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SIMPLE CRITERIA FOR STARLIKENESS OF ORDER g

DENISA FERICEAN

Abstract. In this paper we obtain a new criterion for starlikeness of order
[ for an analytic function f € A,,. This criterion involves only the second
derivative of the given function and generalizes a well-known result due to
P. T. Mocanu.

1. Introduction
Let H = H(U) denote the class of functions analytic in the unit disc
U={zeC:|z| <1}.
For n a positive integer and a € C let
Hla,n]={f eH: f(z) =a+a,z"+ ..}
Let A,, denote the class of functions
f(2)=z+apm 2"+ .. n>1

that are analytic on the unit disc and let A; = A.

Let D be a domain in C. A function f : D — C is called univalent on D if
f € H(D) and f is injective on D.

The analytic function f, with f(0) = 0 and f (0) # 0 is starlike on U (i.e. f is

’
z

univalent on U and f(U) is starlike with respect to origin) if and only if ?R[ f(ij)} >0,
for z € U.

An analytic function f with f(0) = 0 and f'(0) # 0 is starlike of order 3,
B > 0 if and only if %[Z;ES)] > 0@, forze U, 3>0.

Let denote S* and S*(3) the subclasses of A consisting of functions f which
are starlike and starlike of order .

Let D be a domain in C. A function f: D — is convex on D if f is univalent

on D and f(D) is a convex domain in C.
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If f and g are analytic functions in U, then we say that f is subordinate to
g, written f < g,or f(z) < g(z), if there is a function w analytic in U with w(0) = 0,
|w(z)| < 1, for all z € U such that f(z) = g[w(2)], for z € U. If g is univalent, then
f < g if and only if f(0) = ¢g(0) and f(U) C g(U).

We shall use the following results to prove our main results.
Lemma 1.1. [8] Let h be a starlike function with h(0) = 0. If the function p € Hla,n]

satisfies the differential subordination
2p'(2) < h(z) (1.1)

then
p(z) <q(z) =a+ 1/0 @dt.

n t
Function q is the best (a,n)-dominant of subordination.
Lemma 1.2. [3] Let h be a convex function with h(0) = a and let v € C* with Ry > 0.
If the function p € H[a,n] and

p(z) + %zp’(z) < h(z) (1.2)
then
p(2) < q(z) < h(2)
where .
2) = Y 21
q(2) — /0 h(t)t dt. (1.3)

Lemma 1.3. [4] Let be a function p € H[a,n].
1. If v e 9,{Q,a} then

U(p(2), 2p(2), 2%p"(2);2) € @ = R p(2) > 0,z € U
2. If U € ¥, {Q,a} then
R U(p(2),2p'(2), 22" (2);2) > 0,2€ U =R p(z) >0,2€U

Lemma 1.4. [7] Let n be a positive integer and
n+ 2

= c (1.4)
where Lo
Cn:2[1+n:;21n2— 0 %dt] (1.5)
If f e A, and
R[zf"(2)] > —an,z €U (1.6)
then f € S*.
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In this paper we obtain a new criterion for starlikeness of order 3 for an
analytic function f € A,,. This criterion involves only the second derivative of the

given function and generalizes a well-known result due to P.T. Mocanu.
2. Main results
Theorem 2.1. Let n be a positive integer, 3 € [0, %} and

(n+2)— (n+4)8

22202 — 54 mm2 — (1 8) J} Lt +1]

an(B) =

If fe A, and
§R[zf (z)} > —an(8),z€UmneN
then f € S*().
Proof. We will show first that f is univalent on U. From the definition of a,, = a,, ()
we have that a,(8) > 0. If @ € [0, ] the inequality R[zf"(2)] > —«a, z € U is
equivalent with the following subordination
20z

zf"(z2) < “Txs= h(z).

