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A FRICTIONLESS ELASTIC-VISCOPLASTIC CONTACT PROBLEM
WITH NORMAL COMPLIANCE, ADHESION AND DAMAGE

LAMIA CHOUCHANE AND LYNDA SELMANI

Abstract. We study a quasistatic frictionless contact problem with nor-
mal compliance, adhesion and damage for elastic-viscoplastic material. The
adhesion of the contact surfaces is modeled with a surface variable, the
bonding field, whose evolution is described by a first order differential equa-
tion. The mechanical damage of the material, caused by excessive stess or
strains, is described by a damage function whose evolution is modeled by
an inclusion of parabolic type. We provide a variational formulation of the
problem and prove the existence and uniqueness of a weak solution. The
proofs are based on time-dependent variational equalities, classical results
on elliptic and parabolic variational inequalities, differential equations and

fixed point arguments.

1. Introduction

We consider a mathematical model for a quasistatic process of frictionless
contact between an elastic-viscoplastic body and an obstacle, within the framework
of small deformation theory. The contact is modeled with normal compliance. The
effect of damage due to the mechanical stress or strain is included in the model. Such
situation is common in many engeneering applications where the forces acting on
the system very periodically leading to the appearence and growth of microcracks

which may deteriorate the mechanism of the system. Because of the safety issue
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of mechanical equipments, considerable efforts were been devoted to modeling and
numerically simulating damage.

Early models for mechanical damage derived from the termodyamical consid-
erations appeared in [9, 10], where numerical simulations were included. Mathemat-
ical analysis of one-dimensional problems can be found in [11]. In all these papers
the damage of the material is described with a damage function «, restricted to have
values between zero and one. When a = 1 there is no damage in the material, when
a = 0, the material is completely damaged, when 0 < o < 1 there is partial damage
and the system has a reduced load carrying capacity. Quasistatic contact problems
with damage have been investigated in [13, 14, 17]. In this paper, the inclusion used

for the evolution of the damage field is
a—kAa+0pg(a)d®(g,e(u),a),

where K denotes the set of admissible damage functions defined by
K={¢cH" (Q)/0<{<1ae inQ},

k is a positive coefficient, O represents the subdifferential of the indicator function
of the set K and @ is a given constitutive function which describes the sources of the
damage in the system. In the present paper we consider a rate type elastic-viscoplastic

material with constitutive relation
o =& (1) +G(o,e(u),a),

where £ is a fourth order tensor, G is a nonlinear constitutive function and « is
the damage field and the adhesion between the body and the obstacle is taken into
account during the conact. The adhesive contact between bodies, when a glue is
added to keep surfaces from relative motion, is receiving increased attention in the
mathematical literature. Analysis of models for adhesive contact can be found in
[2, 3, 4, 6, 12, 15, 20]. The novelty in all the above papers is the introduction of a
surface internal variable, the bonding field, denoted in the paper by (; it describes
the pointwise fractional density of active bonds on the contact surface, and sometimes
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referred to as the intensity of adhesion. Following [7, 8], the bonding field satisfies the
restrictions 0 < 8 < 1; when 3 = 1 at a point of the contact surface, the adhesion is
complete and all the bonds are active, when 8 = 0 all the bonds are inactive, severed,
and there is no adhesion; when 0 < § < 1 the adhesion is partial and only a fraction
( of the bonds is active. We refer the reader to the extensive bibliography on the
subject in [16,18,19].

The paper is structured as follows. In section 2 we present the notation
and some preliminaries. In section 3 we present the mechanical problem, we list the
assumptions and in section 4 we give and prove our main existence and uniqueness
result, Theorem 4.1. The proof is based on monotone operator theory, classical results

on parabolic inequalities and Banach fixed point arguments.

2. Notation and preliminaries

In this short section, we present the notation we shall use and some prelimi-
nary material. For more details, we refer the reader to [5]. We denote by Sy the space
of second order symmetric tensors on R%,( d = 2,3), while (.) and |.| represent the
inner product and the Euclidean norm on Sy and R¢, respectively. Let Q C R? be a
bounded domain with a regular boundary I' and let v denote the unit outer normal

on I'. we shall use the notation
H=L*Q)*={u=(w) /[ u € L*(Q)},
H={o=(0i) | 0 = 0ji € L*(Q)},
Hy ={u=(u;) € H / £(u) € H},
Hi={o€H / Dive e H},
where € : H; — H and Div : H; — H are the deformation and divergence operators,

respectively, defined by

e(u) = (gi5(n),  eij(u) = %(Uz‘,j +uji), Div o= (0i;).

