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ON APPLICATIONS OF THE REPRODUCING KERNEL METHOD
FOR CONSTRUCTION OF CUBATURE FORMULAS

EMIL A. DANCIU

Abstract. In this paper we use the method of Reproducing Kernel and
Gegenbauer polynomials for constructing cubature formulas on the unit
ball B¢, and on the standard simplex. Also we study the relation between
interpolation polynomials based on the zeros of quasi-orthogonal Cheby-

shev polynomials and the nodes of near minimal degree cubature formulas.

1. Introduction

1) The Reproducing Kernel of a Hilbert space of functions

One calls reproducing Kernel of the Hilbert space H of functions defined on
D, real valued (D C R%), a function K = K(z,y) : D x D — R, which verifies the
following conditions

i) K(-,y) € H, for any fixed y € D,

i) < f,K(,y)>=[f(y), Vf € H.

It is known that in the Hilbert space H are stated the following results.
Theorem 1.1. If the Hilbert space H has a Reproducing Kernel, then this kernel is
unique and symmetric with respect to its arguments.

Theorem 1.2. If L is a linear and bounded functional defined on the Hilbert space
H, which has a Reproducing Kernel, then the representation function corresponding

to L is g(z) = Ly[K(z,y)].
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We consider now, H = P¢ the space of all polynomials of degree at most n,
and D C R
It is known that dimP%(D) = (”ji'd), if and only if int(D) # 0.

Let f € P be a polynomial of degree exact n, and we denote

p=p(d,n) = (n:;d> = %
It was shown that the number of terms in the representation of the polynomial f
is equal to pu(d,n) and this number represents the number of the monomials in the
expression of f = f(x).

Let W =W(z): D — R, (D C R?), be a weight function.
Theorem 1.3. For a given region (domain) D, D C R? and a given weight function
W = W(x) : D — RJ, exists and are unique r(d,n) = u(d,n — 1) = %&‘2!
orthogonal polynomials of degree n, which are linearly independent.

Let now, {e;(2)}5°,, be the monomials which are ordered increasing, and for
the same degree for certain terms, we use the lexicographic order.

So, the set {e;(x)}, i = 1, u(d,n) represents all the monomials of degree at
most n.

By applying the Gram-Schmidt orthonormalization process, we can obtain

an orthonormalized set with respect to the scalar product

(fa)=1I(f g) = /D f(@)g(@)W (z)da. (1.1)

2) The Gegenbauer (ultraspherical) orthogonal polynomials

We present now, some of the properties of Gegenbauer polynomials, which
play an important role in the applications of the cubature formulas theory by using
the Reproducing Kernel method.

The Gegenbauer polynomials are usually defined by the following generating

function:

(1—2tz+2%) =Y CM(B)2", (1.2)
n=0

where |z] <1, [t/ <1, A>0.
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The coefficients C’T(LA) (t) are algebraic polynomials of degree n which are called
the Gegenbauer polynomials associated with A. One can prove that the family of poly-
nomials {C’,(ﬁ)}f;ozo is a complete orthogonal system for the weighted space Lo(I, W),
I=[-1,1], W(t) = Wa(t) :== (1 —2)*~2, and we have

07 m;«én

7 /2(20), T (A +1/2)

| evmed o -
(-1.1] A= Tmranliy 2 M=

where we use (a)y, the Pockhammer symbol,

0, (a)p:=ala+1)...(a+n—-1)=T(a+n)/T(a).

Also we have,

@\n
|

M (=t) = (=1)"CM@), cMa)= and C\M = 1. (1.3)

The Gegenbauer polynomials can also be defined by the well known Ro-
drigues’s formula (see [7] Szegd)
1 d'ﬂ 1
CV(0) = (1) an (1 — )3 (1 = 2rrod)
where,
I O
Conl2n(A+ 1),

It is known that there exists the following identity which relates Gegenbauer

Qp A

polynomials with different weights

k
d” o

ZEOV (1) = (N CMF k=1,2,.. . (1.4)

For A = 1/2, we can obtain the Legendre polynomial

Cyr

Polt) = 50 g

[(1 )" = C/2(2)

and for A = 1 we obtain the Chebyshev polynomial of second kind U,,,

sin[(n + 1)arccost]
Ji-2

Also, we can obtain the Chebyshev polynomial of the first kind

U, = = oW (1).

