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EXTRACTING FUZZY IF-THEN RULE BY USING THE
INFORMATION MATRIX TECHNIQUE WITH
QUASI-TRIANGULAR FUZZY NUMBERS

ZOLTAN MAKO

Abstract. In the paper [7] C. Huang and C. Moraga suggested a new
method to extract fuzzy if-then rules from training data based on infor-
mation matrix technique with Gaussian membership function. In this pa-
per, we extend this method to the Archimedean t-normed space of quasi-

triangular fuzzy numbers.

1. Introduction

The core of a fuzzy controller is its set of fuzzy if-then rules. Today, fuzzy
control is increasingly seen as a universal approximator (H. B. Verbruggen and P. M.
Brujin, 1997) by the control community, and thus is strongly used for approximating
functions (D. Dubois and H. Prade, 1997).

A fuzzy system is a set of if-then fuzzy rules that maps inputs to outputs.
Each fuzzy rule defines a fuzzy patch in the input-output state space of the function.
A fuzzy patch is a fuzzy Cartesian product of if-part fuzzy set and then-part fuzzy set.
An additive fuzzy system approximates the function by covering its graph with fuzzy
patches (see Figure 1). C. Huang and C. Moraga in 2005 suggested a new method to
extract fuzzy if-then rules from training data based on information matrix technique
with Gaussian membership function. In this paper, we extend this method to the
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Archimedean t-normed space of quasi-triangular fuzzy numbers and we show that the

additive fuzzy system with quasi triangular fuzzy numbers is a function approximator.

2. The Archimedean fuzzy normed space of quasi-triangular fuzzy numbers

Triangular norms and co-norms were introduced by K. Menger (1942) and
studied first by B. Schweizer and A. Sklar (1961, 1963, 1983) to model distances in
probabilistic metric spaces. In fuzzy sets theory triangular norms and co-norms are
extensively used to model logical connection and and or. In fuzzy literatures, these
concepts were studied e. g. by E. Cretu (2001), J. Dombi (1982), D. Dubois and H.
Prade (1985), J. Fodor (1991, 1999), S. Jenei (1998, 1999, 2000, 2001, 2004), V. Radu
(1974, 1984, 1992 ).

Definition 2.1. The function N : [0,1] — [0,1] is a negation operation if:
(i) N(1)=0 and N (0) = 1;
(ii) N s continuous and strictly decreasing;
(i) N (N (z)) ==, for all x € [0,1].
Definition 2.2. Let N be a negation operation. The mapping T : [0,1]x[0,1] — [0, 1]
is a triangular norm (briefly t-norm) if satisfies the properties:
Symmetry: T (z,y) =T (y,z), Va,y € [0,1];
Associatwity : T (T (z,y),2) =T (x,T (y, 2)), Vz,y,z € [0,1];
Monotonicity : T (x1,y1) < T (z2,y2) ifx1 < x2 and y1 < yo;

One identity : T (z,1) =z, Vz € [0,1]
and the mapping S : [0,1] x [0,1] — [0, 1],
S(z,y) = N(T(N(z),N (y)))

is a triangular co-norm (the dual of T given by N ).

Definition 2.3. The t-norm T is Archimedean if T is continuous and T(x,z) < x,

for all xz € (0,1).
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Definition 2.4. The t-norm T is called strict if T is strictly increasing in both
arguments.
Theorem 2.5 (C. H. Ling, 1965). Fvery Archimedean t-norm T is representable by

a continuous and decreasing function g : [0,1] — [0,400] with g (1) = 0 and

T (z,y) =g (g (2) +9 (),
where
g7 (@) if 0<2<yg(0),
0 if  x>g(0).
If grand g2 are the generator function of T', then there exist ¢ > 0 such that g1 = cga.

g () =

Remark 2.6. If the Archimedean t-norm T is strict, then g(0) = +oo otherwise
9(0) = go < oo.

Theorem 2.7 (E. Trillas, 1979). An application N : [0,1] — [0,1] is a negation if and
only if an increasing and continuous function e : [0,1] — [0, 1] exists, with e (0) = 0,
e (1) =1 such that N (z) = e~ 1 (1 —e(x)), for all z € [0,1].