Here and below, the indices ¢ and j run between 1 to d, the summation
convention over repeated indices is used and the index that follows a comma indicates
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a partial derivative with respect to the corresponding component of the independent
variable. The spaces H,H, H; and H; are real Hilbert spaces endowed with the

canonical inner products given by

(w,v) gy :/ w;v;dx Yu,v €H,
Q

(0,7)y = /Q 0 Tijdx Vo, cH,
(u,v)Hl =(w,v)y +(e(),e(v))y Yu,v €Hy,
(0,7)y, = (0,7)y + (Div o,Div T) Vo, €H;.
The associated norms on the spaces H,H, H; and H; are denoted by | |5, | |4,
| |g, and | |4, respectively. Let Hr = HY2(T)* and let v : H; — Hrp be the
trace map. For every element v € H; we also use the notation v to denote the trace

vv of v on I and we denote by v, and v, the normal and tangential components of

v on the boundary I" given by
VU, = V.U, V= V—U,U. (2.1)

Similarly, for a regular (say C!) tensor field o : Q — Sy, we define its normal and

tangential components by
o, = (ov) v, o, =0V —0,U, (2.2)
and we recall that the following Green’s formula holds

(6,6 (V))y + (Dive,v)y = /Fa'l/.v da Vv e H;. (2.3)

Finally, for any real Hilbert space X, we use the classical notation for the spaces
LP(0,T;X) and W*P(0,T;X), where 1 < p < +oco, and k > 1. We denote by
C (0,T;X) and C* (0,T; X) the space of continuous and continuously differentiable

functions from [0, 7] to X, respectively, with the norms

|f‘c(0,T;X) = max [f(¢)|x,

Flororan = max |F O+ max |F0)]
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respectively. Moreover, we use the dot above to indicate the derivative with respect
to the time variable and, for a real number r, we use r4 to present its positive part,
that is 7, = max {0,r}. Finally, for the convenience of the reader, we recall the

following version of the classical theorem of Cauchy-Lipschitz (see, e.g., [21, p. 60]).

Theorem 1. Assume that (X,|.|y) is a real Banach space and T > 0. Let F (¢,.) :
X — X be an operator defined a.e. on (0,T) satisfying the following conditions: 1- 3
Lp >0 such that |F (t,z) — F(t,y)|x < Lp |z —y|ly Vz,ye X, ae te(0,T). 2-
Ip > 1 such that t — F (t,x) € LP (0,T; X) Vx € X. Then for any xg € X, there

exists a unique function x € WP (0,T; X) such that

z(t)=F (t,z(t)) a.e. t€(0,T),

x (0) = xo.

Theorem 2.1 will be used in section 4 to prove the unique solvability of the
intermediate problem involving the bonding field.
Moreover, if X; and X5 are real Hilbert spaces, then X; x X5 denotes the

product Hilbert space endowed with the canonical inner product (.,.) Xy XX -

3. Problem statement

A viscoplastic body occupies the domain Q C R? with the boundary T' di-
vided into three disjoint measurable parts I'1,T's and T's such that meas (I'1) > 0.
The time interval of interest is [0, 7] where T' > 0. The body is clamped on I'; and so
the displacement field vanishes there. A volume force of density fy acts in Q x (0,7
and surface tractions of density fa act on I's x (0,7). We assume that the body is
in adhesive frictionless contact with an obstacle, the so called foundation, over the
potential contact surface I's. Moreover, the process is quasistatic, i.e. the inertial
terms are neglected in the equation of motion. We use an elasto-viscoplastic consti-
tutive law with damage to model the material’s behavior and an ordinary differential
equation to describe the evolution of the bonding field. The mechanical formulation
of the frictionless problem with normal compliance is as follows.
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Problem P. Find a displacement field u : Q x [0,T] — R?, a stress field
o : Qx[0,T] — Sq, a damage field o : Q x [0,T] — R and a bonding field 5 :
I's x [0,T] — [0, 1] such that

o=~Ee (u)+g(a7e(u),a), (3.1)
d—kAa+dpg ()39 (0,e(u),a), (3.2)
Div o +fy=01in Q x (0,T), (3.3)
u=0onT; x(0,T), (3.4)

ov =f, on Ty x (0,7), (3.5)

