STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume LV, Number 1, March 2010

STATISTICAL APPROXIMATION BY DOUBLE PICARD
SINGULAR INTEGRAL OPERATORS

GEORGE A. ANASTASSIOU AND OKTAY DUMAN

Abstract. We first construct a sequence of double smooth Picard singular
integral operators which do not have to be positive in general. After giving
some useful estimates, we mainly show that it is possible to approximate
a function by these operators in statistical sense even though they do not

obey the positivity condition of the statistical Korovkin theory.

1. Introduction

In the classical Korovkin theory, the positivity condition of linear opera-
tors and the validity of their (ordinary) limits are crucial points in approximating a
function by these operators (see [1, 22]). However, there are many approximation
operators that do not have to be positive, such as Picard, Poisson-Cauchy and Gauss-
Weierstrass singular integral operators (see, e.g., [2, 3, 4, 8, 9, 10, 19]). Furthermore,
using the concept of statistical convergence from the summability theory which is a
weaker method than the usual convergence, it is possible to approximate (in statisti-
cal sense) a function by means of a sequence of positive linear operators although the

limit of the sequence fails (see, e.g., [5, 6, 11, 12, 13, 14, 15, 16, 23, 24]).
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The aim of the present paper is to construct a sequence of linear operators
that are not necessarily positive and to investigate its statistical approximation prop-
erties. Hence, we demonstrate that it is possible to find some statistical approximation
operators that are not in general positive.

This paper is organized as follows. In the first section we recall some def-
initions and set the main notation used in the paper, while, in the second section,
we construct the double smooth Picard singular integral operators which do not have
to be positive. In the third section, we give some useful estimates on these opera-
tors. In the forth section, we obtain some statistical approximation theorems for our
operators. The last section of the paper is devoted to the concluding remarks and
discussion.

Let A := [a;,], j,n = 1,2, ..., be an infinite summability matrix and assume

that, for a given sequence x = (x,,) the series Y | ajnx, converges for every

neN>
j € N. Then, by the A-transform of z, we mean the sequence Az = ((Az);); y such

that, for every j € N,
[ee]
(Az); == Zajnxn.
n=1

A summability matrix A is said to be regular (see [20]) if for every = (zn),cy
for which lim,, . z,, = L we get lim;_, (A:z:)j = L. Now, fix a non-negative reg-
ular summability matrix A. In [18] Freedman and Sember introduced a convergence
method, the so-called A-statistical convergence, as in the following way. A given
sequence & = (T, )nen 1s said to be A-statistically convergent to L if, for every £ > 0,
lim an; = 0.
I Iznz;uzs "
This limit is denoted by st4 — lim,, z,, = L.

Observe that if A = C; = [¢jp], the Cesdro matrix of order one defined to
be ¢jn = 1/jif 1 < n < j, and ¢j,, = 0 otherwise, then C-statistical convergence
coincides with the concept of statistical convergence, which was first introduced by
Fast [17]. In this case, we use the notation st —lim instead of stc, —lim (see Section 5

for this situation). Notice that every convergent sequence is A-statistically convergent
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to the same value for any non-negative regular matrix A, however, its converse is not
always true. Actually, Kolk [21] proved that A-statistical convergence is stronger than
(usual) convergence if A = [a;,,] is any nonnegative regular summability matrix sat-
isfying the condition lim; max,{a;,} = 0. Not all properties of convergent sequences
hold true for A-statistical convergence (or statistical convergence). For instance, al-
though it is well-known that a subsequence of a convergent sequence is convergent,
this is not always true for A-statistical convergence. Another example is that every
convergent sequence must be bounded, however it does not need to be bounded of
an A-statistically convergent sequence. Of course, with these properties, the usage of

A-statistical convergence in the approximation theory provides us many advantages.
2. Construction of the operators
Throughout the paper, for r € N and m € Ny := NU {0}, we use

_1 ] j 1f]—1,2,...,7,
[L}
. j

ajv"‘ T T r (2.1)
1= Y (—1)r ( ,)j—m if j =0,
= j
and
o =3 alMik k=12,..,meN. (2.2)
=1

