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HARMONIC MULTIVALENT FUNCTIONS DEFINED BY
INTEGRAL OPERATOR

LUMINITA-IOANA COTIRLA

Abstract. We define and investigate a new class of harmonic multivalent
functions defined by integral operator. We obtain coefficient inequalities,

extreme points and distortion bounds for the functions in our classes.

1. Introduction

A continuous complex-valued function f = u-+iv defined in a complex domain
D is said to be harmonic in D if both v and v are real harmonic in D. In any simply
connected domain we can write f = h + ¢, where h and g are analytic in D. A
necessary and sufficient condition for f to be locally univalent and sense preserving
in D is that |h/(2)| > |¢'(2)], 2 € D. (See Clunie and Sheil-Small [2]).

Denote by H the class of functions f = h+¢ that are harmonic univalent and
sense preserving in the unit disc U = {z : |z| < 1} so that f = h + g is normalized
by £(0) = h(0) = £1(0) =1 =0.

Recently, Ahuja and Jahangiri [5] defined the class H,(n) (p,n € N), consist-
ing of all p-valent harmonic functions f = h 4 g that are sense preserving in U and h
and g are of the form

oo oo
h(z) =20+ ) arap 12PN g(2) = Y bk T bl <L (L)
k=2 k=1

The integral operator I™ is defined (see [4], for p = 1) by:

(i) 194(=) = f(2);

(i) 1) = 1£2) =p [ flo-ae
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(iii) I"f(2) =I(I"1f(2)),n €N, f € A,
where A={f € H: f(z) =z+4a2z?+...} and H="H(U).
For f = h+ g given by (1.1) the integral operator of f is defined as

I"f(z) =I"h(z) + (-1)"I"g(z), p>n (1.2)
where
n _ - p " ktp—1
1 h(Z) = 2P + ];2 </€—i—p—1> Ak4p—1% p
and

n _ - p " k+p—1
I"g(z) = Z (> byp—12" P70
= \k+p-1

For0 <a<1l,neN, zeU,let Hy(n,a) denote the family of harmonic

functions f of the form (1.1) such that
Re (I£+{;Z(i)> > a, (1.3)
where I™ is defined by (1.2).

The families H,(m,n,a) and H, (m,n, ) include a variety of well-known
classes of harmonic functions as well as many new ones. For example HS(«o) =
H,(1,0,a) is the class of sense-preserving,harmonic univalent functions f which
are starlike of order a € U, and HK(a) = H;(2,1,a) is the class of sense-
preserving,harmonic univalent functions f which are convex of order « in U, and
Hi(n+1,n,a) = H(n,q) is the class of Saldgean-type harmonic univalent functions.

Let we denote the subclass H, (n, ) consists of harmonic functions f, =

h+g, in H; (n,a) so that h and g, are of the form

h(z) = 2P — Zaker_lzk“’_l and g, (z) = (—=1)"! Zbk+p_1zk+p_1 (1.4)
k=2 k=1

where ag1p—1,bk+p—1 > 0, [by| < 1.
For the harmonic functions f of the form (1.1) with b, = 0, Avei and
Zlotkiewich in [1] show that if

> klaw] +[bel) < 1,

k=2
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then f € SH(0), where HS(0) = H;(1,0,0) and if

> K (lag| + [bi]) < 1
k=2

then f € HK(0), where HK (0) = H1(2,1,0).
For the harmonic functions f of the form (1.4) with n = 0, Jahongiri in [3]
showed that f € HS(«) if and only if

S (k—a)laxl+ > (k+a)lbs| <1-a
k=2 k=1
and f € Hy(2,1,a) if and only if
> k(k = a)lag + Y k(k+a)lb] <1—a.
k=2 k=1
2. Main results
In our first theorem, we deduce a sufficient coefficient bound for harmonic

functions in Hy(n, a).