—0, = py (w) =7, 8% (=R (uw,)), on T3 x(0,7), (3.6)
o.=0onT3x(0,7T), (3.7)

% =0onT x(0,7), (3.8)

== B -R @), )" —e]  onTyx (0.7), (3.9)
u(0) = ug, o (0) = o9, a(0) =g in Q, (3.10)

B(0) = B, on Ts. (3.11)

The relation (3.1) represents the viscoplastic constitutive law with damage, the evo-
lution of the damage field is governed by the inclusion given by the relation (3.2),
k is a constant, Jyy denotes the subdifferential of the indicator function ¢z of K
which represents the set of admissible damage functions satisfying 0 < o <1 and ¢
is a given constitutive function which describes damage sources in the system. (3.3)
represents the equilibrium equation, (3.4) and (3.5) are the displacement and traction
boundary conditions, respectively. (3.6) represents the normal compliance contact
condition with adhesion in which v, and ¢, are given adhesion coefficients and R is

the truncation operator defined by

—L ifs<-L,
R(s)=4 s |s| <L, (3.12)
L if s> L.
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Here L > 0 is the caracteristic length of the bond, beyonding which it does not offer
any additional traction. The introduction of R is motivated by the mathematical
arguments but it is not restrictive for physical point of view, since no restriction on the
size of the parameter L is made in what follows. Also, p, is a given positive function
which will be decribed below. In this condition the interpenetrability between the
body and the foundation is allowed, that is u,, may be positive on I's. The contribution
of the adhesive to normal traction is represented by the term v, 3 (—R(u,)),, the
adhesive traction is tensile, and is proportional, with proportionality coefficient v,,
to the square of the intensity of adhesion, and to the normal displacement, but as in
various papers see e.g. [2, 3] and the references threin. Condition (3.7) represents
the frictionless contact condition and shows that the tangential stress vanishes on
the contact surface during the process. (3.8) represents a homogeneous Newmann
boundary condition where g—‘j represents the normal derivative of a. Next, equation
(3.9) represents the ordinary differential equation which describes the evolution of
the bonding field and it was already used in [2], see also [19] for more details. Here,
v, and €, are given adhesion coefficients which may depend on x € I's and R is the
truncation operator given by (3.12). Notice that in this model once debonding occurs
bonding connot be reestablished since, as it follows from (3.9), < 0. In (3.10), we
consider the initial conditions where ug is the initial displacement, o is the initial
stress and «pq is the initial damage. Finally, (3.11) is the initial condition, in which

B, denotes the initial bonding field. Let Z denote the bonding fields set
Z:{ﬁELQ(Fg) /0<3<1ae. onF3},
and for displacement field we need the closed subspace of H; defined by
V={veH|v=0onTi}.

Since meas (I'1) > 0, Korn’s inequality holds and there exists a constant Cx > 0,

that depends only on Q and I'y such that

le (W)l = Cx |vly, Vv eV
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On V we consider the inner product and the associated norm given by

(u,v) =(e(u),e (V))'H ) ‘V|V = |E (V)|'H Vu,veV.

It follows from Korn’s inequality that |.|;; and |.|;, are equivalent norms on V' and
therefore (V,|.|;,) is a real Hilbert space. Moreover, by the Sobolev trace theorem,

there exists a constant Cy, depending only on 2, I'y and I's such that

|V|L2(F3)d S CO ‘V|V \V/V (S V (313)

In the study of the mechanical problem (3.1)-(3.11), we make the following assump-

tions. The operator £ : ) x Sg — Sy satisfies

(a) € = (eijrn) / eijen € L (),
b)feo.T7T=0. A. 7 Vo, T €Sy ae. in (3.14)

(c)Eo.0>mg |a’\2 Vo €85, for some mg > 0.