Remark 2.8. The generator function of negation N () = 1—x is e (x) = x. Another

negation generator function is

ex(#) = liln((ll—i—_i-/\)\x))’
where A > —1, A # 0.
Remark 2.9. Ezxamples to t-norm are following:
e minim: min (x,y) = min {z,y};
e product: P (xz,y) = xy, the generator function is g () = —Inx;
min {z,y} if max{z,y} =1,

o weak: W (z,y) =
0 otherwise.

If the negation operation is N (x) = 1 —z, then the dual of these t-norms are:
e mazxim: max (x,y) = max {x,y};
o probability: Sp (x,y) =z +y — zy;

max{z,y} i min{z,y} =0,

o strong: Sw (z,y) =
1 otherwise.
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Proposition 2.10. If T is a t-norm and S is the dual of T, then

W(z,y) < T (z,y) < min{z,y},

max {xay} S S(:I;ay) S SW (%y)a

for all z,y € [0,1].

The fuzzy set concept was introduced in mathematics by K. Menger in 1942
and reintroduced in the system theory by L. A. Zadeh in 1965. L. A. Zadeh has intro-
duced this notion to measure quantitatively the vagueness of the linguistic variable.
The basic idea was: if X is a set, then all A subsets of X can be identified with its char-

acteristic function x4 : X — {0,1}, xa(z) =1 zx € Aand xya(z) =0 x ¢ A.

The notion of fuzzy set is another approach of the subset notion. There exist
continue and transitory situations in which we have to sugest that an element belongs

to a set at different levels. We indicate this fact with membership degree.

Definition 2.11. Let X be a set. A mapping p: X — [0,1] is called membership
function, and the set A = {(z,pu(x)) /x € X} is called fuzzy set on X. The mem-
bership function of A is denoted by pa. The collection of all fuzzy sets on X we will
denote by F (X).

In order to use fuzzy sets and relations in any intelligent system we must
be able to perform set and arithmetic operations. In fuzzy theory the extension of
arithmetic operations to fuzzy sets was formulated by L.A. Zadeh in 1965.

The operations on F (X) are uniquely determined by T, N and the corre-
sponding operations of X by using the generalized t-norm based extension principle

(Z. Maké, 2006).
Definition 2.12. The triplet (F (X),T, N) will be called fuzzy t-normed space.

By using t-norm based extension principle the Cartesian product of fuzzy sets

may be defined in the following way.
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Definition 2.13. The T-Cartesian product’s membership function of fuzzy sets A; €
F(X;),i=1,...,n is defined as

HA (‘Ilv'rQa ,In) =

T (MAl (xl) T (/’LAQ (‘TQ) T (T (/’LAnfl (xn—l) s LA, (x")) ))) )

for all (x1,22,...,2,) € X1 X Xo X ... X X,

The construction of membership function of fuzzy sets is an important prob-
lem in vagueness modeling. Theoretically, the shape of fuzzy sets must depend on the
applied triangular norm.

We noticed that, if the model constructed on the computer does not comply
the requests of the given problem, then we choose another norm. The membership
function must be defined in such a way that the change of the t-norm modifies the
shape of the fuzzy sets, but the calculus with them remains valid. This desideratum is
satisfied, for instance if the quasi-triangular fuzzy numbers introduced by M. Kovacs
in 1992 are used.

Let p € [1,+00] and ¢ : [0,1] — [0,00] be a continuous, strictly decreasing
function with the boundary properties g (1) = 0 and %i_l)%g (t) = go < co. We define

the quasi-triangular fuzzy number in fuzzy t-normed space (F (R),T,p, N), where

Typ (2.9) = 971 (6" (@) + " )7 (1)

is an Archimedean t-norm generated by ¢g and

is a negation operation.
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Definition 2.14. The set of quasi-triangular fuzzy numbers is

Ny, ={A e F(R) / thereis a € R,d > 0 such that (3)

r—a
pa (z) = g1l (%) for all x € R} U
{A € F(R) / there is a € R such that
pa (z) = x(ay () for all z € R},

where xa is characteristic function of the set A. The element of Ny will be called
quasi-triangular fuzzy number generated by g with center A and spread d and we will
denote them with < X\,d > . The triplet (N, Typ, N) is the Archimedean t-normed

space of quasi-triangular fuzzy numbers.