T, (t) := cos(narccost) = CV),
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by considering O\ associated with the weight function Wo(t) = (1 —t2)~1/2,
We can also consider the Gegenbauer polynomials C’ff‘), for A\ <0, A e Z~
namely,

n

d
CM@E) = a1l — tQ)—“%% [(1—#)"=3], A <0
where « is an constant independent of ¢ and we can write the identity

dk
L o)
dtk o

where ¢ is independent of t.
3) The relation between Cubature Formulas and the Reproducing Kernels

The Reproducing Kernel method was first used by I.PMysovskikh ([3]) and
later studied by Maller (]2]).

Let a given weight function W = W (z) be defined on a subset D C R¢. Then,
a cubature formula is a linear combination of function values on some points, that
approximates [, f(z)W (z)dz.

Let I[f] = [, f(x)W(z)dz, f € C(D), D C R? for which the moments
I92%], a € N? exists and W=W|(x) is nonnegative.

We say that the cubature formula has the degree of exactness m, if it yields
d

the exact value of the integrals for any function f € P9, , which is a polynomials of
degree at most m.
We denote the space of polynomials of degree at most n by P4,

Let

{P:1<k<r(dn)}, 0<n< o0,

(where r(d,n) = p(d,n—1) = (d“;*l)), denote a sequence of orthonormal polynomi-
als of degree n with respect to the inner product (1.1), which are linearly independent,
where the superscript n means that P € P4 and let denote by P, = (P, ... ,Pf(d’n)),
the vector of all these polynomials.
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The n — th Reproducing Kernel K, (z,y) of the Hilbert space H = P¢ is
defined by:

r(d,k)

Ko(z,y) =Y PL(@)Pr(y) =Y > PHx)Pf(y), Yo,y RY. (15
k=0 k=0 j=

—

The method of Reproducing Kernel requires to choose d points: a(P), ...,
a® € R4, such that the hypersurfaces Hy, ... Hg, where H; is the surface defined by
H; = {z e R?: K, (x,a)) = 0}, intersect at n? points. The points a(V), ..., a(? are
chosen as follows.
For ¢V we choose any point that is not a common zero of the polynolmial
—
set P,,. If the points a(!), ..., a("=1 have been chosen, then we choose a(") € ﬂ H;,
and a(") may be any point of this set, which is not a common zero of P,,. -

We assume that the infinity is not a common point of Hy, ..., Hy.
We present now the following results.
a) The Method of Reproducing Kernel
If Hy,...,H; defined by a®, ... a® intersect at n? distinct points:

{x(i), i = 1,n%}, then there is a cubature formula of degree 2n,

Qu(f) =Y Nif(a +Zuf U)), vf e P, (1.6)
Jj=1

where \; = 1/K,(a®,a®).

If the weight function W = W (x) is centrally symmetric, that is, W = W (x)
and its support set D satisfy Vo € D = —x € D, W(—z) = W(x), then there is a
modified method of Reproducing Kernel due to Maller ([2]).

Let I?; denote:

!

~
3

—~

&

k)

=Y > Pf(«)Pf(y), Ya,y € RY, (1.7)
k=0 g

I\
<

where Z/ means that the summation is taken over those j so that the corresponding
PJIC has the same parity as n. We choose the points a(® as before except that we
replace H; by the hypersurface H; defined by H; = {x e RY: K, (z,a”) =0} and
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we suppose that the infinity is not a common point of E cee I’{vd. Then we have, if
W = W(z) is centrally symmetric on D C R¢.
b) The Modified method of Reproducing Kernel

If th cee f]vd defined by a™, ..., a® intersect at n? distinct points: {2,

i = 1,n4}, then there is a cubature formula of degree 2n + 1,

d n?
Qu(f) =Y _Nlf(@)+ f(=aD)]/24> pif(aD)), Vf € PGy, (18)
i=1 j=1

where \; = 1/?(71(@“),@“)).

If d = 2, then the method requires to choose two points a(!) and a® so that
the polynomial surface If(\;(x, a™) and I’('vn(ac7 a®) have n? common zeros.