The operator G : Q x Sg x Sg x R — S, satisfies

(a) There exists a constant Lg > 0 such that

G(x,01, €1,01) — G (x,02,€2,2)| < Lg (|lo1 — 02| + €1 — €2] + | — 2)
Vo, 02, €1, €2 € Sy, a1, as € R, a.e. x € Q;

(b) x +— G (x,0,€,) is a Lebesgue measurable function on 2

Vo,e € Syq, Va € R;

(¢) x— G (x,0,0,0) € H.

(3.15)
The damage function @ : 2 x Sy x Sg x R — R satisfies
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(a) There exists a constant L > 0 such that

|P(x,01, €1,01) — P (x,02,€62,02)| < L (o1 — 02| + |1 — €| + |1 — az])
Vo, 02, €1, €2 € Sy, a1, as € R, a.e. x €

(b) x — @ (x,0,¢,q) is a Lebesgue measurable function on 2

Vo,e € Syq, Va € R;

(¢) x — ®(x,0,0,0) € H.

(3.16)

The normal compliance function p, : I's x R* — R satisfies

(a) There exists L, > 0 such that

Ip, (x,71) —pu (x,72)| < L, |r; —1ro| Vri,ro € R ae. x €.

() (py (x,11) — Py (X,12)). (r; —12) >0 Vry,ro € RY ae x €T3, (3.17)
(c) r+— p, (.,r) is Lebesgue measurable on I'z, Vr € R%.

(d) The mapping p, (.,r) =0 forallr <0.

The adhesion coefficients satisfy
v, € L*®([T3), 7v,>0,e, € L™ (T3), € > 0. (3.18)
We also suppose that the body forces and surface traction have the regularity
£, C(0,T;H), £ €C(0,T;L* (). (3.19)

Finally we assume that the initial data satisfy the following conditions

u €V, og € Hy, (3.20)
ag € K, (3.21)
By € Z. (3.22)

We define the bilinear form a : H! () x H! (Q) — R by
al,9) =k / V¢ . Ve dx. (3.23)
o)
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Next, we denote f : [0,7] — V the function defined by

f(t),v)y = / fo (t) .v dx +/ > (t).v da YveV,ae te(0,T). (3.24)
Q Ty

The adhesion functional juq : L (I's) x V x V — R defined by

uaBouv) = [ =9, 6 (~R(w), v, da (3.25)
I's
In addition to the functional (3.25), we need the normal compliance functional j,.. :
V xV — R given by

Jne (0, v) = /pl, (uy) v, da. (3.26)

s
Keeping in mind (3.17)-(3.18), we observe that the integrals in (3.25) and (3.26) are

well defined and we note that conditions (3.19) imply
feC(,T;V). (3.27)
Finally we assume the following condition of compatibility
(00, (V)3 + Jad(Bg, 1o, V) + jne (ug, v) = (£(0),v),, Vv V. (3.28)

Using standard arguments based on green’s formula (2.3) we can derive the
following variational formulation of the frictionless problem with normal compliance
(3.1)-(3.11) as follows.

Problem PV. Find a displacement field u : [0,T] — V, a stress field o :
[0,T] — H a damage field o : [0,T] — H' () and a bonding field 3 : [0,T] — L*(T'3)
such that

o(t)=CEe(u(t)+G(o(t),e(u(t),alt)), ae. t€(0,T), (3.29)

a(t)e K forallt € [0,T], (a(t),& —a(t))r2q) +ala(t),§ —alt))

> (@ (0 (1) e (u(),a(t),—a(t)m Y€K, (3.30)
(U (t) € (V))H + jad(ﬂ (t) ,u (t) 7V) =+ jnc (11 (t) ,V)

=(f(t),v)y, Vv eV, Vt e [0,T], (3.31)

B =0 B (R O), ] ~a] — acte©D), (332
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u (0) =y, o (0) = 09, (0) = ap, 5(0) = By. (3.33)

We notice that the variational problem PV is formulated in terms of displacement,
stress field, damage field and bonding field. The existence of the unique solution of
problem PV is stated and proved in the next section. To this end, we consider the
following remark whose estimates will be used in different places of the paper.
Remark 1. From (3.32) we obtain that §(x,t) < By (x) , since B, (x) € Z then
B(x,t) <1 forall t >0, a.e. on Ts. If B(x,t9) =0 for all t = ty it follows from
(3.32) that B (x,t) = 0 for all t > to, therefore, 5 (x,t) =0 for all t > tg. We conclude
that 0 < B (x,t) <1Vt €[0,T], a.e. x € ['3.

