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THE ORDER OF CONVEXITY OF TWO INTEGRAL OPERATORS

BASEM A. FRASIN AND ABU-SALEEM AHMAD

Abstract. In this paper, we obtain the order of convexity of the integral

n ) o . ¥
operators [ [] (flT(t)> % dt and Is (tef(t)> dt , where f; and f satisfy
i=1

the condition

£(2) (f(zz)y - 1' <l-a.

1. Introduction

Let A denote the class of functions of the form :
f(2) :z—i—Zanz", (1.1)
n=2

which are analytic in the open unit disk & = {z : |z| < 1}. Further, by S we shall
denote the class of all functions in A which are univalent in &/ . A function f(z)
belonging to & is said to be starlike of order « if it satisfies
Zf’(2)>
Re >« zelU 1.2
(25 eu) (12)

for some (0 < a < 1). We denote by S*(«) the subclass of A consisting of functions

which are starlike of order « in . Also, a function f(z) belonging to S is said to be
convex of order « if it satisfies

2"(2)
f'(z)

for some (0 < v < 1). We denote by K(a) the subclass of A consisting of functions

Re (1 + ) > (zel) (1.3)

which are convex of order « in Y. A function f € A is said to be in the class R(«)
iff

Re (f'(2)) > «, (z €ell). (1.4)
It is well known that K(a) C $*(a) C S.

Received by the editors: 13.03.2009.
2000 Mathematics Subject Classification. 30C45.
Key words and phrases. Analytic, convex and starlike functions, integral operator.

113



BASEM A. FRASIN AND ABU-SALEEM AHMAD

Very recently, Frasin and Jahangiri [4] define the family B(u, «), 1 >0, 0 <

a < 1 so that it consists of functions f € A satisfying the condition

7'(2) (f()) 1

The family B(u,«) is a comprehensive class of analytic functions which in-

<l-« (z €l). (1.5)

cludes various new classes of analytic univalent functions as well as some very well-
known ones. For example, B(1,«)=8*(a), and B(0,«)=R(«). Another interesting
subclass is the special case B(2,a) = B(«) which has been introduced by Frasin and
Darus [3](see also [1, 2]).

In this paper, we will obtain the order of convexity of the following integral

J(B0)" L (20) 1s)
0

/(tef(t)Ydt (1.7)

0
where the functions f1(¢), f2(t), ..., fo(t) and f(t) are in B(u, a).
In order to prove our main results, we recall the following lemma:

operators:

and

Lemma 1.1. (Schwarz Lemma). Let the analytic function f(z) be regular in the unit
disc U, with f(0) =0. If |f(2)| <1, for all z € U, then

|f(2)] < 7], forall z €U

and equality holds only if f(z) = ez, where |g| = 1.

2. Main results

Theorem 2.1. Let fi(z) € A be in the class B(p,a), p > 1, 0 < a < 1 for all
i=1,2,--,n If|fi(z)| < M (M >1; 2 € U) then the integral operator

JT1(22) " 21
0

i=1

is in IC(9), where

5:1—2@((2—(1)M“—1+1) (2.2)

m{,‘ (2—a)Mr141) <1, 8 € C—{0} foralli=1,2,--- ,n.

and >
i=1
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Proof. Define the function F(z) by

for fi(z) € B(u,a). Since

we see that

2F"(z) "1 2fi(z)
o - xa (Fe Y 23)

2F"(2) nooq < zfl(z) >
F'(z) = ;lﬁzl 26 +1
_ ~ 1 / z \" fi(z)>“1
- T (mz)(ﬁ(z)) (F) ). e
Since |f;(2)] < M (z € U), applying the Schwarz lemma, we have
fiZZ) <M (zeu)

n

Therefore, from (2.4), we obtain
1
<
=2 |83 (

2F'(2) 2 (1) (ffz))u

From (2.5) and (1.5), we see that

F'(2)
ol < Ll

F'(z)
1
7 18il

— 0.

MHPt 4 1) : (2.5)

(i) o)

(2—a) M* 1 +1)

M= 114-

<

—_ .

This completes the proof. O
Corollary 2.2. Let fi(z) € A be in the class B(p,a), p > 1, 0 < a < 1
for all i L2,---.n If |fi(z)] < M (M > 1;z € U) then the integral

z _n (t Bi
operator [ 1] (%()) dt is convex function in U, where
0 i=1

Z@ —1/(2-a) M 1), BieC— {0}
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foralli=1,2,--- n.

Letting ;x = 1 in Theorem 2.1, we have
Corollary 2.3. Let fi(z) € A be in the class S*(a), 0 < a <1 foralli=1,2,--+ ,n.
If1fi(2)| <M (M >1; z € U) then the integral opemtorfoz ‘ﬁl (flT(t))ﬁ dt € K(0),

where

5:1—2@(3—04) (2.6)

where Y |ﬂ—1,|(3—a) <1, 3, €C—{0} foralli=1,2,--- ,n.
i=1""
Letting n = 1 and o = § = 0 in Corollary 2.3, we have
Corollary 2.4. Let f(z) € A be starlike function inU. If |f(z)| <M (M >1;z¢€
1

U) then the integral opemtorfoz (@) B dt is convex in U where I8 =3, s eC.

Theorem 2.5. Let f € A be in the class B(p,a), p >0, 0 < o < 1. If |f(2)] <
M (M > 1; z € U) then the integral operator

z

G(z) = / (tef(t))vdt (2.7)
0
is in K(0), where
0=1—|y[((2—a)M"*+1) (2.8)
Proof. Let f € A be in the class B(p, ), p > 0, 0 < o < 1. Tt follows from (2.7)
that /()
G"(z 1 ,
and hence
2G"(2) )
1
a0 V(11 + 2 f'(2)])
u W
f(z)
< 1+’z<z> ( 2. 2.9
7|< 16 (55) | [(Z2) |- (29)
Applying the Schwarz lemma once again, we have
@ <M (ze€l).

Therefore, from (2.9), we obtain

o) re(53)

<l <1+

M”) (z €U). (2.10)
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From (2.5) and (2.10), we see that
2G"(2)

G'(2)

Y[ ((2 = a) M* +1)

1—9.

O
Letting 4 = 0, in Theorem 2.5, we have

Corollary 2.6. Let f € A be in the class R(a), 0 < a < 1. Then the integral
operator [ (tef(t))7 dt € K(8), where
0=1—|y[(3=a) (2.11)

and |y| < 3=, v € C.
Letting ¢ = 1, in Theorem 2.5, we have
Corollary 2.7. Let f € A be in the class S*(a), 0 < a < 1. If |[f(z)| < M (M >
1; z € U) then the integral opemtorj (tef(t))7 dt € K(6), where
0

§=1—|y((2—a)M+1) (2.12)

and |")/| < m, b aS C.
Letting a = § = 0 in Corollary2.7, we have

Corollary 2.8. Let f(z) € A be starlike function inU. If |f(z)| < M (M >1; z € U)

z
then the integral operator [ (tef(t))7 dt is convex in U where || = 2Ml+1, ~v e C.
0
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