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LACUNARY STRONGLY ALMOST SUMMABLE SEQUENCES

MIKAIL ET AND AYSEGÜL GÖKHAN

Abstract. The purpose of this paper is to introduce the concepts of q− la-

cunary strongly almost convergence with respect to a modulus function and

q−lacunary almost statistical convergence. We establish some connections

between q− lacunary strongly almost convergence and q− lacunary almost

statistical convergence. It is also shown that if a sequence is q−lacunary

strongly almost convergent with respect to a modulus function then it is

q−lacunary almost statistically convergent.

1. Introduction

Let w denote the set of all real sequences x = (xn) . By `∞ and c, we de-

note respectively the Banach space of bounded and the Banach space of convergent

sequences x = (xn) , both normed by ‖x‖ = supn |xn|. A linear functional L on `∞ is

said to be a Banach limit [1] if it has the properties

i) L (x) ≥ 0 if x ≥ 0 (i.e. xn ≥ 0 for all n),

ii) L (e) = 1, where e = (1, 1, . . .) ,

iii) L (Dx) = L (x) ,

where the shift operator D is defined by (Dxn) = (xn+1) .

Let B be the set of all Banach limits on `∞. A sequence x is said to be almost

convergent to a number L if L(x) = L for all L ∈ B. Lorentz [11] has shown that x

is almost convergent to L if and only if

tkm = tkm (x) =
xm + xm+1 + . . . + xm+k

k + 1
→ L as k →∞, uniformly in m.
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Let ĉ denote the set of all almost convergent sequences. Maddox [12] and

(independently) Freedman et al. [8] have defined x to be strongly almost convergent

to a number L if

1
k + 1

k∑
i=0

|xi+m − L| → 0 as k →∞, uniformly in m.

Let [ĉ] denote the set of all strongly almost convergent sequences. It is easy

to see that [ĉ] ⊂ ĉ ⊂ `∞. Das and Sahoo [5] defined the sequence space

[w (p)] =

{
x ∈ w :

1
n + 1

n∑
k=0

|tkm (x− L)|pk → 0 as n →∞, uniformly in m

}
and investigated some of its properties.

The notion of statistical convergence was introduced by Fast [7] and Schoen-

berg [24] independently. Later on it was further investigated from sequence space

point of view and linked with summability theory by Başarır [2], Fridy [9], Maddox

[15], Nuray and Savaş [18], Tripathy ([20],[21]) and Salat [23]. Recently, statistical

convergence has been studied by various authors (cf. [3], [16], [17]).

The statistical convergence is depended on the density of subsets of N, the

set of natural numbers. A subset E of N is said to have density δ (E) if

δ (E) = lim
n→∞

1
n

n∑
k=1

χE (k) exists,

where χE is the characteristic function of E.

A sequence x ∈ w is said to be statistically convergent to L if for every ε > 0,

δ ({k ∈ N : |xk − L| ≥ ε}) = 0. In this case we write stat-lim xk = L.

Let θ = (kr) be the sequence of positive integers such that k0 = 0, 0 < kr <

kr+1 and hr = kr − kr−1 →∞ as r →∞. Then θ is called a lacunary sequence. The

intervals determined by θ will be denoted by Ir = (kr−1, kr] and the ratio kr/kr−1

will be denoted by ηr.

Lacunary sequences have been studied in [4], [8], [10], [19].

We recall that a modulus f is a function from [0,∞) to [0,∞) such that

i) f(x) = 0 if and only if x = 0,

ii) f(x + y) ≤ f(x) + f(y) for x, y ≥ 0,
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iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous everywhere on [0,∞). A modulus may be

unbounded or bounded. Ruckle [22] and Maddox [13] used a modulus f to construct

some sequence spaces.

A sequence space E is said to be solid ( or normal ) if (αkxk) ∈ E whenever

(xk) ∈ E for all sequences (αk) of scalars with |αk| ≤ 1 for all k ∈ N.