In the sequel we consider that C' is a generic positive constant which depends
on ,I'1,I's, v, L and may change from place to place. First, we remark that j,q and

Jne are linear with respect to the last argument and therefore

jad(ﬂ, u, —V) = _jad(ﬂa u, V)v jnc (ll, _V) - _jnc (ll7 V) . (334)

Next, using (3.25) as well as the properties of the operator R , (3.12), we find

Jad(By, 01, V) = jaa(B2, 02, v) = /% B(=R (u2))y = (—R (u1,)),] v, da
I's

4 / vy (82— B2) (=R (un,)), v, da<C / 18, — B |v| da,

I's

and from (3.13) we obtain

jad(ﬂlaulav) _jad(62au27v) S c |51 - 62‘ L2(T3) |V|V . (335)

Now, we use (3.26) to see that

e (01, V) = jne (uz, v)| < / 1Py (1) — po (uz)| [vo] da,
I's

and therefore (3.17) (a) and (3.13) imply

line (U1, V) = Jne (U2, v)| < C' | up —ugly, |V, - (3.36)
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We use again (3.26) to see that
jnc (ula uz — 111) + jnc (u27 u; — 112) = /(pu (uly) — Dv (u21/)) (UZV - ulu) dav

s

and therefore (3.17) (b) implies
jnc (ula Uz — ul) + jnc (112, u; — u2) § O (337)

The inequalities (3.35)-(3.37) combined with equalities (3.34) will be used in various

places in the rest of the paper.

4. Well posedness of the problem

The main result in this section is the following existence and uniqueness

result.

Theorem 2. Assume that (3.14)-(3.22) and (3.28) hold. Then, problem PV has a

unique solution {u,o, 3, a} which satisfies
ueC(0,7T;V),
o €C(0,T;Hy),
Bewh>(0,T;L*(T3)),
a e Wh2(0,T; L% (2)) N L? (0,T; H' () . (4.1)

A quadruplet (u, o, 8, &) which satisfies (3.29)-(3.33) is called a weak solution
to the compliance contact problem P. We conclude that, under the stated assump-
tions, problem (3.1)-(3.11) has a unique weak solution satisfying (4.1). We turn now
to the proof of Theorem 4.1 which is carried out in several steps. To this end, we
assume in the following that (3.14)-(3.22) and (3.28) hold. Below, C' denotes a generic
positive constant which may depend on ,I'1,I'3,&,7,,, L and T but does not depend
on t nor of the rest of input data, and whose value may change from place to place.
Moreover, for the sake of simplicity, we supress, in what follows, the explicit depen-
dence of various functions on x € QUI'. The proof of Theorem 4.1 will be carried out
in several steps. In the first step we solve the differential equation in (3.32) for the
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adhesion field, where u is given, and study the continuous dependence of the adhesion
solution with respect to u.

Lemma 3. For every u €C (0, T;V), there exists a unique solution
B, € WH™(0,T; L* (I's))
satisfying

Bu®==|7 B.0) (R, ®),]"~e] ~ aete(D),

Jr

Moreover, 3, (t) € Z for t € [0,T), a.e. on T's, and there exists a constant C > 0,
such that, for all uy, ug € C (0, T;V),

t
1B, (t) — B, (t)|2LQ(F3)§O/ u () —wp ()3 ds Ve e [0,7].
0

Proof. Consider the mapping F : [0,T] x L? (I's) — L? (T'3) defined by

F(t.0)= = 180 [(CRW)),]" ~e] .

vVt € [0,T] and B € L?(T'3). It follows from the properties of the truncation op-
erator R that F' is Lipschitz continuous with respect to the second argument, uni-
formly in time. Moreover, for any 3 € L? (I's), the mapping t — F(t,3) belongs to
L (0, T, L? (Fg)). Thus, the existence and the uniqueness of the solution 3, follows
from the classical theorem of Cauchy-Lipschitz given in Theorem 2.1. Notice also
that the argument used in Remark 3.1 shows that 0 < 3, (¢) < 1 for all ¢ € [0,T],
a.e. on I's. Therefore, from the definition of the set Z, we find that 3, (t) € Z for all
t € [0, 7], which concludes the proof of the Lemma. Now let uj, ug € C (0,7; V) and
let t € [0,7T]. We have, for i = 1,2,
t
Bu =80~ [ 1 B ® (R 0D, <] s
0

and then

‘ﬁul (t) - ﬁuz (t)‘LZ(Fzz)
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2 2

t
SC’/ ds.