Then observe that

Salm =1 (2.3)
=0

and
i [T T
S () = (). 2.4
i=1 J
We now define the double smooth Picard singular integral operators as fol-
lows:

1 < TT ) N (VI
Pr[ﬁ](f;x,y):WZaﬁ] //f(x+53,y+tj)e( 0 engsdr |, (2.5)

— OO0 — OO
where (x,7) € R?, n,r € N, m € Ny, f: R? — R is a Lebesgue measurable function,

and also (&, )nen is a bounded sequence of positive real numbers.
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Remark 2.1. The operators P,L’Z] are not in general positive. For example, consider
the function ¢(u,v) = u? + v? and also take r = 2, m = 3, x = y = 0. Observe that

o > 0, however

2 o0 oo

1 3

P32 (30,0) ome2 Y %l / / (82 + 12) e~ VTF/En g iy
no\j=1 e

oo oo

2 Voo s

= ne2 (0[1?:]2"'40‘[2?:]2)//(52—#2?2) e~ (V) /En gt
" 00

/2 0o
2 1
= — -2+ —p/%n 3 dndB
() [ [orera
0 0
= —9¢ <0.

Lemma 2.1. The operators PATJ given by (2.5) preserve the constant functions in

two variables.

Proof. Let f(z,y) = C, where C is any real constant. By (2.1) and (2.3), we get,

for every r,n € N and m € Ny, that

oo o0

P’r[‘,rg](c7x7y) = O ZO{E’;L‘] / / ei(vs2+t2)/£nd5dt
=0

2nE2 4

J — 00 —00

= 26;2 / /6_('82+t2)/5”dsdt
7T"L

— 00 —O0

[e.olNe o)
_ E//((ﬁswz)/sndsdt
0 0
2

oc [T
= o | [
"0 0

which completes the proof. O
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Lemma 2.2. Let k € Ng. Then, it holds, for each ¢ =0,1,....k and for everyn € N,

that
/ / byl o~ (ST 6 g gy — 0 if k is odd
I 2B (E=LE B ek +2(k 4 1)1 if k is even

where B(a,b) denotes the Beta function.

Proof. 1t is clear that if k is odd, then the integrand is a odd function with respect
to s and t; and hence the above integral is zero. Also, if k is even, then the integrand

is an even function with respect to s and . So, we may write that

/ / k—tylo—(Vs 2+t2>/5"dsdt—4// k=Ll o=(Vs* %) /&n g ot

—00 —00 0
/2 0o
=4 / 0089 (sin 9) db /pk+1e_”/§”dp
0 0
1 1
ZQB(k s E; >§k+2( +1)!
whence the result. O

3. Estimates for the operators (2.5)

Let f € Cp(R?), the space of all bounded and continuous functions on RZ.

Then, the rth (double) modulus of smoothness of f is given by (see, e.g., [7])

w(fih) = sup  [JAL ()] < oo, h>0, (3.1)
VuZ+v2<h
where ||| is the sup-norm and

T

AL (Fy) = S (-1 (j) P+ juy + o). (3.2)

§=0
Let m € N. By C(™) (]RQ) we mean the space of functions having m times
continuous partial derivatives with respect to the variables z and y. Assume now that
a function f € C(™) (R2) satisfies the condition

H o (-, 8mf(x,y)‘

o éxaf H (oo P | G tzity | < (3.3)
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for every £ = 0,1, ..., m. Then, we consider the function

u m O f(x + jsw,y + jtw)
d 3.4
" {; (o) [t v 34
for m € Nand (z,y), (s,t) € R2. Notice that the condition (3.3) implies that G&nﬂ(& t)
is well-defined for each fixed m € N.

We first estimate the case of m € N in (2.5).

Theorem 3.1. Let m € N and f € C™ (R?) for which (3.3) holds. Then, for the

]

m
operators P,Ln , we have

[m/2]

P (fiyy) = flay) = — D7 (20 + 187060

i=1

2 , ; ,
2\ 0% f(x,y) 21—0+1 £+1
X{Z (22’—6)8%—%8@]3( 2 2 >

£=0

1 oo oo
<5 / / Gl (s, 0)(Js|™ + [ty VD S dsar. (3.5)
one *

—00 —00

The sums in the left hand side of (3.5) collapse when m = 1.

