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EXISTENCE AND DATA DEPENDENCE FOR MULTIVALUED
WEAKLY CONTRACTIVE OPERATORS

LILIANA GURAN

Abstract. The purpose of this paper is to study the data dependence
for the fixed point set of a multivalued weakly contractive operator with
respect to a w-distance in the sense of T. Suzuki and W. Takahashi. We
also give a fixed point result for a multivalued weakly @-contraction on a

metric space endowed with a w-distance.

1. Introduction

Let (X, d) be a metric space. A singlevalued operator T from X into itself
is called r-contractive (see [2]) if there exists a real number r € [0,1) such that
d(T(x),T(y)) < rd(z,y) for every z,y € X. It is well know that if X is a complete
metric space then a contractive operator from x into itself has a unique fixed point
in X.

In 1996, the Japanese mathematicians O. Kada, T. Suzuki and W. Takahashi
introduced the concept of w-distance (see[2]) and discussed some properties of this
functional. Later on, T. Suzuki and W. Takahashi gave some fixed points results for
a new class of nonlinear operators, namely the so-called weakly contractive operators
(see[3]).

The purpose of this paper is to study the data dependence for the fixed point
set of a multivalued weakly contractive operator with respect to a w-distance in the

sense of T. Suzuki and W. Takahashi, see [3]. We also give a fixed point result for a
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multivalued weakly (-contraction on a metric space endowed with a w-distance. For

connected results see [6], [4].

2. Preliminaries

Let (X,d) be a complete metric space. We will use the following notations
(see also [1], [5]).
P(X) - the set of all nonempty subsets of X;
PX)=P(X)U0

P, (X) - the set of all nonempty closed subsets of X;

Py(X) - the set of all nonempty bounded subsets of X;

Py (X)) - the set of all nonempty bounded and closed subsets of X;

We introduce now the following generalized functionals on a b-metric space
(X, d).
The gap functional:

(1) D:P(X) xP(X) — Ry U{+o0}

inf{d(a,b)| a € A, be B}, A#0+#B
D(A,B) =14 0, A=0=DRB
+-00, otherwise
In particular, if zy € X then D(x, B) := D({x¢}, B).

The excess generalized functional:
(2) p:P(X)xP(X)— Ry U{+o0}

sup{D(a,B)|a € A}, A#0+#B
+00, B=0#A

Pompeiu-Hausdorff generalized functional:

(3) H:P(X)xP(X)— Ry U{+o0}
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max{p(4, B),p(B, A)}, A#0#B
H(A?B): 0, A=0=B

400, othewise

Delta functional:

(4) 6:P(X)x P(X) - Ry U{+oo}

sup{d(a,b) :a € A,be B}, A#0+B

400, othewise

In particular, §(A) := §(A, A) is the diameter of the set A.

It is known that (P (X), H) is a complete metric space provided (X, d) is
a complete metric space.

We will denote by FizF := {x € X | x € F(x)}, the set of the fixed points
of F.

The concept of w-distance was introduced by O. Kada, T. Suzuki and W.
Takahashi (see[2]) as follows:
Let (X,d) be a metric space. Then, the functional w : X x X — [0,00) is

called w-distance on X if the following axioms are satisfied :

1. w(z, z) <w(x,y) +w(y, z), for any z,y,z € X;

2. for any z € X : w(x,-) : X — [0, 00) is lower semicontinuous;

3. for any € > 0, exists 6 > 0 such that w(z,2) < § and w(z,y) < § implies
d(z,y) <e.

Let us give some examples of w-distance (see [2])

Example 2.1. Let (X,d) be a metric space . Then the metric ”d” is a w-distance

on X.

Example 2.2. Let X be a normed linear space with norm || - ||. Then the function

w: X xX — [0,00) defined by w(z,y) = ||=||+||y|| for every z,y € X is a w-distance.
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Example 2.3. Let (X,d) be a metric space and let g : X — X a continuous mapping,.
Then the function w: X x Y — [0, 00) defined by:

w(z,y) = maz{d(g(z),y),d(g(z),9(y))}

for every z,y € X is a w-distance.