0
Using the definition of the truncation operator R given by (3.12) and considering

Buy = Bu, — Bu, + By, we find

Buy (8) [(R(u1n (9)1]" = Bu, (5) [(—R (u2w (5))) 4]

L2(T'3)

1By (8) = Buy (D] 21

t t
<C / |ﬁul (5) = B, (s)|L2(F3) ds +/ [ug (s) —uy (8)|L2(F3)d ds
0 0
Applying Gronwall’s inequality, it follows that

t
2
B (= By ey <€ [ () = 2 (9o s
0

and using (3.13) we obtain the second part of Lemma 4.2. O
Now we consider the following viscoplastic problem and we prove an existence
and uniqueness result for (3.29), (3.31) and (3.33) with the corresponding initial
condition.
Problem QV. Find a displacement field u : [0,T] — V, a damage field
a:[0,T] — H*(Q) and a stress field o : [0,T] — H satisfying (3.29) and

(o (t),€ (V) + Jad(By (1) ,u(t), V) + jne (u(t), V)
=(f(t),v), Vv €V, vt €10,T], (4.2)
u(0) = o, (0) = 7, (0) = a. (13)
Let (nw) € C(0,T;H x L (Q)) and let 3, (t) = ['n(s) ds + oo — Ee (up),
then ’
3, € Cc*(0,T;H),
and consider the following variational problem.
Problem QV;,. Find a displacement field u, : [0,T] — V and a stress field
o, :[0,T] — H such that

oy (1) = Ee(u, (1) + 3, (1), Vi € [0,T], (4.4)

(Un (t) )€ (V))H + jad(ﬂun (t) ; Up (t) 7V) + jnc(un (t) ,V)
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= (f(t),v), Vv eV, vt € (0,17, (4.5)
u, (0) = ug, @, (0) = . (4.6)
To solve problem QV,, we consider 8 € C(0,T;V) and we construct the following
intermediate problem.
Problem QVye. Find a displacement field u,, : [0,T] — V and a stress field
o, [0, T] — H such that

oo (1) = Ee(u,, (1)) + 30 (1), (4.7)
(ono (), e (V) +(0(t),v), =(f(t),v), Vv eV, Vt € 0,77, (4.8)
w9 (0) =g, 0 (0) = 00. (4.9)

Lemma 4. There exists a unique solution (U, o) of the problem QVy,g which sat-
isfies upg € C'(0,T;V), oy € C(0,T;Hy).
Proof. We define the operator A: V — V by

(Au,v), = (Ee(u),e(v))n, Yu, v eV. (4.10)

Using (3.14), it follows that A is a strongly monotone Lipschitz operator, thus A is
invertible and A~! : V — V is also a strongly monotone Lipschitz operator. It follows

that there exists a unique function u,e which satisfies
u € C(0,T;V), (4.11)

A uyg (t) = hyg (1), (4.12)

where h,9 € C'(0,T;V) is such that
(hyg (), v)y = (£(8),v)y =By (), € (V) = (0 (t) , V), VvV, VE€[0,T]. (4.13)

It follows from, (4.12) that u,p € C(0,T;V). Consider o, defined in (4.7), since,
3, € CY0,T;H), uy € C(0,T;V) we deduce that o, € C(0,T;H). Since Dive,p =
—fy € C(0,T; H), we further have 0,9 € C(0,T;H;). This concludes the existence
part of Lemma 4.3. The uniqueness of the solution follows from the unique solvability
of the time-dependent equation (4.12). Finally (u,9,0,9) is the unique solution of
problem Q)V,4 obtained in Lemma 4.3, which concludes the proof. ]
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Let A6 (t) denote the element of V' defined by
(AB (1), V)y = Jad(Bu,, () ;une (£) , V) +inc(une (t) ,v) Vv €V, VE € [0,T]. (4.14)

We have the following result.
Lemma 5. For each @ € C(0,T;V) the function AQ : [0,T] — V belongs to
C(0,T;V). Moreover, there exists a unique element 8* € C(0,T;V) such that
AO* =6".