2. Definitions and Preliminaries

Let f be a modulus function, p = (pk) be a sequence of positive real numbers

and X be a seminormed space over the field C of complex numbers with the seminorm

q. w(X) denotes the space of all sequences x = (xk), where xk ∈ X . We define the

following sequence spaces:

(w, θ, f, p, q) = {x ∈ w (X) : lim
r

1
hr

∑
k∈Ir

[f (q (tkm (x− L)))]pk = 0,

uniformly in m, for some L},

(w, θ, f, p, q)0 = {x ∈ w (X) : lim
r

1
hr

∑
k∈Ir

[f (q (tkm (x)))]pk = 0, uniformly in m},

(w, θ, f, p, q)∞ = {x ∈ w (X) : sup
r,m

1
hr

∑
k∈Ir

[f (q (tkm (x)))]pk < ∞}.

Throughout the paper Z denotes 0, 1 or ∞. We get the following sequence

spaces from the above sequence spaces on giving particular values to θ, f and p.

i) If pk = 1 for all k ∈ N, then we shall write (w, θ, f, q)Z instead of

(w, θ, f, p, q)Z .

If x ∈ (w, θ, f, q) we say that x is q−lacunary almost strongly convergent with

respect to the modulus function f .

ii) Taking pk = 1 for all k ∈ N and f (x) = x, we denote the above sequence

spaces by (w, θ, q)Z .

iii) In the case θ = (2r), then we shall denote the above sequence spaces by

(w, f, p, q)Z .
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Theorem 2.1 Let f be a modulus function, then (w, θ, f, p, q)0 ⊂ (w, θ, f, p, q) ⊂

(w, θ, f, p, q)∞ .

Proof. The first inclusion is obvious. We establish the second inclusion. Let x ∈

(w, θ, f, p, q) . By definition of f we have

1
hr

∑
k∈Ir

[f (q (tkm (x)))]pk =
1
hr

∑
k∈Ir

[f (q (tkm (x− L + L)))]pk

≤ C
1
hr

∑
k∈Ir

[f (q (tkm (x− L)))]pk + C
1
hr

∑
k∈Ir

[f (q (L))]pk .

There exists a positive integer KL such that q (L) ≤ KL. Hence we have

1
hr

∑
k∈Ir

[f (q (tkm (x)))]pk ≤ C
1
hr

∑
k∈Ir

[f (q (tkm (x− L)))]pk +
C

hr
[KLf(1)]H hr,

where supk pk = H and C = max(1, 2H−1). Since x ∈ (w, θ, f, p, q) , we have x ∈

(w, θ, f, p, q)∞ and this completes the proof.

The following theorem can be proved using the same technique of Theorem

2.1 of Et [6], therefore we give without proof.

Theorem 2.2 Let the sequence (pk) be bounded, then (w, θ, f, p, q)Z are linear spaces

over the set of complex numbers.

The proof of the following results are easy and thus omitted.

Theorem 2.3 Let f, f1, f2 be modulus function. For any two sequences p = (pk)

and t = (tk) of strictly positive real numbers and any two seminorms q1 , q2 we have

i) (w, θ, f1, q)Z ⊂ (w, θ, f ◦ f1, q)Z ,

ii) (w, θ, f1, p, q)Z ∩ (w, θ, f2, p, q)Z ⊂ (w, θ, f1 + f2, p, q)Z ,

iii) (w, θ, f, p, q1)Z ∩ (w, θ, f, p, q2) ⊂ (w, θ, f, p, q1 + q2) ,

iv) If q1 is stronger than q2 then (w, θ, f, p, q1)Z ⊂ (w, θ, f, p, q2)Z ,

v) If q1 equivalent to q2 then (w, θ, f, p, q1)Z = (w, θ, f, p, q2)Z ,

vi) (w, θ, f, p, q)Z ∩ (w, θ, f, t, q)Z 6= ∅.

The following result is a consequence of Theorem 2.3 (i).
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Proposition 2.4 Let f be a modulus function. Then (w, θ, q)Z ⊂ (w, θ, f, q)Z .

Theorem 2.5 Let f be a modulus function, if lim f(t)
t = β > 0, then (w, θ, q) =

(w, θ, f, q) .

Proof. By Proposition 2.4, we need only show that (w, θ, f, q) ⊂ (w, θ, q) . Let β > 0

and

x ∈ (w, θ, f, q) . Since β > 0, we have f(t) ≥ βt for all t ≥ 0. Hence we have

1
hr

∑
k∈Ir

f (q (tkm (x− L))) ≥ β

hr

∑
k∈Ir

q (tkm (x− L)) .