In the paper [12] Y. Xu was presented a compact formula of the Reproducing
Kernel for the Jacobi type weight functions on the unit ball and on the standard
simplex.

The method of Reproducing Kernel yields cubature formulas of degree 2n+ 1

or 2n with n? + dn or n? + dn — 1 nodes, which is greater than the theoretic lower

bound for the number of nodes.

2. Cubature formulas on the unit ball using the reproducing kernel method

Let 2,y € R? and we use the following notations:

< x,y >=1x1y1 + - + Tqyq, the usual Euclidian inner product,

|z|? =|| = ||* =< @,z >, the Euclidian norm.

We consider cubature formulas on the unit ball B¢ = {z € R?: || z ||< 1},

with respect to the normalized weight function
Wa(z) =w,(1— | 2 [}, p >0, z € BY, (2.1)

where w, is a constant chosen so that the integral [, W, (z)dz = 1, and we have

w2 T+ T+ o)
"waa (et pI(§)  TPT(u+g)

where wq_; = 2792 /T(d/2) is the surface area of the unit sphere in R?.
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ON APPLICATIONS OF THE REPRODUCING KERNEL METHOD

Let K,(.,.) be the n—th Reproducing Kernel with respect to weight function
W,. In [12] is presented the following compact formula for the representation of this
kernel.

Kn(Wyiay) = e / 1 [C“”

d+1)

(<z,y>+V1- [z PVi-lly P+ (22)

Cr(f“; 3 )(< 2y > +V/1— |z [PVI- [y 2 9| - 2 tdt,

where ¢, = 1/];11(1 — t2)#=1dt and CY is the Gegenbauer polynomial of degree n
defined by the generating function (1.2), which have the property

OV (1) = (=1)"CV ().

If we take in consideration the expressions: K, (W,;z,y)+ K, (W,;z,—y) for n being
even and odd, respectively then it follows from the formula (1.5) and (1.7) that the
modified Reproducing Kernel function I?R(VV“; ...) is given by the formula

— 1 d+1
Kn(Wyz,y) = Cﬂ/ YT (< ay > +V/I- T VI Ty 2 00— )t
—1
(2.3)
For p— 0, in (2.2) and (2.3), one can use the limit
1 -1
hm Cu/ f@) yldt = % (2.4)
In the case u = 3, we have: Wy )s(z) = d/wy_1.
If = 0 we have: Wy(x) = wo(1— || « ||)~'/? and we obtain:
~ 1
RoWoi) = 3 [P <y > 1V Ta VIS T+ (25)
+CPA (< 2y > V1= e [PVI- 1Ty [P)[-
If we consider || a ||= 1, we have
IA(;(WM;JU, a) = CPHEFD/D (< g g ). (2.6)
In this case, if || @ ||= 1 then a is not a common zero of the polynomial set

P,., because that P,, has no common zeros if n is even, and it has only origin as
common zero if n is odd.
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2.1 The construction of a family of cubature formulas on B? by using the
Gegenbauer polynomials

One can use the properties of the Gegenbauer polynomial C’fl)‘) t), A\=p+
(d+1)/2, that all its zeros are inside (—1, 1), and we denote these zeros by:

—1<tip<ton<- - <tpn <1, where A=p+ (d+1)/2.

It is known that these zeros are symmetric with respect to the origin, that
is, they satisfy the relation t;, = —t,_(i_1)n. So, in [12] was given the following
strategy to choose the points a(?), ..., a(® as follows.

Let n be fixed and let t, , be a fixed zero of Cr(l“+(d+1)/2) (t), and let define:

&(1) = (1a05"'a0)7 a’(k) = (b17 abk'—la\/1_b%_“'_bi7170""70)’

0 < k < d, where the components by,...,b;_1 are determined inductively by the

conditions: < a® a*F+1) > = t«n, which is equivalent with

b§+-.-+b§_1+\/171;%7--.71;%_1 by =ten, k=1,d—1,

from which are obtained:

by = tem, by = (tem — b2)/y/1— b2, ..., and we have by, < \/1—b§—-~-—b§71,

because t,, < 1, hence a**1) is well defined. It follows that

k
ﬂ H,={x¢€ R% < x,a(l) >=tin,. < x,a(k) >=1tin, 1 <ip,...,0 <n}
i=1

for k = 2,d. If we assume that a'¥) € H; M- Hk-1, and we require that alkth) ¢

ﬂle H;, one observe that a® = (t, ,,,/1—12,,0,...,0) € Hy.