Proof. Let 8 € C(0,7;V) and let ¢, t2 € [0,T]. Using (3.35), (3.36) and
(4.14) we obtain

A0 ()~ A0 ()l < € g (1)~ 1) )
(4.15)
By Lemma 4.3, uyg € C(0,T;V) and, by Lemma 4.2, ﬂune e Whee (O,T; L? (I‘g))7
then we deduce from inequality (4.15) that A@ € C(0,7;V). Let now 60,05 €
C(0,T;V) and denote u,p, = u; and ﬂwei = B,, for i = 1,2. Using again the

relations (3.35), (3.36) and (4.14) we find

By (t1) = Bu,, (2)

L2(T3)

|AG: (t) — A, (1)]}, < C (|5u1 (t) = Bu, (t)|i2([‘3) + u () — w2 (t)ﬁ/) . (4.16)

Then by Lemma 4.2, we have

t

2
}/Bul (t) - ﬁug (t)|L2(F3) < C/ |U1 (8) — Uz (s)|i2(1“3) ds,
0
and by (3.13) we get
t
2 2
B ()= By Oy <€ [ i () = wa (5] d:

0

Use the previous inequality in (4.16) to obtain

461 (6) = 402 (1} < € ([ () = we O} + [ Jwr ()~ wa ()} ds | . (17)
0

Moreover, from (4.8) it follows that

(Ee(uy) —Ee(uz),e(u1) —e(uz))y + (61 — 02,u; —uz), =0o0n (0,7). (4.18)
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Hence
lui (t) —uz ()], < C 101 (t) —02(t)|,, Vt€[0,T]. (4.19)
Now from the inequalities (4.17) and (4.19) we have
t
MOy (t) — MO ()|} < C | |61 (t) — 62 ()5, +/ 101 (s) — 02 (s)[, ds | Vit e[0,T].

0

Applying Gronwall’s inequality we obtain

|AB, (1) — MG, (1)]F < c/t 01 (s) — 02 (s)[3 ds Vt € [0,T7].
0

Reiterating this inequality n times yields

(cn)”

n n 2
A7)~ A0 gy <

2
101 = O2[c0,75v) »

which implies that for n sufficiently large a power A™ of A is a contraction in the
Hilbert space C (0,T;V). Then, there exists a unique 8* € C (0,7;V) such that
A™0* = 0" and 0™ is also the unique fixed point of A. O

Lemma 6. There exists a unique solution of problem QV;, satisfying u,, € C (0,T;V),
o, € C(0,T;Hy).

Proof. Let 8" € C (0,T;V) be the fixed point of A, Lemma 4.3 implies that
(upg+,000-) € C(0,T;V) x C(0,T;Hy) is the unique solution of QV,¢ for 6 = 6.
since A@* = 0" and from the relations (4.14), (4.7), (4.8) and (4.9), we obtain that
(uy,05) = (U=, ope+) is the unique solution of QV,,. The uniqueness of the solution
is a consequence of the uniqueness of the fixed point of the operator A given in (4.14).
O

Now for (n,w)€C(0,T; H x L? (2)), we suppose that the assumptions of The-
orem 4.1 hold and we consider the following intermediate problem for the damage
field.

Probem PV,,. Find a a damage field o, : [0,T] — H! () such that o, (t) €
K, for all t € [0,T] and

(Ao ()€ = aw (8) L2 (0 + alaw (1), € = au (1))
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> (w (t) € — ay (t))Lz(Q) VéEe€ K, ae. te (O, T) (420)
ay, (0) = ag (4.21)

Lemma 7. Problem PV, has a unique soltion oy, such that

oy € WH2(0,T; L% () N L* (0,T; H' () . (4.22)

Proof. We use (3.21), (3.23) and a classical existence and uniqueness result
on parabolic inequalities (see for instance [1 p. 124]). O
As a consequence of the problems )V, and PV,,, we may define the operator

L:C(0,T;H x L2 () — C(0,T;H x L2 (Q)) by

L(nw) = (g(an,s(un),aw),@(an,a(un),aw)), (4.23)
for all (nw) € C(0,T;H x L?(Q2)). Then we have.