Proof. Let (z,y) € R? be fixed. By Taylor’s formula, we may write that

m—1 .. k k

. . ] k — 0 f‘ray

flatisy+it) =D 5 <k_£>sk thak—l(xaez)/
0

L Freen] 0/1 (1= wym? {é (m”i €> gm=tyt

k=0 = =
O™ f(x + jsw,y + jtw)
X gm0ty dw,
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which implies that

m k
fle+js,y+4t) — fz,y) = ZJ'Z( & >k Ztew

ok— Z.’L'aé

- m m—t,0 0" [ (@, y)
X {Z (m_€>s t —tzdly dw

£=0
+(mj7f1)! 0/(1 —w)™ ! {[i (m”i z) st

O fx + jsw,y + jtw)
X om0ty dw.

Now multiplying both sides of the above equality by ayff,] and summing up from 0 to

r we obtain

r m 5[m] k k (9 f
[m] k,r k—t4t (z,y)
Sl (et isein - fa) = YOS ()l
j=0 k=1 £=0
1
T S a0l wde,
0
where
[m M\ e 0" f (@ + jsw,y + jtw)
sy = Sl {35 (el
0,007 f(,y)
_6[m] m m th )
T — (m -/ s om—Lxdty

We first estimate chcmy] (w; s,t). Using (2.1), (2.2) and (2.4), we have

m - r—j G m— a f( + + t )
dirfons) =30 () {3 (1 o At

=0
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RN =i (T - m 0,0 O™ f(x 4 jsw,y + jtw)

=27 <]) {; <m_e) P ooy }
.- gn—t0 0" F (@)

{Z( e“amezaey}

(o)
0 £=0

_ - i T U m merv,0 0" f(x+ jsw,y + jtw)
= (-1) j(j) {; <m€> £yt G Tzaly }

Jj=0

In this case, we see that

o m S (T S~ m |97 (@ 4 jsw,y + jtw)
7=0 =0
(3.6)

After integration and some simple calculations, and also using Lemma 2.1, we obtain,

for every n € N, that

R / / Za], (o4 53,9+ 1) — f(z.3)

—0o0 —O0

e~ (Vs?+t? )/g“dsdt

[m]
_ - ko) 9" fla,y)
B 27r§2 Z (k €) oF—txdty

" k=1
/ / Gh—lyl = (VT [En g o it
—00 —00
+R" (x,y)
where
1 oo oo 1
m L m—1 _[m . —(Vs2+1t2) /&
RIM(z,y) == 2775721(771—1)'/ / /(1—w) wg’y](w,s,t)dw e )/&n dsdt.
—oo —oo \0

By (3.4) and (3.6), it is clear that

m m m - \/m En
[ [ Gl Gsim + 10m) e s,

—00 —O0

1
[m] ‘ <
Then, combining these results with Lemma 2.2, we immediately get (3.5). The proof
is completed. O
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The next estimate answers the case of m =0 in (2.5).

Theorem 3.2. Let f € Cp (]RQ) . Then, we have

2 oo o0
PEL(fr2,y) — 7//w (f; \/82+t2) e~ VIEN G gsa.  (3.7)
"0 0

Proof. Taking m = 0 in (2.1) we observe that

PO (f;2,) — f(o,9) = 27762// Zaﬂ (2 + 84,y + 1) — F(@1)

—00 —00

x e~ (Vs* ) /En g ot

27r§2 / / (;) (f (x+sj,y+tj) — f(x,y))

— 00 —O0

X e_( Vv s2+t2)/fndsdt

27752 // <;)f(x+sj,y+tj)

—00 —O0

T

(T —(/s24i2
+ —Z(—l)rj<j> f(x,y) y e V) en gsqy,

j=1

Now using (2.4) we have

PO fiay) — fla,y) = 27r§2 / /{ 7 () (& + s,y +1j)

oo —o00 V=1

+(=1)" (g) fz,y) }e( Vi) /En g s dt

- st J{Eer Qe

—OOOO

xe~ (v SKL)'HfQ)/{'L’lclsdt,

and hence, by (3.2),

PO (fi2,y) — flz,y) / / AT, (F(2,y)) e VIS g,

—00 —O0©

- 27E2

11
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Therefore, we obtain from (3.1) that

