Vy(e ", z) —e < = ,
A [

where h(t) = 6t*/((t + 1)(3t> — 3t + 2t — 1)). Because

, 6t3
h (t) 2 3 _ 942 —
t+1)2(3t3 — 312 + 2t — 1)

(
we obtain h(n) < h(2) = 32/15, for n > 2. Finally, we obtain
1 32 )
Van +2b, +cp < —1 44+ — < ——.
an + +cp < T + 5= 2vn
Because V,,(t,z) = z and V,(t?,z) = 22 + z(1 + x) /n, we obtain

Vo (2, 2) — 22| 1
dp =sUp ————5— = - =,
>0 (1+x) >on(l+z) n

(—2t> +3t—4) <0, t>1,

]
Corollary 3.4. For the Bernstein-Chlodovsky operators C,, : C*[0,00) — C*[0, c0)

d@ﬁned by
' =0 n k /371 /371 ’

for 0 <z < B, and Cpf(x) = f(x), for © > B, where B, is a sequence of positive
numbers such that

. . DBn
lim 3, = and lim — =0,
n—oo n—oo N

we have for f € C*[0,00), the estimations

|CTLf_f||w§2'W*<fvﬁ>v n>1,
||Cnf_f|oo<2'w#<f,\/57>, n>1.
4n

Proof. From the identity C,(1,z) = 1, we deduce a,, = 0. Computing

n k n—k n
Cn(ei)\t,ﬂf) _ (TL) (l’ e)\ﬂn/n> (1 _ £E> — (e)\ﬁn/nz +1— l’) ’
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we obtain
n
_ _ 1 — e An/n _
|C(e ™, z) —e | = (1—)\95 —e N
ABn
_ enln(lfﬁ(lfe_xﬁn/")) _ e—)xm
L= ABn/n

< e—AmW _ e—)\z

)

because In(1 — t) < —t, for every t € (0,1). Using Lemma 3.1, we obtain

AB
C — At A < n .
[Cule™, 2) — e < 222
This gives the estimations
b, < f—n and ¢, < &, S0 ay + 2b, + ¢, < 6—”
en en n

Because C,,(t,7) = z and C,,(t?,2) = 22 + W, we obtain

Qs lCn@) 2 aBa—) B P
T (Ut acpmg (i) dn(l+B,) — 4n

O

Corollary 3.5. For the Bleimann-Butzer-Hahn operators L, : C*[0,00) — C*[0, c0)
defined by

Lo(f,2) = En: (Z)mk(l +z)"f (714]24_1)

k=0
we have
2
Lof— <2 W f,—— |, > 1, € C*[0,0).
Iuf =l < 2ew® (£ o2 ), w21 feCw)

Proof. For the proof, we use the argument from Theorem 2.1 for the test functions
2% /(x + 1)* instead of e=** and the modulus w* (f, ) instead of w* (f, 7).

Because L, (1,2) = 1 we have a, = ||L,1 — 1|, = 0. From the equalities
(see [5])

L (T552) = wrmi s
t

2 7121'2 nx
Ln Pa— U] = +
1+t 1+n)20+2)?2 (1+n)201+x)?

we obtain
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w () ) - (52

and

|nz — 2%(2n + 1)|

Cp, = SUp = sup .
" a0 220 (1+n)*(1+2)
After some computations ¢, = (fl’j_"[)lz, which gives
4
an+2bn+cn S mv
and so the corollary is proved. O

Remark 3.6. In the papers [5] and [4], it is defined the space H,,: for a function w
of the type of modulus of continuity, having the properties:

(i) w is non-negative increasing function on [0, c0),

(ii) lims_o w(d) = 0,
the space H,, consists of all real-valued functions f defined on the semiaxis [0, c0),
satisfying the following condition:

T Y
|f(z) = f(y)] Sw(‘1+x "1ty >, for all x,y > 0.

It is proved that H,, C C[0,00) N B[0,00) and ||L,f — f||., — O, for f € H,. But,
let us notice that H,, C C*[0,00). Indeed, considering p(z) = z/(1 — x), z € [0,1),
the inverse of the function ¢t — ¢/(1 + t) and considering f € H,,, we have

/() ()

Using the property (i7) of w, we deduce that f o ¢ is uniformly continuous on [0, 1).

<w(lu—v|), forall u,vel0,1).

From this, it follows that f o has finite limit at = 1, which proves that f has finite
limit at infinity.
So, the result obtained in Corollary 3.5 for the space C*[0, c0) is more general

than the results obtained in the papers mentioned above.
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