Since the function f is starlike and f’ € H[1,n] by applying Lemma 1.1 we
obtain that

*h
) <14t / MO 1= 20914 2) = g(2)

where the function ¢ is convex.
Due to the fact that the function q is convex and has real coefficients we get

that: 5
S‘Ef’(z)>7:7(a):q(1):1—§ln2,z€U. (2.1)
We prove the following inequality:
n
n < —. 2.2
An = In4 (2:2)
We have:
o = n+2)—(n+4)p
n - 1
2[%2m2 - 2EGIN2 — (1- ) f, dt + 1]
n+2  n n
- 22212 2In2  Ind’
as desired.
Since a,, < ﬁ then
Rf'(z) >v(a) >0,z € U. (2.3)
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So f is univalent on U.
Next, we prove that f € S*(3). If

then P satisfies the differential subordination
2P'(z) + P(z) = f'(2) < q(2).
From the previous relation, by using Lemma 1.2 for v = 1 we obtain the
exact subordination P(z) < Q(z), where the function @ is convex and is defined by
I 2 !
Q(z) = — / qt)t=tdt =1— 70‘/ t=og(1 + t)dt. (2.5)
0

1
nzn n2t» Jo

Because the function @ is convex, from differential subordination P < Q) we
have that

2a Vo
R P(z) >0 =5(a) =Q(1) =1~ —[ln2 - /O ! (2.6)
If we denote by
Hi2 s
p(z) == =5 (2.7)

then
2f'(2) = (1 = B)p(2)f(2) + Bf(2)-
By differentiating the previous equality we get that:
2f"(2) + (1= B)f'(2) = 1 = B)p(2) f(2) + (1 = B)p(2) f'(2)

and hence

)+ (-9 @) = T2 [0 - () + (1 - 8

The previous equality can also be written as
2f"(2) + (L= B)f'(2) = P(2)[(1 = B)zp'(2) + (1 = B)*p*(2) + BL — B)p(2)]  (2.8)

where by P we denoted the function P(z) = £ (j
Since

B = B)p(2)P(2) = Bf'(2) — B*P(2) (2.9)
the equality (2.8) becomes

2f"(2) + (1= 20)f'(2) = P(2)[(1 = B)2p'(2) + (1 = B)*p*(2) — B°]- (2.10)
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It is obvious that
Rizf"(2) + (1 =28)f'(2)] = R[=f"(2)] + (1 - 28)Rf'(2)
> —a+ (1 -20)y(a). (2.11)
By using the first part of Lemma 1.3 and the inequality (2.11) we will show
that & p(z) >0, z € U.
In order to do that it is sufficient to show that the function
U(r,s,2) = P(2)[(1 = B)s + (1 = B)*r? = 57

is an admissible function.

We have that

RU©i,0,2) = R{PE)(1-Ho— (-0 -5} =
= [(1=Po—(1-5)°0" - FIR P(2)
< —a+ (1-28)7v(2) (2.12)
By using Lemma 1.3 we want to show that ® P(z) >0,z € U.
Since,
agfn(le,é,aeR. (2.13)

Next, we will verify that 0 < a < a,, R P(2) > 0, z € U. By using the relation
(2.13) we obtain that

(=B~ (- g% - R P < [~ S g2 - - e - 2
R P(z) = —@% P(z) - [Mﬁ +(1—p)%6% + 52}
w () < - py = "D g py < MU D)

In order that the relation (2.12) to be satisfied it is sufficient that the following
inequality to be true:

B 5(2) < —a+ (1- 28 (a0,
If a < g then the previous inequality is satisfied.
By using Lemma 1.3 and the relation (2.11) we obtain that R p(z) > 0,z € U.
Hence, applying the analytical characterization for starlike functions of order
(B we proved that f € S*(5).
If we take 8 = 0 in Lemma 2.1 we obtain a well-known result, due to P.T.
Mocanu [7].

Next, for n = 1, we obtain the following particular result.
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Corolarry 2.2. Let 8 € [0,1] and o1 (8) = sprec——. If f € Ay and

) 2[An2—68mn2+4]"

R[z2f"(2)] > —a1(B),z € U then f € S*(B).

Proof. We put n =1 in the previous result and obtain:

5(1) =1—2a[n2 — fo dt] =1 - 2a2In2 — 1]
7(1)=1-2aln2

We have that:

5(1) =1—-2a[2In2 — 1]
(1) =1—-2aln2

By using the following equality: —+526(1) = —a + (1 — 28)y(1) we obtain

*% +20(1-pF)In2-ao(l-0)=—-—a+1—-2aln2—-26+4af1n2
and hence 359
= Sumz—epmar g - @
where 55 .
[4ln2 - 681n2 + 5] 2In2
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