0]/ ¢. — (VD) /€
PO (fia,y) — floy)| < 27752 / / AT, (F(, )| e VT en gt

— 00 —O0

< L/ /wr (f \/s2+t2) e~ (V2 H2) /6n gt
- 272 ’

— 00 —O0

62//(,07« VE \/52—|—t2) VSR [n gt
7r

which completes the proof. O

4. Statistical approximation by the operators (2.5)

We first get the following statistical approximation theorem for the operators

(2.5) in case of m € N.

Theorem 4.1. Let A = [a;,] be a non-negative regular summability matriz, and let

(&n)nen be a bounded sequence of positive real numbers for which
sta —1limé&, =0 (4.1)

holds. Then, for each fized m € N and for all f € C("™) (R2) satisfying (3.3), we have

- fH —0. (4.2)

Proof. Let m € N be fixed. Then, we obtain from the hypothesis and (3.5) that

[m/2]
P~ = > @i Kele
=1

2W§2 / /HGW”H (Is|™ + [t™)e~ VS H) En gt

—00 —00

1SN/ 2 9% (-,
K= 2 (o0 |

=0

where

‘B<2i—€+1’€+1>
2 2

12
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fori=1,..,[2]. By (3.4) we get that

e o | R

£=0
I

_ T m o)
om! ZZ:;) (m — €> Ham—%afy

A

thus we obtain

m/2]
—fH < Z(2i+ 1) K851 ¢%

2T+1 m amf )
tomie (ZO (m z) Ham Twdly

x// m oy gm)e (V) e g,
0 0

)

Then, we have

(m/2] 4
Z (20 + 1) K05 %

n-1

IN

+Lm// s 4 ™) eV G gt
0 0

/2] 4
~ Y i pmaller

=1
/2 0o

+Lm, / /(cosm 0 + sin™ ) p" e/ S dpdf),

where
ortl [ m omf(-,)
L = Tm!E2 (;_% (m — E) Ham—fa;afy

After some simple calculations, we see that

‘p[]

)

21 +L m+2(m+ 1) U”“

[m/ !
- fH < 3" (2i + )K"
=1

2zr

1
‘) / m—ldw
0

13
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where
/2
Un = /(cosm 0 +sin™ 6)dd = B <n12+17 ;) ,
0
which yields
[m/2]
[Py — 1| < sm g g2+ 30 €, (4.3)
i=1

where

Smi= (m+ D)WUn L+ max L @i+ 1)K}

=1,2,...,[m/2] 2T

s

Now for a given £ > 0, define the following sets:

D : :{nEN:’

Pl - 1| 2}

D; : :{nEN: iizm}, i:l,...,[%},

. _ . em—+2 €
Driin = ={neN 62 g )

Then, the inequality (4.3) gives that

14[m /2]
i=1
and hence, for every j € N,
1+[m /2]
doamS D Y G
nebD =1 n€ebD;

Now taking limit as 7 — oo in the both sides of the above inequality and using the
hypothesis (4.1), we obtain that

lijr_n Z ajn =0,

nebD
which implies (4.2). So, the proof is completed. O
Finally, we investigate the statistical approximation properties of the opera-
tors (2.5) when m = 0. We need the following result.

14
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Lemma 4.1. Let A = [aj,] be a non-negative reqular summability matriz, and let
(&n)nen be a bounded sequence of positive real numbers for which (4.1) holds. Then,

for every f € Cp (R2) , we have
sta —limw, (f;&,) =0. (4.4)

Proof. By the right-continuity of w, (f;-) at zero, we may write that, for a given
e > 0, there exists a § > 0 such that w, (f;h) < ¢ whenever 0 < h < §. Hence,

wr (f;h) > € implies that h > 6. Now replacing h by &,, for every € > 0, we see that

{nwr(f7€n)28}g{n€n26}y

which guarantees that, for each j € N,

Z ajn§ Z Qjnp -

niwy(fién)>e n:€n >0

Also, by (4.1), we get
liJIII Z Ajn = 07
n:€p >0
which implies
li;rn Z ajn = 0.
nwy(fién)>e

