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FUNCTIONALS ON NORMED SEQUENCE SPACES AND UNIFORM
EXPONENTIAL INSTABILITY OF EVOLUTION OPERATORS

MIHAIL MEGAN AND LARISA BIRIS

Abstract. In this paper, we present necessary and sufficient conditions
for uniform exponential instability of evolution operators in Banach spaces.
Variants for uniform exponential instability of some well-known results due
to Datko, Neerven and Zabczyk are given. As consequences, some results

proved in [6] are obtained.

1. Introduction

One of the most remarkable result in stability theory of evolution operators
in Banach spaces has been obtained by Datko in [3]. An important generalization of
Datko’s result was proved by Rolewicz in [12]. A new and interesting idea has been
presented by Neerven in [9], where an unified treatment of the preceding results is
given and the exponential stability of Cp-semigroups has been characterized in terms
of functionals on Banach function spaces. Some generalizations of these results for
the case of linear evolution operators have been presented in [1], [5] and [6].

In this paper, we shall present characterizations for exponential instability of linear
evolution operators in the spirit of Neerven’s approach. Thus we obtain the versions
of the theorems due to Datko, Zabczyck and Neerven for the case of exponential

instability. As consequences, we obtain some results presented in [6].
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2. Linear evolution operators

Let X be a Banach space. The norm on X and on the space B(X) of all
bounded linear operators from X into itself will be denoted by |.||.

Let T be the set defined by
T = {(t,to) € R : tn < t}.

Definition 2.1. An application F : T — B(X) is called evolution operator on X if
it satisfies the following conditions :
(i) E(t,t) = I (the identity operator on X);
(ii) E(t,s)E(s,to) = E(t,to), for all (¢,s) € T and (s,tg) € T}
(iii) there exist M,w > 0 such that

|E(t, to)|| < Me*=t)  forall (t,to) € T.

Particular classes of evolution operators are given by:
Definition 2.2. An evolution operator F is said to be
(i) strongly measurable, if for every (to,x) € Ry x X the mapping E(-, )z is
measurable;
(ii) injective, if for every (t,to) € R% the linear operator E(t,to) is injective.

(iii) wniformly exponentially instable, if there are N, v > 0 such that
|E(t,to)x| > Ne*®t)|z||, forall (ttg,x) €T x X.

A characterization of the exponential instability property is given by:

Proposition 2.1. An evolution operator E is uniformly exponentially instable if and

only if there exists a nondecreasing sequence f : N — R% = (0,00) with lim f(n) =
n—oo

oo and

|E(n +to, to)z|| > f(n)|lz], forall mneN and zeX.

Proof. Necessity is trivial.

Sufficiency. Let (t,t9) € T and n € N such that n <t — 1ty < n + 1. Then for every
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x € X with ||z|| = 1, we have that
[E@ to)xll = [|E(t o +n)E(to +n,to)z]| = f(E = to = n)[|E(to + n, lo)z|

SOV WIE(o + (n—1),to)al| = --- > fO)f(1)"|z]

FO)e|lz]| > Ne"" D lz]| > Nev =)«

Y

where v = Inf(1) > 0 and N = f(0)/f(1) > 0, which shows that E is uniformly

exponentially instable. ]

3. Main results

Let 8(R) the set of all real sequences. By 8*(R) we denote the set of all
s € §(R) with s(n) > 0, for all n € N.
Let F be the set of all functions F' : §$*(R) — [0, 0o] with the properties:
(f1) if s1, so € 8T(R) with s; < sy then F(s1) < F(s2);
(f2) there exists a > 0 such that F'(cx(n}) > ac, for all ¢ >0 and n € N;
(f3) there exists f € 8T (R;) with nler;O f(n) = oo such that
F(cxqo,...ny) = f(n), for all ¢ > 0 and n € N.

Here x4 denotes the characteristic function of the set A.
For every injective evolution operator E and every x € X with ||z| = 1, we
associate the following sequences:
eg'0(n) = e (m+n), v (n) =

1 esto (n
eo(n)= ———-—, e . i ﬂi”?
[ E(n +to, to)x|| et (m)

for all m,n € N.

Remark 3.1. If the evolution operator F is uniformly exponentially instable then

there exists F' € F with the properties:

(i) sup F(elo) < oo;
llzl|=1
to>0

(ii) there exists N > 0 such that F(e™%) < Nelo(m), for all m € N, t5 > 0
and x € X with ||z]| = 1;

(iii) sup  F(e™) < oo;
()R
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(iv) sup F(vmio) < .
[|z]=1
(m7tox)6NXR+

Indeed, if we consider the function F : §T(R) — [0, oo] defined by

F(s)=7_ s(n)

n=0
then it is easy to verify that the uniformly exponentially instability property of E
implies the conditions (i), (i¢), (#¢) and (iv).
The main result of this paper is :

Proposition 3.1. An injective evolution operator E is uniformly exponentially in-

stable if and only if there is F' € F such that

sup F(e) < cc.
llzl|=1
to>

Proof. Necessity. It results from Remark 3.1.