3. The information matrix

Let (x;,y:), ¢ = 1,2,...,n be observations of a given sample X. Let A;,
Jj=12,...pand By, k = 1,2,...,q be fuzzy sets with membership functions p4;
and pp,, respectively. Let U = {A;]| j =1,2,...p1 V={Bi| k=1,2,...,q}. By
using the definition of Cartesian product (2.13) we get, that the membership value of

sample (z;,y;) in fuzzy set A; x By is

rin(@i,yi) =T (pa, (i), ws, (i) -

This value is called information gain of (z;,y;) at A; X By, with respect to the t-norm
T.
The R = (Rjk)j=12,.. p:k=1,2,...q is called an information matrix of X on

U x V, where

n
R = Z 7.0 (Tis Yi)-
i=1

4. Extracting fuzzy if-then rules

We extract fuzzy if-then rules according to the centre of the rows of an
information matrix. The method consists of the following steps:
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Step 1. We choose a number p € [1,400] and a derivable generator function
g:[0,1] — [0, +00] of the T, norm with }g (x)dz =w eR.

Step 2. We divide the illustrating space [a,b] x [m, M] in p X ¢ square with
grid points (uj, vg).

Step 3. Let A; =< uj, hy, > and By, =< vk, hy > be quasi-triangular fuzzy

numbers with spread h, = 2 x H and h, = 2% AZ:{”, for all j = 0,1,....,p — 1,
k=0,1,...,q— 1.

Step 4. We calculate the information gains:

2\ P o p71l/p
T;,k,i = TQP (/’[/Aj (‘TZ) ) UBy, (yl)) = g[il] <|:<|xzhiuj|> + <|yzh71)k|) :| ) .

Step 5. We calculate the normalized information gains:

Step 6. We calculate the normalized information matrix:

Rig Rip -+ Rig
Ro1 Rao -+ Ray
Rp,l Rp72 U Rp,q

where
Rik = 7k (6)
=1

Step 7. We determine the centre of all rows in the normalized information
matrix R:

q
Z Rj_’k -V
k=1

C; =

q (7)
> Rk
k=1
Step 8. Because each By is quasi-triangular fuzzy number, the then-part of
fuzzy if-then rules would have the same shape, hence the rule consequent is Bj =<
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¢j, hy > with membership function

_ _ -1 v — ¢
ug, (0) = g (hv .

Therefore, we obtain following fuzzy if-then rules:
If x is < wy, hy > then y is < c1, by >,

If x is < uo, hy > then y is < co, by >,

If x is < up, hy > then yis < cp, hy > .
An "If z is < uj, hy, > then y is < ¢;, h, >” rule is equivalent to the fuzzy

set A; x Bj with membership function

ays, (@y) = Top (1a, (@)1, )

I\ P L \P1Y/p
g1 <{<|Ihi“ﬂ|) n ('yhi%') } ) for all (z,y) € R2.

The graph of an A; x B; fuzzy set is a fuzzy patch. The size of the patch reflects the
rule’s vagueness or uncertainty and cover the graph of the approximand function f
(See figure 1).

Step 9.The approximator function is

p s
Cj . g[fl] (—|uhu]|)
=1

Lo ()

F(u)="1

Theorem 4.1. If f : [a,b] — R is continuous then F uniformly approzimates the f

on [a,b].

Proof. A standard additive system is a function system G : R — R! with p fuzzy

”

rules "If = is A; then y is B;” or the patch form A; x B;. The if-part fuzzy sets
Aj and the then-part fuzzy sets have membership function p4; and up;. B. Kosko in
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1994 proof that the function

uniformly approximates the function f : X — R! if X ¢ R* is compact and f
continuous, where w; is the rule weight, S; is the volume (or area) of subgraph of Bj,
and c¢; is the centroid of B;.