For the proof of the main results we need the following crucial result for
w-distance (see[3]).
Lemma 2.4.Let (X, d) be a metric space, and let w be a w-distance on X. Let (x,,)
and (yn) be two sequences in X, let (aw,), (Brn) be sequences in [0, +oo[ converging to

zero and let x,y,z € X. Then the following hold:

1. Ifw(zn,y) < a, and w(x,, z) < B, for any n € N, then y = z.

2. If w(zn,yn) < an and w(z,,2z) < B, for any n € N, then (y,) converges
to z.

3. If w(xzy, zm) < ap for any n,m € N with m > n, then (x,) is a Cauchy
sequence.

4. If w(y,xn) < ay for any n € N, then (z,,) is a Cauchy sequence.

3. Data dependence for w-contractive multivalued operators

In [3]. the definition of a weakly contractive multivalued operator is given,

as follows.
Definition 3.1. Let X be a metric space with metric d. A multivalued operator
T : X — P(X) is called weakly contractive or w-contractive if there exists a w-
distance w on X and r € [0,1) such that for any 1,22 € X and y; € T(x1) there is
ya € T(x2) with w(y1,y2) < rw(zy,xs).

Then, in the same paper, T. Suzuki and W. Takahashi gave the following
fixed point result for a multivalued weakly contractive operator (see Theorem 1, [3]).
Theorem 3.2. Let X be a complete metric space and let T : X — P(X) be a w-
contractive multivalued operator such that for any x € X, T'(z) is a nonempty closed
subset of X. Then there exists xog € X such that xy € T'(xo) and w(xg,xo) = 0.
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The main result of this section is the following data dependence theorem with
respect to the fixed point set of the above class of operators.
Theorem 3.3. Let (X,d) be a complete metric space, Ty, To : X — Py(X) be two
w-contractive multivalued operators with r; € [0,1) with i = {1,2}. Then the following

are true:
1. FiaxTy # 0 # FixTy;
2. We suppose that there exists n > 0 such that for every u € Ti(x) there
exists v € Ta(x) such that w(u,v) < n, (respectively for every v € Ta(x)
there exists u € Th(z) such that w(v,u) < n).
Then for every u* € FizTy there exists v* € FixTy such that

w(u*,v*) < 7L, where r = r; for i = {1,2};

(respectively for every v* € FiaTy there exists u* € FixTy such that

w(v*,u*) < L where r = r; fori={1,2})

1—r’

Proof. Let ug € FixTy, then ug € Ti(up). Using the hypothesis 2. we have that
there exists uy € Th(ug) such that w(ug,uy) < n.
Since T1,T, are weakly contractive with r; € [0,1) and ¢ = {1,2} we have

that for every ug,u; € X with u; € Ta(ug) there exists us € To(uy) such that
w(uy,uz) < rw(ug, uy)
For u; € X and us € T(u1) there exists uz € To(uz) such that
w(ug, uz) < rw(ug,us) < r?w(ug,ur)

By induction we obtain a sequence (uy,)neny € X such that
(1) ups1 € To(uy), for every n € N;
(2) w(up, tnt1) < r*w(ug,ur)
For n,p € N we have the inequality
W(Un, Untp) S W(Un, Ung1) + W(Unt1, Ungz) + 00+ W(Ungp—1, Untp) <

< r"w(ug,ur) + " w(ug,ur) + - - + 7P w(ug, up) <

S 1’rjrw(u05 U])
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By the Lemma 2.4.(3) we have that the sequence (uy,)nen is a Cauchy se-
quence. Since (X, d) is a complete metric space we have that there exists v* € X such
that u,, 4, v*.

By the lower semicontinuity of w(x,-) : X — [0, 00) we have

r’ﬂ

WUy, v") < lim inf w(u,, tntp) < w(ug, uy) (1)

p—00 1—17r

For u,_1,v* € X and w, € Ta(u,—1) there exists z, € To(v*) such that,
using relation (1), we have

Tnfl

1—1r

W(Up, 2n) < rw(tp—1,0") < w(ug, uy) (2)

Applying Lemma 2.4.(2), from relations (1) and (2) we have that z, 2o,
Then, we know that z, € Tx(v*) and z, 2 v*. In this case, by the closure

of Ty result that v* € Ta(v*). Then, by w(u,,v*) < 1T:Lrw(u0,u1), with n € N, for

n = 0 we obtain

1 n
) < <
'LU('LLO7'U ) =7 TW(UO,Ul) =7 ”

which completes the proof. O

4. Existence of fixed points for multivalued weakly p-contractive operators

Let us define first, the notion of multivalued weakly p-contractive operator.
Definition 4.1. Let (X, d) be a metric space and T : X — P(X) be a multivalued
operator. Then T is called weakly ¢-contractive if there exists a w-distance on X and
a function ¢ : Ry — R such that for every x1, x5 and y; € T'(x1) there is yo € T(22)
with w(y1,y2) < p(w(xy,x2)).