Therefore we have x ∈ (w, θ, q) .

Theorem 2.6 Let 0 < pk ≤ tk and
(

tk

pk

)
be bounded, then (w, θ, f, t, q)Z ⊂

(w, θ, f, p, q)Z .

Proof. If we take wkm = [f (q (tkm (x)))]tk for all k,m and using the same technique

of Theorem 5 of Maddox [14], it is easy to prove this Theorem.

Theorem 2.7 The sequence spaces (w, θ, f, p, q)0 and (w, θ, f, p, q)∞ are not solid.

Proof. We give the proof only for (w, θ, f, p, q)0. For this let pk = 1 for all k ∈ N,

θ = (2r) , f (x) = x and q (x) = |x| . Consider the sequence xk = (−1)k for all k ∈ N

and (αk) be defined as αk = (−1)k for all k ∈ N. Then (xk) ∈ (w, θ, f, p, q)0 but

(αkxk) /∈ (w, θ, f, p, q)0 . Hence (w, θ, f, p, q)0 is not solid.

Theorem 2.8 Let θ = (kr) be a lacunary sequence. If 1 < lim infr ηr ≤ lim supr

ηr < ∞ then for any modulus function f , we have (w, f, p, q)0 = (w, θ, f, p, q)0 .

Proof. Suppose lim infr ηr > 1 then there exist δ > 0 such that ηr =
(

kr

kr−1

)
≥ 1 + δ

for all r ≥ 1. Then for x ∈ (w, f, p, q)0, we write

1
hr

∑
k∈Ir

[f (q (tkm (x)))]pk =
1
hr

kr∑
k=1

[f (q (tkm (x)))]pk − 1
hr

kr−1∑
k=1

[f (q (tkm (x)))]pk
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=
kr

hr

(
k−1

r

kr∑
k=1

[f (q (tkm (x)))]pk

)
− kr−1

hr

k−1
r−1

kr−1∑
k=1

[f (q (tkm (x)))]pk

 .

Since hr = kr − kr−1, we have
kr

hr
≤ 1 + δ

δ

and
kr−1

hr
≤ 1

δ
.

The terms k−1
r

∑kr

k=1 [f (q (tkm (x)))]pk and k−1
r−1

∑kr−1
k=1 [f (q (tkm (x)))]pk both con-

verge to zero, uniformly in m and it follows that

1
hr

∑
k∈Ir

[f (q (tkm (x)))]pk → 0,

as r →∞ uniformly in m, that is, x ∈ (w, θ, f, p, q)0 .

If lim supr ηr < ∞, there exists B > 0 such that ηr < B for all r ≥ 1. Let

x ∈ (w, θ, f, p, q)0 and ε > 0 be given. Then there exits R > 0 such that for every

j ≥ R and all m

Aj =
1
hj

∑
k∈Ij

[f (q (tkm (x)))]pk < ε.

We can also find K > 0 such that Aj < K for all j = 1, 2, ... . Now let t be any

integer with kr−1 < t ≤ kr, where r > R. Then

t−1
t∑

k=1

[f (q (tkm (x)))]pk ≤ k−1
r−1

kr∑
k=1

[f (q (tkm (x)))]pk

= k−1
r−1

∑
k∈I1

[f (q (tkm (x)))]pk + k−1
r−1

∑
k∈I2

[f (q (tkm (x)))]pk +

. . . + k−1
r−1

∑
k∈Ir

[f (q (tkm (x)))]pk

=
k1

kr−1
k−1
1

∑
k∈I1

[f (q (tkm (x)))]pk +
k2 − k1

kr−1
(k2 − k1)

−1
∑
k∈I2

[f (q (tkm (x)))]pk

+... +
kR − kR−1

kr−1
(kR − kR−1)

−1
∑
k∈IR

[f (q (tkm (x)))]pk +

. . . +
kr − kr−1

kr−1
(kr − kr−1)

−1
∑
k∈Ir

[f (q (tkm (x)))]pk
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=
k1

kr−1
A1 +

k2 − k1

kr−1
A2 + . . . +

kR − kR−1

kr−1
AR +

kR+1 − kR

kr−1
AR+1 + ... +

kr − kr−1

kr−1
Ar

≤
(

sup
j≥1

Aj

)
kR

kr−1
+
(

sup
j≥R

Aj

)
kr − kR

kr−1
≤ K

kR

kr−1
+ εB.