*,M)

Inductively, if we assume that a(*) € ﬂf:_ll H;, that is
<aPa® >=1¢,, 1<i<k-1

Since a(**1) satisfies < a®), a**+1) >=1¢, it follows that:

< a(i),a(lﬁ'l) >=tyn, =1k,

that is a*+1) € Hy -+ H.

34
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One can observe that Hj()---() Hg contains n¢ distinct points, which are

given by the relations:
<zaW > =ty 0 oo, <xa D > =t 1<iy,...,ig <n. (2.7)

Theorem 2.1. Let a(V,... a® be defined as above and let Hj be the surface
defined by Hj), = {z € R%: I?;(WM; z,a®)) = 0}. Then the modified method of the
Reproducing Kernel yields, a cubature formula of degree 2n+1, based on a( ... a(®

and the n? distinct points determined by (2.7) and have the form

d
Qn(f)zz)\z[f(a(l))+f( Z) /2+ZM f (J v.ICGHD21’L—|-17 (28)
i=1
where \; = 1/E(a(i),a(i)).
We obtain by using (2.6) that

N = R (W0, a) = 1/cps @) =y ("FED) )

For fixed d and n, the others weights p1; in (2.8) can be determined by solving a linear
system of equations.

From the fact that in definition of a(®), if we use the condition

(k=1)

<a ,a(k) >= 1ty n,

we remark that one can choose ¢, , to be any zero of the polynomial C(”+(d+1)/2)( t)

and we can get many different formulas from this method.
Remark 2.1. When n is an odd integer, then C’,S“Hdﬂ)/m is an odd polynomial,
and it follows that ¢ = 0 is a zero of this polynomial.

If we take t,, = 0 in the definition of a®) in the above construction, then
we obtain: a¥) =eq,...,al? = ¢4, where {e;, i = m} is the standard basis of R?,
that is, e; = (1,0,...,0), e2 =(0,1,0,...,0),...,e4=(0,...,0,1).

But from (2.6) it follows that

K,(Wysz,e) = CYT@D2 (4,) k=T1,d
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and we observe that the n? intersection points of Hy()---() Hg, namely {2V, i =
1,n%}, are the tensor product of the zeros obtained from (2.7).
Let n be an odd integer and let t1 », ..., ¢, be the zeros of C’,(L“Hdﬂ)/m(t).

Then there is a cubature of degree 2n + 1 on B? of the form:

1 > {f(ek) + f(_ek)} /2+ (2.10)

f@Wu(z)de = ———
B n+2p+d\ k=1

n

k=1 kg=1
The weights £; in the formula (2.10) can be computed by solving a linear
system equations for a given n and d.
In the case d = 2, we can consider the polynomials [, ,, defined by:
n C7(lu+(d+1)/2)(t)

lk,n = H - ti’n =

itk e Tlin (Qu4d 4 DI (4 N — )

which are the fundamental interpolation polynomials based on the zeros of
clptdrn/2) (t) which satisfies the interpolation conditions: Iy ,,(tjn) = 0k ;, by using
(1.4).

One observe that the polynomial Iy, ,,(21)lk, n(22)(1 — 23 — 23) is of degree
2(n — 1) 4+ 2 = 2n, then it will be integrated exactly by the cubature formula (2.10),

and from the interpolation property of [, we will obtain the values of the weights

are
My ko = /32 Uiy o (21) ey (w2) (1 — 27 — 23)W, (31, 22)dz1 ds.
The formula (2.10) uses the tensor product of nodes of an one variable quad-
rature rule. The points {t1 p,...,%nn} are nodes of a Gaussian quadrature formula of

degree 2n—1 on [—1, 1] for the measure: W (z) = (1—22)*+%/2dz on [~1, 1]. Moreover,
{1, t1n,...,tnn, 1} form the nodes of a Gauss — Lobatto type quadrature formula