Theorem 2.1. Let f = h+ 7 be given by (1.1). If

Z{w(n,p,k,a)mkﬂ,,ﬂ + e(nvp’k>a>|bk+p*1|} <2 (2'1)
k=1
where
( p n » n+1
— ) —a|——
1) ()
’(/}(n7p7k7a) = 1
—
n n+1
(k+p—1) +a(k+p—1)
O(n,p, k,a) = P 1 P )
—

ap=1, 0<a<l, necN

Then f is sense preserving in U and f € Hp(n,a).
Proof. According to (1.2) and (1.3) we only need to show that

I"f(2) — al™ £(2)
Re (FAETTE) 20

The case r = 0 is obvious.
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For 0 < r < 1, it follows that

(P2 2)

n n+1
L _ L k+p—1
(52=1) —o(52=) }+

k=2
oo p n+1 5} p n+41
k+p—1 n+1 7 —k+p—1
Z”Z <ﬁ> Qk4p—1% +(-1) kZ_l (m) bitp—1Z

p n p n+1
<k+p71) +a(k+p 1)

[S%S) oo n+1
p k+p— 1 n+1 7 —k+p—1
7 [ _ bitp—
z +Z(l€+p*1 Ak4p—1% ;(kqtpl) k+p—1%

r N\, 2 N
k+p—1 k+p—1 trd

—k+p—1
bk+p 12 p

(o] n+41
ak+p—12k_1+(—1)n+1z (ﬁ) bk+p 12 ktp— 1Z_p
k=1 p

n n+1
p p 7 —k+p—1_-—p
—_— +a| — b _
(k+p—1) (k—|—p—1) :| ktp—1% i

[ee] n+1 [e o] n+1
2 : p k—1 _1\ntl § : p k+p—1_—p
b 2<k+p1) W1 +( 1) kl(kerl) bk+p v ?

e [(1 ~a) +A(z)}

1+ B(z)

oo

For z = re*® we have

p n p n+1
Alrei?) — N o k1o (k=1)0
(re™) 1; <k:+p—1) <k‘+p—1> ] krp—l

n n+1
p p T k—1_—(k+2p—1)6i.
N S N S bt D
<k:+p—1) +a<k’+p—1) ] ktp—1T € ’
fe%e] n+1
_pr k=1 (k—1)i

o3} n+1
n Z p 7 -1 - —1)64
1) +1 <k+p_1> bk—',—p—lrk 1e (k+2p—1)6 )
k=1

HEDY

k=1

Setting
(1—a)+A(z):( _a)l—l—w(z)
1+ B(2) 1—w(z)’
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the proof will be complete if we can show that |w(z)| < 1. This is the case since, by

the condition (2.1), we can write

|w(z)|‘ A(z) — (1 —a)B(2)
A(z) + (1 —)B(z) +2(1 -

2
(. m a ph1 (h=1)0i
k+p—1 k+p—1 et

2(1—Q)+Z C(n7p7 k7 a)a]vHD*lTk_le(k_l)gi_'— (_1)"

k=2 1
" k (k )0
—1_—(k+2p—1)0i

(k+p_1) +(k+p_1 } syt le

k=1 ,—(k+2p—1)0i

a)

>

k=2

D(n,p, k, Q)bjppp_17" L~ 2P0

[M]¢

>
Il

o]

D"

k=

oo}

2(1—&)-{—2C(n,p,k,a)a;ﬁp,Mk ! (k 1)91+( n D(n,p,k,a)gk+p717’

k=2 1
)
k=2

n n+1
_r Ny (P
<k+p—1> (kﬂo—l)
— 00

21— a) — Z C(n,pk, a)|agrpa|r* — ZD(n,p, Ky a)|bggpot|r™ !
k=2

??‘

[Tl

k=1
oo n+1
p k-1
—_— br+p—
; (k—i—p—l) <k+p—1> ]'Hp il
1 - C% Z n pak (6% |ak+p 1|’I" ZD(H,p,I{,O{)lbk+p,1|Tk_l
k=2 k=1
[e§] n n+1
p ) ‘| ‘CL k—1
Z B kp-1|r
_ = (k+p1) (k+p1
4(1 - a) - Z{C(nvpa kaa)|ak+p*1| + D(nvpv kva)|bk+}7*1|}rk_1
k=1