Sufficiency. We observe that
elo = "el (k)xqry = D e (k)X iy = € (n)x(n}-
k=0 k=0

Let M = sup F(el*) < co. Using the hypothesis, we obtain that
[lz]=1

M > F(el*) > F(el(n)x{n}) > - € (n),

and hence el (n) < M/a, for all ty > 0,n € N and x € X with ||z| = 1.

The last inequality becomes
o
IE(n +to. to)zll = 77,

for all n € N,tp > 0 and all ||z]| = 1.

This implies that
|E(n +to, k + to) E(k + to, to) x| > %lell, forall =€ X with |z] =1,
and hence

IE(n + to, to)z|| > %HE(lﬂ +to,to)z], forall kneN, k<n, to>0
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and x € X with ||z]| = L.
We have that

[e.e] n
(0%
elo = el (k)xpy = Y e (k)X ry > e () X{0,....n}
k=0 k=0
It follows that
M > F(elf) > <€t (n) f(n)

and hence

IE(n + to, to)z| > %f(n), forall z€X with [zf =1
By Proposition 2.1 it results that E is uniformly exponentially instable. |
Corollary 3.1. An injective evolution operator E is uniformly exponentially instable
if and only if there exist N > 0 and F' € F such that
F(en") < Neg (m),

forallmeN, tg >0 and x € X with ||z| = 1.
Proof. Necessity. It results from Remark 3.1.
Sufficiency. We observe that

sup F(efo) = sup F(e2%) < Nel(0) = N < 0o

llzl|=1 llzl|=1
t0>0 t0>0
and by Proposition 3.1 it follows that E is uniformly exponentially instable. O

Corollary 3.2. An injective evolution operator E is uniformly exponentially instable
if and only if there is F' € F such that
sup F(e™") < o0.
llzll=1
(m,to)ENXR,

Proof. Necessity. It results from Remark 3.1.

Sufficiency. It results from Proposition 3.1 taking into account that

sup F(el*) = sup F(elf0) < sup F(e™") < o0.
ll]|=1 lll|=1 llzll=1

to>0 to>0 (m,to)ENXR+
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Similarly, we obtain:

Corollary 3.3. An injective evolution operator E is uniformly exponentially instable
if and only if there is F' € F such that
sup F(v0) < oo.
llzll=1
(m,to)eNXR4
Remark 3.2. The preceding results are discrete versions of a Neerven’s theorem ([9])

for the case of instability property.

We shall denote by ® the set of all nondecreasing functions ¢ : Ry — R4
with ¢(0) = 0 and ¢(t) > 0, for every t > 0.

Corollary 3.4. An injective evolution operator E is uniformly exponentially instable

if and only if there exists o € ® such that

sup Y p(elr(n) < oo
z||l=1
Ito‘ o n=0

Proof. Necessity. It is trivial for p(t) = t.
Sufficiency. It results from Proposition 3.1 for

F(s) = e(s(n)).

n=0

|
Remark 3.3. The preceding corollary extends a Zabczyk’s theorem ([13]) for the
case of exponential instability.
For the particular case p(t) = tP, we obtain:

Corollary 3.5. An injective evolution operator E is uniformly exponentially instable

if and only if there exists p € [1,00) such that

Remark 3.4. Corollary 3.5 is a discrete version of Datko’s theorem ([3]) for the case
of exponential instability. It can be also considered as a variant for the exponential
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instability of a theorem proved by Przyluski and Rolewicz in [11] for the case of
exponential stability.
Let B(N) be the set of all normed sequence spaces B ([8]) with the properties:
(i) X{o,...n} € B, for all n € N;

(ii) nhjgo |X{0,...,n}|B = 0OQ;

(iii) there exists o > 0 such that |x{n}|p > «, for all n € N.

Corollary 3.6. An injective evolution operator E is uniformly exponentially instable
if and only if there exists a normed sequence space B € B(N) such that for every

r € X with ||z|| = 1, we have that el € B and

Proof. Necessity. It is immediate for B = ['.

Sufficiency. Let F : 8T (R) — [0, 0c] be the function defined by
F(s) =sup|s- xyo,..n}B-
neN
It is easy to see that F' € F and

e;‘)x{ow’n} <elo, forall neN, t, >0 and z€ X with |z =1

Then
sup F(elr) < sup |el|p < o0.
llz)|=1 llz)|=1
t0>0 to>0
By Proposition 3.1 it results that E is uniformly exponentially instable. O

Remark 3.5. The Corollary 3.6 is a discrete variant for exponential instability of

Theorem 3.1.5 from [8].

As a particular case, for the Banach sequence space
B={sc8"(R):3sclP}

we obtain:
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Corollary 3.7. An injective evolution operator E is uniformly exponentially instable

if and only if there are p € [1,00) and 3 € $T(R) with 8 >0 and Y. B(n) = oo such
n=0

that

s > 87 (n)[elr (n)]P < o
TI=4 n=0
to>

Remark 3.6. The preceding corollary is an extension of Corollary 3.1.6. from [8].
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