of degree 2n + 1,

1 n
[ F@ = a2 s = AF1) Y N tr) + AF(D), € By (211)
-1 k=1
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The tensor product of {—1,¢1 5, ..., tn.n, 1}, can be used as nodes in the fol-

lowing product formula of degree 2n + 1 for the product weight function:
d
W(z) =[]0 =) *¥2 on [-1,1]%,
k=1

n+1 n+1

d
/[ 0] I(ENEEETED DR DRV W (AP SN AL
—1,1}¢ k=1

k1=0  k4=0
for Vf € Pgnﬂ, where to,, = =1, tpy1, =1 and Ao = A1 = A

It was showed that some nodes of the cubature formulas constructed above
can lie outside of the unit ball B¢, But we can choose different values a(®) in order
to construct formulas with all nodes inside of B.

2.2 Samples of cubature formulas of lower degree with nodes inside B¢

We use the modified method of the Reproducing Kernel to construct cubature
formulas of lower degree with nodes inside B?.

a. Formulas of degree 5

We choose a*) = (0,0,...,0) the origin of R? and we define a(*t1, 1 < k <

d—1 by

1 1 d+3—-k
A — (o \/ 0...,0 2.13
“ ( 2u+d+3"" "NV 2u+d+3"\ 2u+d+3’ '0) (2.13)

which has d — k zero components.

From the properties of the Gegenbauer polynomials [7], we have:
CV(t) = AR+ 12 — 1], for n =2,
where A = u+ (d 4+ 1)/2, and follows that

Ko(Wyiz,y) = M (2u+d+3) <,y >2 +2u+d+3)(1—|z[*)(1—|y|?)/(2u+1) —1].
(2.14)

If we take, a™) = (0,...,0), it follows from the formula of RQ(WM; x,y) that

Hy = {z: Ko(x,aM) = 0} = {x : |2|? = (d +2)/(2u + d + 3)} and we require that

the chosen point a**1) from (2.13), belongs to Hy, and we obtain:
~ 1
Ko(Wyw,a"™) = (u+ =) |af + -+ af_y + (d+3 = k)ag — [l=]?],
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k
from which we obtain ot € ﬂ H; and

d
1 1 3
Hi={(t——=, ., % ,+ 2.15
Q { 2u+d+3 \/2u+d+3 \/2ﬂ+d+3)} ( )

Thus, m H; has the 2¢ intersection points obtained from (2.15).
i=1
Now we can apply the modified Reproducing Kernel method, from which one

results that the nodes of the cubature formula are {a(”, i = 1,d} from (2.13) and
(), j =1,2%) from (2.15) and these nodes generates a cubature formula of degree
5 on B? of the form (2.8). Using the formula of Ko(W,,;x,y) one get the coefficients

of the formula for this choice of the nodes a**1) | if we consider n = 2

_ 202 +1)
A = 1/Ky(W,:0,0) = 2.16
1= 1/K5(W,30,0) u+d+1)(d+2) (2.16)
~ 22u+d+3
Nes1 = 1/ Ko (Wi e, apar) = (2p ) k=24

Cu+d+1)(d+2—-k)(d+3—k)’
Then there exists the weights p¢ such that the following cubature formula is

of degree 5 for W, on B [12].

B 2(2u + 1)
Bd H@)Wy(z)de = Cu+d+1)(d+2) 1(0)

2+ d+3 2 flatktD) + f(—alk+D)
utd+14 (d+2-k)(d+3— k)

1 1 3
> M€f<£1\/E""’gd_l\/2u+d+3’§d\/2u+d+3>' (2.17)

ge{-11}

In this formula the weights ¢, & = (&1,...,&q) € {—1,1}% can be determined
by the condition that the formula must be exact for polynomials of degree 5.

In the case of d = 2, we have the explicit formula

22+ 1)
4(2p+3)

F(-2/ /2 5,0)] + 1225153 S F(1/ 20+ B, £V3/ /3 + 5)

2u+5

f( Wy (z)de = 20201 3)

f(0)+ [f(2/\/2p+5,0) (2.18)
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The formula on B? uses N = 2¢ + 2d — 1 nodes. According with Mdller’s
lower bound [2], the cubature formula of degree 5 must have at least N* > d(d+1)+1
nodes, then the formula (2.18) which have N =22 + 2.2 — 1 = 7 is minimal.