Since kr−1 →∞ as t →∞, it follows that t−1
∑t

k=1 [f (q (tkm (x)))]pk → 0 uniformly

in m and consequently x ∈ (w, f, p, q)0 .

3. q− lacunary almost statistical convergence

In this section we give some relations between q−lacunary almost statistical

convergence and q−lacunary strongly almost convergence with respect to the modulus

functions f .

Definition 3.1 ([3]) Let θ be a lacunary sequence, then the sequence x = (xk) is said

to be q−lacunary almost statistically convergent to the number L provided that for

every ε > 0,

lim
r

1
hr

|{k ∈ Ir : q (tkm (x− L)) ≥ ε}| = 0, uniformly in m.

In this case we write [Sθ]q − limx = L or xk → L
(
[Sθ]q

)
and we define

[Sθ]q =
{

x ∈ w (X) : [Sθ]q − lim x = L, for some L
}

.

In the case θ = (2r) , we shall write [S]q instead of [Sθ]q .

Theorem 3.2 Let f be a modulus function and 0 < h = infk pk ≤ pk ≤ supk pk =

H < ∞. Then (w, θ, f, p, q) ⊂ [Sθ]q .

Proof. Let x ∈ (w, θ, f, p, q) and ε > 0 be given. Then

1
hr

∑
k∈Ir

[f (q (tkm (x− L)))]pk ≥ 1
hr

∑
k∈Ir

q(tkm(x−L))≥ε

[f (q (tkm (x− L)))]pk

35



MIKAIL ET AND AYSEGÜL GÖKHAN

≥ 1
hr

∑
k∈Ir

q(tkm(x−L))≥ε

[f (ε)]pk

≥ 1
hr

∑
k∈Ir

q(tkm(x−L))≥ε

min
(
[f (ε)]h , [f (ε)]H

)

≥ 1
hr

|{k ∈ Ir : q (tkm (x− L)) ≥ ε}| min
(
[f (ε)]h , [f (ε)]H

)
.

Hence x ∈ [Sθ]q .

Theorem 3.3 Let f be bounded and 0 < h = infk pk ≤ pk ≤ supk pk = H < ∞.

Then [Sθ]q ⊂ (w, θ, f, p, q) .

Proof. Suppose that f is bounded. Then there exists an integer K such that f (t) < K,

for all t ≥ 0. Then

1
hr

∑
k∈Ir

[f (q (tkm (x− L)))]pk =
1
hr

∑
k∈Ir

q(tkm(x−L))≥ε

[f (q (tkm (x− L)))]pk

+
1
hr

∑
k∈Ir

q(tkm(x−L))<ε

[f (q (tkm (x− L)))]pk

≤ 1
hr

∑
k∈Ir

q(tkm(x−L))≥ε

max
(
Kh,KH

)
+

1
hr

∑
k∈Ir

q(tkm(x−L))<ε

[f (ε)]pk

≤ max
(
Kh,KH

) 1
hr

|{k ∈ Ir : q (tkm (x− L)) ≥ ε}|+ max
(
[f (ε)]h , [f (ε)]H

)
.

Hence x ∈ (w, θ, f, p, q) .

Theorem 3.4 [Sθ]q = (w, θ, f, p, q) if and only if f is bounded.

Proof. Let f be bounded. By the Theorem 3.2 and Theorem 3.3, we have [Sθ]q =

(w, θ, f, p, q) .
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Conversely, suppose that f is unbounded. Then there exists a positive se-

quence (tn) with f(tn) = n2, n = 1, 2, · · · . If we choose

xk =

 tn, k = n2, n = 1, 2, . . .

0, otherwise

then we have
1
n
|{k ≤ n : |xk| ≥ ε}| ≤

√
n

n
→ 0, n →∞.

Hence xk → 0([Sθ]q) for t0m (x) = xm, θ = (2r) and q(x) = |x|, but x /∈ (w, θ, f, q) .

This contradicts to [Sθ]q = (w, θ, f, p, q) .
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