>

n n+1
p k—1
—_ brtp—
P <k+p—1> +<k+p—1> 1'“” W

4(1 - a) - Z{C(nap7 ka O‘)‘ak-HD—l‘ + D(nvpﬂ kv a)|bk+P—1|}Tk71

k=1
o) n n+1
) (=) awesd
P k+p—1 —|—p -1 k+p—1 p
4(1 - Oé) - Z{C(nap7 ka a)|ak+p—1| + D(nap7 kv a)‘bk‘-‘rp—l‘}
k=1
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p n D n+1
<k+p—1> +(k+p—1> ]bk“’l'

o0

4(1 - a) - Z{C(n7pa k7a)|a’k+p—l| + D(’ﬂ,,p, ka a)|bk+p—1|}
k=1

>

k=1

where
p n p n+1
C k = — 1-2 _—
k) = (52— ) =20 ()
and

D(n,p, ko) = (kﬁ;1)n+<—1)(l—2a) <k+zl)n+1

The harmonic univalent functions

oo

1 s 1 _
fz) =2 + P —— 2kt (2.2)
kzzzw(,nWP’ k7a) kJZ:l a(n’pV k? a)

oo oo

where n € N and Z |xk] + Z lyx| = 1, show that the coefficient bound given by
k=2 k=1
(2.1) is sharp. The functions of the form (2.2) are in Hy(n, ) because

Y (b p k, @lantp—1| +0(n,p, k@) bspa|} = 1+ lowl + Y Jyel = 2.

k=1 k=2 k=1

In the following theorem it is show that the condition (2.1) is also necessary
for functions f,, = h +g,,, where h and g, are of the form (1.4).
Theorem 2.2. Let f, = h+3, be given by (1.4). Then f, € H; (n,a) if
and only if
Z{d}(napa k7 a)ak-‘rp—l + o(nvpa k7 a)bk+p—1} S 23 (23)
k=1
where ap =1, 0 <a <1, neN.
Proof. Since H, (n,a) C Hy(n,a), we only need to prove the "only if” part
of the theorem. For functions f,, of the form (1.4), we note that the condition
I f(2)
Re {I”+1fn(z) > o
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n n+1
_ p k+p—1
<k+p71) a(kerfl) ]akﬂ?lz

is equivalent to

oo

(1-w)z Z

k=

Re
oo n+1 [e o] n+1
p k+p—1 2n p _k+p—1
P — e _ -1 —_ b
N kZ_Q(k—kp—l) Hhtp=12 +(=D kz_:l(k—kp—l) ktp?
(2.4)
n p n+1
2n 1 b _k+p—1
Z <k+p > +a(1€+p—1) } Hrre
>0.

oo oo

n+1 n+1
k+p—1 2n p —k+p—1
_ -1 S Eem— bktp—
E (k+p71) Qk+p—1%2 +(-1) E (kerfl) ktp 1Z

k= k=1

The above required condition (2.4) must hold for all values of z in U. Upon

choosing the values of z on the positive real axis where 0 < z = r < 1, we must have

n n+1
_ P N (P a Rl
k+p—1 k+p—1 ktp—1

n+1 %) n+1
p k—1 p k—1
1— T _ e by
Z(k+p—1> Qk4p—1T Jr;(k:—&—p—l) k+p—1T

k=2
n n+1
p p k—1
—_— —_— brgop—
<k‘—|—p—1> +a<k+ _1) ] k+p—1T

k=1
00 p n+1 n+1 el
k—1
I_Z(k—i—p—l) Apgp17"" +Z(k+ _1) brqp—1r

k=2

o0

(1—a)—z

k=2

(2.5)

If the condition (2.3) does not hold, then the expression in (2.5) is negative
for r sufficiently close to 1. Hence there exist zg = 7 in (0, 1) for which the quotient
in (2.5) is negative.

This contradicts the required condition for f, € H, (n,a). So the proof is
complete.

Next we determine the extreme points of the closed convex hull of H (n,a),
denoted by clcoH, (n,a).

Theorem 2.3. Let f, be given by (1.4). Then f, € H, (n,«a) if and only if

o0
= @1 hrip-1(2) + Yrtp-19nps, 1 (2));
k=1
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where
1

h =2P hpo,_ R e — ey L T B

P(Z) Z5, k+p 1(2) < w(n,p,k,a)z 3 39y
and

1
n—1 —k+p—1
gnkﬂ,,l(z) = 2P + (-1) . 7001’]), k,a)z el k=123,

o0 oo
Tptp-1 =0, Yrqp-120, zp=1- Z$k+p—1 - Zyk+p—1~
k=2 k

In particular, the extreme points of H, (n,a) are {hgyp—1} and {gn,,,_,}-
Proof. For functions f,, of the form (2.1),