For d = 3, the cubature formula on B3, which was constructed by using (2.10)
n [12], have N = 13 nodes and is minimal; for d =5, N =2%+2-5—1 = 41 nodes
which is more that the lower bound of N* =5(5+1) + 1 = 31.

Finally we obtain the formula (2.17). To determine the other coefficients, one
can require that the formula be exact for the polynomials of degree at most 5.

For d = 3, we can choose f(x) to be the test functions xi, zixs, x%, T12T2T3.

For the case of d > 3, it is useful the following formula for the nonzero
moments of the weight function W, = W, (z) ([12])

/ Sk 2kayy (x)dle“(u+(d+1)/2) Lk +1/2)... T(ka+1/2)
ga bTTd TR 720 (pn+ (d+1)/24 k1 + - + ka)

3. Cubature formulas on the triangle using the reproducing kernel method

We consider now, cubature formulas on the triangle using the compact for-
mula in [12], for a family of weight functions on a d-dimensional simplex.We use the fol-
lowing notations: x € R?, |z|; = |z1|+---+]|xq|, the I norm of x, |a|; = ay+--+ay,

the length of multiindex o € N and the standard simplex:
T¢={zecR?: 2;,>0,...,24>0, 1—|z|; > 0}.

We remark that, for d = 2 we have T2 which is the triangle with vertices
(0,0), (1,0) and (0, 1).
In [12] was found the compact formula for the Reproducing Kernel with

respect to the weight function:
We(x) = woéar?l_l/2 . .zg‘i_l/?(l — |z])@e V2 q >0, (3.1)

where w,, is the normalization constant such that de Wy (z)dz = 1, namely,

L(lals + (d+1)/2)
F(a1 + 1/2) . ..F(Ozd_;,_l + 1/2).

Weo =
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Then the reproducing Kernel K, (W) given in terms of Gegenbauer polyno-
mials, has the expression [12]:
Ky (Wasiz,y) Z/ ) ORIV (g b+ -+ TarGar tar)- (3.2)
[-1,1]4+1

d+1

T con (0= £)

i=1

where
2y € T wapn =1~ [a]1, yarr =1 [yh,
and we use limit (2.4) in the case when have one a; = 0.

If we take y = e¢; = (0,...0,1,0,...0), the i-th element of the standard basis,

with the i-th component =1, of R%, 1 < i < d, then we have the following explicit

formula:

K,(Wy;z,e;) = Aa7iP7(L|a\1+d/27ai,ai71/2)(Qxi .y
where

Agi = Cély?‘l‘f‘(d-‘rl)/m (0)/ Pllelitd/2—aiai=1/2)(_q)
(see [12]).

This formula was derived in [14] from (3.2) using a product formula for Jacobi
polynomials.

We observe that, e; is not a common zero of P,. This follows from the
expression of PL(z)P,(y) = Y, PP (z) PP (y).

Let d = 2 and ay = a2 = a3 = 1/2. Then the weight function W, becomes
a multiple of unit weight function, denoted by W /5, and we have: W 5(x) = 2.

In this case, the Reproducing Kernel takes the form:

3
1 _
Kn(Wiyasw,y) = 7T3/[ " CE) (Varyit + V/Tauats + /Taysts) H(l — )7 2dt
-1, i=1

For a = 0, we have Wy(x) = (z1z023) /2 /27.
In [11] was shown that any cubature formula for W, with all nodes inside
T? corresponds to a cubature formula on a sphere S2. In this case, the Reproducing
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Kernel can be represented in the following simple form:

1 ,
K, (Wosz,y) = 1 Zcéi/z)(\/%yl + V@2y2 £ /x3y3),

where the sum is over all possible sign changes, and this formula follows from (3.2)
by taking limits (2.4).
Samples of cubature formulas on the triangle

For n = 2, we have the following explicit formula for K, (W ,2;2,y)
Ko(Wy)9;2,y) = 6(1 — 10(z1y1 + 2292 + 23y3) + 60(212291Y2 + T123Y1Y3+
+aasyays) + 15(2Ty} + 23y + 23y3)).
If we take a(!) = (1,0), one obtain that K5(Wi2,2,(1,0)) has two zeros,
2 = (5—V10)/15, 25 = (54 V/10)/15.