Generally, the centroid of the quasi-triangular fuzzy number < A, 4 > is

P unanss (y) dy

50 = )‘7
o enss (y) dy

where
/ Yl<ro> (Y) dy = 2Xéw and area is S = / s> (Y) dy = 20w.
An additive fuzzy system with the same rule weight (w1 = we = ... = wp) and with

fuzzy sets A; =< uj, hy >, Bj =< ¢;, hy > is the following function approximator:

e

I
-

w;gl=1] (—|“};7:J' | ) 2hywe;

Gu) = *

M=

wjg[* ] (Iuh "7‘) 2h,w
1

¢jgl 1 (\uh;JI)

Mv S

— Jj=1 —
= Xp: - (‘uiuj‘) =F(u).
= i
O
Remark 4.2. 1. If we choose g : (0,1] — [0,00), g (t) = vV—1Int and p =2,

then the membership function of quasi-triangular fuzzy numbers < a,d >
18
_t—w? 1if t=a, )
u(t)=e ~a ifd>0, and p(t)= if d=0.
0if t#a
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and 154 = pa,; (i) - pp, (yi) . This is the information matriz technique
model with the normal diffusion function elaborated by C. Huang - C.
Moraga in 2005.

2. If we choose g : (0,1] — [0,00), g (¢t) = —Int and p = 1, then the mem-

bership functions of quasi-triangular fuzzy numbers < a,d > is

_lt—al Lif t=a,
pt)y=e < ifd>0, and u(t)= if d=0.
0if t#a
and 1’y o = pa; (i) - B, (Yi) . This is the model with Laplace membership

function studied by S. Mitaim and B. Kosko in 2001.
Example 4.3. Let us use the information matriz technique to approach the following
nonlinear function:
f:]-6,6] = R, f(z)=xsinzx
by consider a sample with 121 values from [—6,6] x [—6, 6] with uniform distribution

to be input values:
X ={(xs,y:): ©i=—-6+01x%i, y; = f(x;), i=0,1,...,120}.

Step 1. Let g : [0,1] — [0,1], g(t) = 1 —t? be the generator function and

p =3 and
V9I—tif te]0,1],

0 else.

g i) =

Step 2. We divide the illustrating space [—6, 6] x [—6, 6] in 50 x 100 square with grid
points (u;,vy), where u; = —6+ - % and vy = =6+ k- &, h, = 0.488, h, = 0.242,
j=0,..49,k=0,...,99.

Step 3. In this case A; =< uj, hy, > and By =< vg, h, > with membership

functions

1— b5 ¢ e fuy — hu, uj + hal

pa, (t) = &
0 else,
o (8 1— 2t e [ug, — hy, v +
By =

0 else.
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Step 4. The information gains are:

emwl)? ()] (lmmwl) ()
N O R O R e G T
s = . . . .

0 else.

We calculate the normalized information matrix by using the formulas (4), (5) and
(6).
Step 7. We calculate the centres of all rows in the normalized information
matrix by formula (7):
¢ = (—2.37,-2.90,—3.69, —4.33, —4.65, —4.64, —4.34, —3.83, —3.11, —2.28,
—1.42,-0.56,0.19,0.83,0.30,0.61,0.74,0.71,0.55,0.28,
0.97,0.67,0.38,0.17, 0.06, 0.064, 0.17, 0.38, 0.67, 0.97,

1.28,1.55,1.71,1.74, 1.61, 1.30, 0.83, 0.19, —0.56, —1.42,

—2.28,-3.11,-3.83, —4.34, —4.64, —4.65, —4.33, —3.69, —2.90, —2.37)" .

Step 8. The membership function of the then-part of fuzzy if-then rules are

V1= 2245 e [ej — hayej + bl
1, (v) = v

0 else.

The membership function of A; x B; fuzzy sets are

s, (53) = i () ()] (e () <1

0 else.

for all (z,y) € R%. The graphs of these functions are patches on the figure 1.
Step 9. The approximator function of f is

i)

p
> ¢y
=
p

gl
=1

F(z)=

2
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FIGURE 1. The additive fuzzy system F approximates the function
f given in the example 4.3 by covering its graph with fuzzy patches.
On the figure the stars are the elemets of sample, the curve is the

graph of F and the pathces are the graph of fuzzy sets A; x B;.

for all z € [—6, 6], where

(1] <|“’—uj|> V1= ‘z;‘:j' if z € [uj — ho,uj + ha,
g _— =

B 0 else.