The main result is the following result for weakly ¢-contractive operators.
Theorem 4.2. Let (X,d) be a complete metric space, w: X x X — Ry a w-distance
on X, T:X — Py(X) be a multivalued operator and ¢ : Ry — Ry a function such

that are accomplish the following conditions:

1. T are weakly @-contractive operator;
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2. The function ¢ is a monotone increasing function such that
e}
a(t) := Z ©"(t) < o0, for every t € Ry \ {0}.
n=0

Then there exists x* € X such that x* € T(x*) and w(z*,z*) = 0.
Proof. First, we remark that condition (2) from hypothesis implies that ¢(t) < ¢ for

t <0.
Fix zg € x; for x1 € T(xg) there exists x2 € T'(z1) such that

w(x, x2) < p(w(wo, 1))
For z; € X and x9 € T'(x1) there exists z3 € T'(x2) such that

w(xa, z3) < @(w(x1,22)) < @(p(w(xo, 1)) = ©*(w(xo, 1))

By induction we obtain a sequence (2, )neny € X such that
(i) pt1 € T(zy), for n € N;
(i) w(zp, Tpi1) < @™ (w(xzo, 1)), for n € N.
For n,p € N we have
W(Zp, Tntp) S W(Tn, Tng1) + W(Tng1, Tngz) + 0+ W( Tngp—1, Tntp) <
< "(w(wo, 1)) —Zo(p"“(w(xo,xl)) + o PN w (2, 21)) <

< Zgﬂk(w(ﬂfo,%)) < o(w(zo, 1))
n=k

Letting n — oo we have

lim w(zn, Tnip) < lim o™ (w(zg,z1))) = 0.

n—0o0 n—00

By the Lemma 2.4.(3) we have that the sequence (z,)nen is a Cauchy se-
quence. Since (X, d) is a complete metric space then there exists z* € X such that
lim z, =z*.

n—oo

For n,m € N with m > n from the above inequality we have
W(Tp, Tr) < o (@™ (w(wo, 71))).
Since (Zm)men converge to z* and w(xy,, ) is lower semicontinuous we have

W(Zp,z*) < lim infw(z,, zmy) < lim o™ (w(zg,x1))) < o(@™(w(xg, x1))).

m—00 m— 00
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So, for every n € N, w(xp,2*) < o(¢™(w(xo,21)))
For z* € X and z,, € T(x,—1) there exists u,, € T(x*) such that

w(Tn, un) < p(w(@a-1,2%)) < @(a(P" Hw(zo, 21)))) < o (" (w(wo, 21)))
So, we know that:

nfl(

w(@n, un) < o™ (w(z0,21)))

w(wn, 2") < o(@" (w(zo, 21)))
Then, by the Lemma 2.4.(2), we obtain that w, o Asu, € T(z*) and
using the closure of T result that z* € T'(x*).
For * € X and z* € T(z*), using the hypothesis (1), there exists z; € T'(z*)
such that

w(a”, z1) < plw(z®, z7)).

For z*,z; € X and z* € T(a*) there exists zo € T(2z1) such that
IU(ZE*, 22) < <P($*a Zl)'

By induction we get a sequence (z,)neny € X such that
(i) zn41 € T(zn), for every n € N;
(it) w(z*, z,) < p(w(x*, 2,-1)), for every n € N\ {0}.

Therefore we have

IN

w(a®, 2n) < P(w(a”, 20-1)) < P(p(w(a”, 20-2))) = P*(W(T", 20-2)) < -+

S @"(w(e”, z1)) < " (w(a”, 7).
Thus w(z*, z,,) < ™ (w(z*, z*)).
When n — oo, o™ (w(x*,z*)) converge to 0. Thus, by the Lemma 2.4.(4) we
obtain that (z,)nen € X is a Cauchy sequence in (X, d) and there exists z* € X such
that z,, 4 z*.

Since w(z™*,-) is lower semicontinuous we have

0 <w(z*,z*) < lim infw(z*,z,) < lim " (w(z*,z*)) = 0.

n—oo n—oo
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Then w(z*,z*) = 0.

So, by triangle inequality we have
W(Tp, 2") S w(xp, ") +w(z*, z2") < o™ (w(zxg, z1))).
Since o (™ (w(zg, z1))) converge to 0 when n — oo we have
w(an, 2%) < o(@" (w(xo, 1))

w(Tn,z") < o(p" (w(wo, 71)))

Using Lemma 2.4.(1) result that z* = z*, then w(z*, z*) = 0. O
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