So, the proof is completed. O
Theorem 4.2. Let A = [a;,] be a non-negative regular summability matriz, and let

(&n)nen be a bounded sequence of positive real numbers for which (4.1) holds. Then,

forall f € Cp (RQ) , we have

sta — 1131) PO (f) - fH —0. (4.5)

Proof. By (3.7), we can write

2 oo o0
PO - 1| < ?//w (Vo7 5 ) T
’ ™ n
0 0

15
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Now using the fact that w, (f;Au) < (14 N)"w, (f;u), A\, u > 0, we get

7//“}7 (f b - +t )e_( S dsdt
b0

7r§2
0 0
/2

_ 20‘]7" f fn / ]o ﬁ " _P/£n
= 7r§2 1+ . pe dpdb
0 o

= Wr (f7§n)

IN

PO - 1|

S

IN

(1+u)" ue “du

IN

(1+ )TJrl e “du

wr (f;&n)

(ki_: (" 1)k!> o (16

PONf) - fH < Kywy (f36n) s (4.6)

r+1
r+1
m:z(k)m

k=0

0\8 0\8

and hence

where

Then, from (4.6), for a given € > 0, we observe that

{nGN ‘

f”>5} {nEN:wr(f;ﬁn)z;T},

which implies that

Z Qjn § Z Ajn (47)

Tn(f) fH>6 n:wr(f;én)>e/ K,

holds for every j € N. Now, taking limit as 7 — oo in the both sides of inequality
(4.7) and also using (4.4), we obtain that
li§n Z ajn =0,
ni| PEL (-1 e

16
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which means (4.5). Hence, the proof is completed. O

5. Concluding remarks

In this section, we give some special cases of our results obtained in the
previous sections.
Taking A = (4, the Cesaro matrix of order one, and also combining Theorems

4.1 and 4.2, we immediately get the following result.
Corollary 5.1. Let (&,)nen be a bounded sequence of positive real numbers for which
st —1limé¢&, =0

holds. Then, for each fized m € Ny and for all f € C™) (RQ) satisfying (3.3), we

have
Pl ~ 1| =o.

Furthermore, choosing A = I, the identity matrix, in Theorems 4.1 and 4.2,

st — lim
n

we have the next approximation theorems with the usual convergence.

Corollary 5.2. Let (&,)nen be a bounded sequence of positive real numbers for which
liyrln & =0
holds. Then, for each fited m € Ny and for all f € C(™) (R?) satisfying (3.3), the
sequence {PT[”Z](f)} is uniformly convergent to f on R2.
Now we define a special sequence (&, )nen as follows:

1, ifn==k, k=12,..
&n = (5.1)

L otherwise.
n

Then, observe that st — lim,, &, = 0. In this case, taking A = C7, we obtain from

Corollary 5.1 (or, Theorems 4.1 and 4.2) that

P~ 1] =0

st — lim‘
n

holds for each m € Ny and for all f € C™ (R?) satisfying (3.3). However, since the
sequence (&,)nen given by (5.1) is non-convergent, the classical approximation to a
function f by the operators P,ETI]( f) is impossible.

17



GEORGE A. ANASTASSIOU AND OKTAY DUMAN

Notice that Theorems 4.1, 4.2 and Corollary 5.1 are also valid when lim &, = 0
because every convergent sequence is A-statistically convergent, and so statistically
convergent. But, as in the above example, our theorems still work although (&, )nen is
non-convergent. Therefore, this non-trivial example clearly demonstrates the power
of our statistical approximation method in Theorems 4.1 and 4.2 with respect to

Corollary 5.2.

In the end, we should remark that, so far, almost all statistical approximation
results have dealt with positive linear operators. Of course, in this case, one has the

following natural problem:

e Can we use the concept of A-statistical convergence in the approximation

by non-positive approximation operators?

The same question was also asked as an open problem by Duman et. al. in [13]. With
this paper we find affirmative answers to this problem by using the double smooth
Picard singular integral operators given by (2.5). However, some similar arguments
may be valid for other non-positive operators. Thus, in the future studies, it would

be very interesting to improve such structures.
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