Lemma 8. The operator L has a unique fixed point

(n*w*) € C(0,T;H x L? ().

Proof. Let (n,,w1), (ny,w2) € C(0,T;H x L?(Q)), let t € [0, 7] and use the
notation u,; = w;, oy = 04, 3, = 3; and a,,, = a; for i = 1,2. Taking into account
the relations (3.15), (3.16) and (4.23), we deduce that

|£(ny.w1) — C(nz,wa)lmm(g)
<C <|u1 (t) —u2 ()] + a1 (t) — a2 (t)|12(q) + o1 (1) — 02 (t)\n) : (4.24)
Using (4.5) we obtain
(€e (1) — e (uz) & (1) — € (12)) 1 = Jad(Bu,, U2, 1y — U2) = jad(By,, u1,u; — u2)

Fine(Uz, 0y — U2) — jpe(ur,u; —ug) + (32 — 31,6 (u1) — e (uz))y ae t€(0,7).
(4.25)
Keeping in mind (3.35), (3.37) and (3.14) we find

fur (1) = s )y < C (18, () = By (O] gy 131 (0 = 35 (D), (4:26)
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and

i () =z (O} < C (|8, (1) = Buy D32y + 131 (8) = 32

By Lemma 4.2, we obtain

i () —uz (Dl < C [ 131 (1) - 3 (t)|31+/ ui (s) =z (s)[5, ds

0

j/ 71 (5) — ma () ds+—}/ s (5) — s (5)[% ds).

Applying Gronwall’s inequality yields
s (1) — wa (¢ <C/\m (5)l3 ds

which implies

(1)~ ua <C/\m (5 ds.

Moreover, by (4.4) we find

lo1 (t) — o2 ()3 < C(lur () —uz )]y + 31 (1) = 32 ()| -
Substituting (4.29) in the previous inequality we obtain
o1 (1) 02 (0 <0/|m (3)lye ds.

From (4.20) we deduce that
(01,00 — oq)LQ(Q) +a(a, 0 —ai)
> (wy, a0 — O(l)LQ(Q) ae. te€ (0,7),
and
(do, a1 — ag)Lz(Q) +a(ag, a1 —ag)
> (w2, 01 — @2) 121y a-e. t € (0,T).

Adding the previous inequalities we obtain

(a1 — dg, o0 — Oéz)Lz(Q) +a( —ag, a1 —az)

< |w1 —WQ|L2(Q) |CY1 — a2|L2(Q) a.e. t € (O,T)

(t)f) -

(4.27)

(4.28)

(4.29)

(4.30)
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Integrating the previous inequality on [0, ], after some manipulations we obtain

1 t
10 (0 — s Oy <O [ 1 5) — 0 )y o ) — s (M
0

t
+C/ ot () — a2 (5)|i2(9) ds.
0
Applying Gronwall’s inequality to the previous inequality yields
t
1 () = a2 (D) < C [ on (9) = w2 (5)lngoy . (431
0
Substituting (4.29), (4.30) and (4.31) in (4.24), we obtain

|L(n1,w1) = L(M2:w2)lyyx 120

SC/meﬂ®*OuwM$man®~ (4.32)
0

Lemma 4.7 is a consequence of the result (4.32) and Banach’s fixed point Theorem.
O

Now, we have all ingredients to solve QV.

Lemma 9. There exists a unique solution (u,o,«) of problem PV satisfying u €

C(0,T;V), 0 € C(0,T;Hy), o € WH2(0,T; L (Q)) N L2 (0, T; H' () .

Proof. Let (p*w*) € L?(0,T;H x L?()) be the fixed point of £ given
by (4.24), by Lemma 4.5, we deduce that (u,,o,) = (a9, 00) € C(0,T;V) x
C(0,T;H,) is the unique solution of QV;. Since L(n*,w*) = (n*,w*), from the rela-
tions (4.4), (4.5), (4.6) and Lemma 4.6 we obtain that (u, o, ) = (Uy«p+, O+, Q)
is the unique solution of QV. The regularity of the solution follows from Lemma 4.6.
The uniqueness of the solution results from the uniqueness of the fixed point of the
operator L. g

Theorem 4.1 is now a consequence of Lemma 4.2 and Lemma 4.8.
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