From this fact, it follows that Ko(W /2,2, (1,0)) and Ka(Wy/9, 2, (21,0)) have 4 dis-

tinct common zeros:

<(5 —/10)/15, (70 — 7v/10 + \/10(233 - 62\@)/90)

((5 +1/10)/15, (30 — 3v10 + 1/3(110 — 20\/@/90) .

4. The construction of cubature formulas by using the Chebyshev

orthogonal polynomials and the reproducing kernel method

Let us consider, the Chebyshev polynomial of degree n,
Tr(x) = cosnb, x = cosb,

that is
Tr(x) = cos(narcosx).

_ (2k—-1)m
- 2n

the Chebyshev weight function wy(z) = (1 — 22)~*/2 on [~1,1].

The zeros of T) are xy, , k =1,n, and T are orthogonal with respect to
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The zeros of T} can be selected as the nodes of the Gaussian quadrature
formula with respect to w(xz) and these zeros can be used to construct a compact
interpolation formula. Let we denote the classical Chebyshev weight of the first kind

wy(x) = 11 z e (-1,1)

T1— 22’
Then the orthonormal polynomials with respect to w, are

1
To(z) =1, Ti(z) = V2coskf, k> 1, x = cosd and / wy (z)dx = 1.

-1

Next, we can consider the product Chebyshev weight function on [—1,1]? defined by

1 1 1
aC) _ _ L —1,11% 4.1
(‘ray) wl(‘r)wl(y) 2 m 1_y27 (Iay) € [ ) ] ( )
One can verify that the polynomials defined by
Pk:n(x7 y) = Tnfk(‘r)Tk(y% k= 07 n, ne N07 (42)

where P} is of degree exactly n are orthogonal with respect to W(z)(x, Y).
In [10] was established the following relations. If we denote P, =
(Pp,....,PMT n € Ny, the vector of the polynomials of degree exactly n in (4.2)

and the matrices,

10 0 .. 0 0 V2 0 .0
) 110 1 0 ... 0 4 110 o0 1 ... 0
n,1—§ ) n,2—§ A )

0 0 V2 0 0 0 U |

it can be verified that product Chebyshev polynomials satisfy the three-term relation
2iPn(z) = Ay i Pria(z) + AL Po_i(2), i=1,2,0 = (z1,22) or = (z,y) (4.3)

For z,y € R?, the Reproducing Kernel of the product Chebyshev polynomials is
defined by

n—1 k n—1
Kn(,y) =Y > Pf(@)Pf(y) =Y PL(x)Py(y)
k=0 j=0 k=0

and PZ;(CC)PTL(ZU) = Kn(z,y) — Kn-1(z,9).
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If one consider x = (cosby,cosbs), y = (cosp1,cosps), then we have the

compact formula [10].
Ky (z,y) = Dy (61 + 1,02 + p2) + Dn(01 + 1,02 — 92) + Dy (61 — 1,02 + 2)

+Dn(91 — ¥1, 02 - 902)5

where the function D,, has the form

1 01 _ 1 02
Do (61.05) = 1cos(n — 3)01cos — cos(n — 3)02c08 '
2 cosfi — cosbs

One can use these formulas in order to obtain a compact formula for the Lagrange
interpolation, which will be used to construct a cubature formula of degree 2n — 1

with respect to W) (z,y) of the form

L= [ Han) WO e pdedy = Qul1), (4.4
[-1,1]2
N
where Q,(f) = Z)\kf(xk), A > 0, x, € R?, so that we have
k=0

[,(P) = Qu(P), VP € Pj,,_;.

According to a general result of Méller for centrally symmetric weight func-
tions, for example one can consider W3 (x, y) = w1 (z)w: (y), the number of nodes in

the cubature formula satisfies
. +1
N > dimP?_, + [n/2] = <” ) > +[n/2].