References

[1] Cretu, E., A triangular norm hierarchy, Fuzzy Sets and Systems, 120(2001), 371-383.

[2] Dombi, J., Basic concepts for theory of evaluation: The aggregative operator, European
J. of Operational Research, 10(1982), 282-294.

[3] Dubois, D., Prade, H., A review of fuzzy set aggregation connectives, Inform. Sci.,
36(1985), 85-121.

[4] Dubois, D., Prade, H., The three semantics of fuzzy sets, Fuzzy Sets and Systems,
90(2)(1997), 141-150.

96



[5]

(6]

[7]

8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]
18]

[19]
[20]

21]

22]

23]

INFORMATION MATRIX TECHNIQUE WITH QUASI-TRIANGULAR FUZZY NUMBERS

Fodor, J., A remark on constructing t-norms, Fuzzy Sets and Systems, 41(1991), 181-
188.

Fodor, J., Jenei, S., On reversible triangular norms, Fuzzy Sets and Systems, 104(1999),
43-51.

Huang, C., Moraga, C., Extracting fuzzy if-then rules by using the information matriz
technique, Journal of Computer and System Science, 70(2005), 26-52.

Jenei, S., Fibred triangular norms, Fuzzy Sets and Systems, 103(1999), 67-82.

Jenei, S., New family of triangular norms via contrapositive symmetrization of residuated
implications, Fuzzy Sets and Systems, 110(2000), 157-174.

Jenei, S., Continuity of left-continuous triangular norms with strong induced negations
and their boundary condition, Fuzzy Sets and Systems, 124(2001), 35-41.

Jenei, S., How to construct left-continuous triangular norms-state ofthe art, Fuzzy Sets
and Systems, 143(2004), 27-45.

Jenei, S., Fodor, J.C., On continuous triangular norms, Fuzzy Sets and Systems,
100(1998), 273-282.

Kosko, B., Fuzzy systems as universal approrimators, IEEE Transactions on Computers,
43(11)(1994), 1329-1333.

Kovécs, M., A stable embedding of ill-posed linear systems into fuzzy systems, Fuzzy
Sets and Systems, 45(1992), 305-312.

Ling, C.H., Representation of associative functions, Publ. Math. Debrecen, 12(1965),
189-212.

Maké, Z., Quasi-triangular fuzzy numbers. Theory and applications, Scientia Publishing
House, Cluj-Napoca, 2006.

Menger, K., Statistical metrics, Proc. Nat. Acad. Sci. USA, 28(1942), 535-537.
Mitaim, S., Kosko, B., The shape of fuzzy sets in adaptive function approximation, IEEE
Transactions on Fuzzy Systems, 9(4)(2001), 637-656.

Radu, V., On the metrizability of Menger spaces, Math. Balcanica, 4(1974), 497-498.
Radu, V., On the t-norm of Hadzic type and locally convex random mormed spaces,
Seminarul de Teoria Probabilitatilor si Aplicatii, Univ. Timigoara, No. 70, 1984.
Radu, V., Some remarks on the representation of triangular norms, Anale Univ.
Timisoara, 30(1)(1992), 119-130.

Schweizer, B., Sklar, A., Associative functions and statistical triangle inequalities, Publ.
Math. Debrecen, 8(1961), 169-186.

Schweizer, B., Sklar, A., Associative functions and abstract semigroups, Publ. Math.

Debrecen, 10(1963), 69-81.

97



[24]
[25]

[26]

27]

98

ZOLTAN MAKO

Schweizer, B., Sklar, A., Probabilistic Metric Spaces, North-Holland, Amsterdam, 1983.
Trillas, E., Sobre functiones de negacion en la teoria de conjuntos difusos, Stochastica,
3(1979), 47-60.

Verbruggen, H.B., Brujin, P.M., Fuzzy control and conventional control: what is (and
can be) the real contribution of fuzzy systems? Fuzzy Sets and Systems, 90(2)(1997),
151-160.

Zadeh, L.A., Fuzzy Sets, Information and Control, 8(1965), 338-353.

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
SAPIENTIA UNIVERSITY, MIERCUREA CI1UC, ROMANIA

E-mail address: makozoltan@sapientia.siculorum.ro