oo
=D [ohrp1erp1(2) + Yk p—19mus, 1 (2)]
k=1

o0 (o)
_ k+p—1
= Z Thtp—-1 + Yktp—1) Z T~ Thtp—1%

k=1 k=2 ’(/} n pa k Oé)

o
1
-1 n—1 _ 7k+p—1.
T e

Then

> 1 1
kzzziﬁ(nypak»a) (1?(”729,7417 Thtp— 1) 29 (n,p,k, ) (6(n7p7k’a)yk+p1>

oo oo
= Z‘rkﬂrpfl + Zykerfl =1- Tp <1,
k=2 k=1

and so f,(z) € clcoH, (n,a).
Conversely, suppose f,(z2) € clcoH, (n,a, 3). Letting

oo oo
Ty =1- Zxkﬂ?fl - Zykw*lv
k=2 k=1
let
Thyp—1 = V(N k, ) apyp_1
and

Ye+p—1 = G(n,p,k,a)bkﬂ,,l, k :2,37...
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We obtain the required representation, since

o0 o0
fn(z) =P — Zak+p712k+p—l + (_1)71—1 Z bk+p,1§k+p_1
k=2 k=1

o0

1 oo 1
— P __ - - k+p—1 -1 n—1 I htpo1
’ kZ:Q ¥(n,p,k, Oé)kailz ey 1«2:31 O(n,p, k, a)ykﬂ)*lz
ad (o)
=2 3 [ — higpe1 ()] Thipo1 = D (27 = Gy (2)Yhp1
k=2 k=1
o0 oo 0o
=t Z Thtp-1 7 Z Yktp—1| 2+ Z Thtp—1hp4p-1(2)
k=2 k=1 2
o o0
+_§E:yk+pflg"k+P*1(z):: j{:[xk+p*1hk+P41(z)+'yk+Pflgnk+p—1(Zﬂ.
k=1 —

The following theorem gives the distortion bounds for functions in H, (n, a)

which yields a covering results for this class.

Theorem 2.4. Let f, € H, (n,a). Then for |z| =7 <1 we have

[fa(2)] < (14 0p)rP + {o(n,p, k, @) — Qn,p, k, )by }rP ™

and
|fn<2’)| 2 (1 - bp)rp - {(b(napv kv Oé) - Q(’I’L,p, k7 a)bp}rp+1’
where
11—«
¢(n,p,k,a) = n n+17?
(%) - (G)
p+1 p+1
Qn, p, k, ) = Sk

) ()

N R R

p+1 p+1

Proof. We prove the right hand side inequality for |f,|. The proof for the

left hand inequality can be done using similar arguments. Let f, € H, (n,a). Taking

the absolute value of f,, then by Theorem 2.2, we obtain:

[fn(2)] =

oo oo
k+p—1 -1 —k4p—1
2P — g Aktp—12 el (—1)n E biyp—1Z +p
k=2 k=1

o0 o0
<rP+ E ak+p_17‘k+p71 + E bkﬂ,_lrk“’*l
k=2 k—1

73



LUMINITA-IOANA COTIRLA

=rP+ bp,,,p + Z(akerfl + bk+p71)rk+p_1
k=2

00
< rP + bprp + Z(ak+p—1 + bk+p—1)rp+1

k=2
> 1
= 1 P - @ _ _ p+1
( +bp)r —l—qb(n,p,k,oz) k§=2 d)(n,p,k,a) (a’k-‘rp 1+bk+p 1)7"

< (]- + bp)rp + ¢(napa ka a)rp+1 Z l/}(n7p7 ka a)ak—i-p—l + a(napa ka a)bk—i-p—l
k=2

< (14 by)r? + {p(n,p, k, ) — Qn, p, k, a)b, }rP L.
The following covering result follows from the left hand inequality in Theorem 2.4.

Corollary 2.1. Let f, € H, (n,a), the for |z| =r <1 we have

{w: |w| <1-=0b, —[p(n,p,k, ) — QAn,p, k, )by C fr(U)}.

Similar results was obtained in [6] by Bilal Sekel and Sevtap Siimer Eker for
the differential operator of Sélagean defined in [4].
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