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INTEGRAL PROPERTIES OF SOME FAMILIES
OF MULTIVALENT FUNCTIONS WITH COMPLEX ORDER

H. OZLEM GUNEY AND DANIEL BREAZ

Abstract. In the present paper, we study integral properties of two fam-
ilies of p-valently analytic functions of complex order defined of the deriv-

ative operator of order m. The obtained results improve known results.

1. Introduction

Let A,(n) denote the class of functions of the form
f(z)=2F— i arz® (ar > 0;n,p € N:={1,2,3,---}), (1)
k=n+p
which are analytic and p-valent in the open unit disk U= {z € C : |z| < 1}. Upon
differentiating both sides (1) m-times with respect to z, we have
! = k!
= G o ?
where n,p € N;ym € Ny :=NU {0};p > m.
Making use of the function f("™) (z) given by (2), Srivastava and Orhan [1]in-
troduced the subclasses RE (A, b) and LF (), b) of the p-valently analytic function
class A, (n), which consist of functions f(z) satisfying the following inequality, respec-

tively:

L[ 2fOFm)(2) 4 X2 f24m)(2)
‘b (Azf(1+m>(z> TN P m)> ‘ <! ®)

and

’11) (F0F™ (=) + A2 (z) = (p—m)) ’ <p-—m, (4)
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where z e Usp e Nym € Nog;sp > m; 0 < A< 1;b € C\ {0}.
Also, in [1], Srivastava and Orhan proved the following characterization the-
orems of these subclasses.

Theorem A. Let f(z) € Ap(n) be given by (1). Then f(z) € RE (N, b) if

and only if
= (kb = p)kAE —m —1) +1] bl A(p —m — 1) + 1]
k:Zn+p (k—m)! B = (p—m)! ' (5)

Theorem B. Let f(z) € Ay(n) be given by (1). Then f(z) € L} (A, b) if
and only if

i (:;) (k—m)A(k—m—1)+1]a, < (p—m) m?; Ly <p>[/\(pm 1) +1]].

m
k=n+p
(6)

Also, let Z, : A,(n) — Ay(n) be an integral operator defined by g = Z.(f),

where ¢ € (—p, ), f € A,(n) and

oo = L2 [ T ()t ()

C
Z 0

We note that if f € A,(n) is a function of the form (1), then

apz”. (8)

The main object of the present work is to investigate the integral properties
of p-valently functions belonging to the subclasses R%, ., (\,b) and LE (X, D).
Our properties of the function classes RY, (A, b) and L5, (), b) are motivated

essentially by several earlier investigations including in [2].

2. Integral properties of the class R} , (), b)

Theorem 1. Let p € N;m € Ngo;p > m;b € C\ {0} and ¢ € (—p,0). If
fERE (D) and g =Z.(f), then g € RE, (N, y) where

(c+p)[b]

vl = (c+p+n+b)

(9)

and |7y| < |b|. The result is sharp.
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Proof. From Theorem A and from (8), we have g € R%, (A7) if and only
if

oo

3 (k + [yl = p)kl(p — m)!A(k —m — 1) + 1](c + p)
(k =m)!y[p!A(p —m — 1) + 1](c + k)

k=n+p
We note that for & > n 4 p the inequalities

(k + v = p)ktp — m)A(k —m — 1) + 1](c + p)
(k—=m)!y[ptA(p —m — 1) +1](c + k)

(k+|b| — p)kl(p — m)[A(k —m — 1) + 1]
(11)

(k= m)!blp!A(p —m — 1) +1]
imply (10), because f € R}, ,, (A, b) and it is satisfies (5). This inequality is equivalent

<

to
(k + [b] — p)
|b]

(k4 |v| = p)(c+p)
17l(c + k)

<

and we obtain

(k= p)(c+p)b|
k+ 16l —p)(c+ k) — [bl(c+p)

Ivlz( s k>n+p; y=7(p,kcb).  (12)

And now, we show that || is a decreasing function of k, kK > n + p. Indeed, let

(z —p)(c+p)[b|

h(z) = G —p)cta) - bletp) ;T € [n+p,00) C [n,00). (13)
We have
oy —(z —p)*(c+p)b|
"= =Pt - et <" (4
This implies
(. ke, b)) < [v] = [v(p,n+p,c,b)| 1k >n+p. (15)
The result is sharp, because
Zc(fo) = fo (16)
where
_ blpl(n+p —m)!A(p —m — 1) +1] n+p
folz) = (p—m)(n+p!n+pll[A(n+p—m—1)+1] ’ (17)
and
fV(Z) — P _ |’y|p'(n +p— m)'[)‘(p —m- 1) + 1] Zn+p (18)

(p—m)(n+p)n+ WA +p—m—1)+1]
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are extremal functions of R% (A, b) and RE (A, ), respectively. Indeed we have

blp!(n +p —m)![A(p —m — 1) +1](c + p) b

Le(fo)(2) = 2" = (p—m)(n+p)n+[b[][A(n+p—m—1) +1](c+p+n)

19)

Thus we deduce
R E e 2
and this implies (16). From n_‘:“,ﬂ = [7L+IZ}}((C;_]DIB+”), we obtain |y| > 0. Also, we have

|v| < 1] Indeed,
ol =10l =~ A 1)
Remark 1. In Theorem 1, if we take p=1,m=0,b=1—aand y=1-73,

we obtain
c+1)(1 -«

which was proved by Salagean [2].

3. Integral properties of the class L] (A, b)

Theorem 2. Let p € Nym € No;p > m;b € C\ {0} and ¢ € (—p,0). If
fell . (\b) and g =T.(f), then g € LL (X, B) where

(et )b+~ Ry A —m 1) + 1)
18] = e (23)

and |B| < |b|. The result is sharp.
Proof. Using similar arguments as given by Theorem 1, we can get the
result.
Remark 2. In (7), for p = n = 1, we obtain the integral operator of Bernardi
(3],
I.: A1(1) — Aq(1)

defined by h = Z.(f), where ¢ > —1, f € A;(1),

z

h(z) = <1 /tc_lf(t)dt.

2C
0
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Also, for p = ¢ =n = 1, we obtain the integral operator of Libera [4],
Il : A](l) — Al(l)

defined by hy = Z;(f), where f € A;(1),

Corollary 1.Let b € C—{0}, c € (—1,00). If f € L] z(\,b) and h = I.(f)
18 the Bernardi operator, then h € £%,0()\,B), where

c+1
c+2

18] = o]

Proof. In Theorem 2, we consider p=n =1 and m = 0.
Corollary 2.Let b e C—{0}. If f € L] 4(\,b) and hy = I,(f) is the Libera
operator, then h € L1 o(\, 3), where

2
161 =5 1ol

Proof. In Theorem 2, we consider p=n=1, m =0 and ¢ = 1.
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