Let consider zj be the points 2 = 2, = coskn—“, k=0,n.
In [10] was stated, based on the three-term recurrence relation (4.3), that a
cubature formula exists when the following matrix equations in the variable V are

solvable

Ap 2(VVT — I)AZ_L2 =Ap_12(VVT — I)AZ_M (4.5)
and VTAL | A, 1oV =VTAL | ;A0 11V,

where V is a matrix of size (n+ 1) X 0, 0 = [n/2] or 0 = [n/2] + 1.
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If n = 2m in [10] was showed that a solution of (4.5) is
T (o—1) (@) Tr-1(y) = Tim1(2) T -1y (y), 1 £k < /2 + 1, (4.6)
which corresponds to (A), and if n = 2m — 1, a solution of (4.5) is
T =) (@) Ti—1(y) — To1(2) T 1) (y), 1<k < (n+1)/2, (4.7)

corresponds to (B).

If a cubature formula exists, we can consider the Lagrange interpolation prob-
lem based on the nodes of the cubature formula which consists in construction of a
unique polynomial which is the solution of the problem to determining P = P(z) so
that P(zy) = f(x1), k=1, N.

In [8], was proved that one can consider the subspace
V2=p2 | U span{V*TP,},

where V7T is the unique Moore-Penrose generalized inverse of V, and in our case we
have V with full rank and we have VF* = (VIV)=1V7T.
For (x,y) € R?, was used the following expression of the Reproducing Kernel

K (2,y) = Kn(z,y) + [V P, (2)] " VIP,(y). (4.8)

Using a modified Christoffel-Darbous formula, was showed in [10] that K} (xg, z;) =0
for k # j and K (x,xr) # 0.
Finally, it follows that

=3 BT g (4.9)
and we have
N
/[ (D)@ Wale)d = 37 NS ) = ).
1,12 k=1

From the condition on Pf and the definition of KX(-,-) it follows that the
coefficients in the cubature formula are given by the expression A\, = 1/ K} (zk, zx)

If n = 2m, the interpolation nodes are

Toi 241 = (22i,22j41), 1=0,m, j=0,m—1 (4.10)
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Toit1,2j = (22i41,225), 1=0,m—1, j=0,m.

From (4.7) and the expression of K/ (z,y) one can obtain
* 1 1 k
Ko (@, 2k) = 5K (@, 2r) + Kn—(@, 200)] = 5(=1)"[Tn (@) = Tu(y)]-
Finally, one can obtain
K (20,2541, %0.2j41) = n*, K (225,2j41, T2i 2j41) = n°/2,

2 2 . ,
K (%2i41,0,T2i41,0) = n°, K (T2i41,25, T2iq1,25) =n°/2, 1> 0,5 > 0.

If n = 2m — 1, the interpolation nodes are

Z9i25 = (%2i,225), 4,j=0,m—1

Toit1,2j+1 = (22i41, 22j41), &J=0,m—1,

from which, was derived

K3 @) = 3K m0) + Kooa,2,0] = 3 (-DHTa0) + Ty,

from which was obtained

n?/2, if0<i,j<m-—1
K (22125, T2i,25) = { n2, ifi=0o0rj=0,i4+45>0

m?,  ifi=j=0,

n%/2, f0<ij<m-—1

K;($2i+1,2j+17$2i+1,2j+1) = n2, ifi=m—-lorj=m-—1,i+j<2m—2

m?,  ifi=j=m-—1.
In [14] was proved the mean convergence of Lagrange interpolation formula corre-
sponding to the weight function W (z,7) and by integrating this formula one can
arrive to the following cubature formulas
Based on the nodes (z;,x;), we obtain the cubature formulas:
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(A) 7r2/ / f(z dedy :% ‘ f(z2i, 22541)+

VI =221 42
V1I—22/1—y e —
o 813"
+ﬁ f(221+1722]) Vfe Pzn 1
i=0 j=0

B) For n =2m — 1,

n—1 n—1

L dxdy 9 Il
) ﬂ/_l/_lf(x’y)m\/@ =520 flaimy)t

i=0 j=0

% Z Z (2Zn—2i> Zn—2j),Vf € P3n_1,
—0 j=0

where ¥’ means that the first term in summation is halved.
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