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MULTIPLE SOLUTIONS FOR A DOUBLE EIGENVALUE ELLIPTIC
PROBLEM IN DOUBLE WEIGHTED SOBOLEV SPACES

ILDIKO ILONA MEZEI

Abstract. In this paper we study a semilinear double eigenvalue problem
with nonlinear boundary conditions in an unbounded domain Q € RY.
To obtain existence and multiplicity results for this problem we use the
Mountain Pass Theorem applied to double weighted Sobolev spaces and a
recent result proved by G. Bonanno (Nonlinear Analysis, 54(2003), 651-
665) concerning critical points. This result completes some recent results

obtained in this direction.

1. Main result

Let Q C RY, (N > 3) be an unbounded domain with smooth boundary T.
For a positive measurable function v and a positive measurable function w defined in

Q, we define the weighted p-norm (1 < p < o)

lullnen = ( [ |u<x>pw<x>dx);

and denote by L7(€2; w) the space of all measurable functions u such that ||u||q 0, is

finite. The double weighted Sobolev space

WhP(Q;v9,v1)
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is defined as the space of all functions u € LP(Q;v) such that all derivatives %

belong to LP(2;v1). The corresponding norm is defined by

1
[lullp, 00,00 = </ [Vu(z)[Poi(z) + U(I)Ipvodﬂf)
Q

The Muckenhoupt class A, is defined as the set of all positive functions v in

RY, which satisfy
p—1

1(/vdx) (/vplldx) ’ <C,ifl<p<oo
QI \Ja Q

1/ =
— [ vdx < Cessinf v(z), if p=1,
QI Jo fof @)

=

for all cubes Q € R and some C' > 0.
In this paper we always assume that the weight functions vg, v1, w are defined

in §, belong to A, and are choosen such that the embeddings

Wh2(Q; vg,v1) — LP(Q;w) (1)
and the trace

Wh2(Q; v, v1) — LYT;w) (2)

are compact for 2 < p < 2N/(N —2), 2 < ¢ < 2(N —1)/(N — 2) and continuous for
2<p<2N/(N—-2),2<q<2(N—1)/(N —2) respectively. Such weight functions
there exist, see for example [4], [5]. The best embedding constants are denoted by

Cp.o and Cy r, i.e. we have the inequalities

lullp.0.w < Cpallullog,v,,  for all u e WH2(Q;00,01) (3)
lullg.rw < Corllulloge,,  for all u € WH2(Q; 00, v1) (4)
where we used the abbreviation ||u||sy,v, = [[t]|2,0.v0,v; -

For A > 0 and g € R we consider the following semilinear elliptic double
eigenvalue problem
Au = —Au+b(z)u = Af(z,u) in Q

(PAJL) ’
Ot = Apg(z,u) on T
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where b is a positive measurable function, n denotes the unit outward normal on I’
and 9,, is the outer normal derivative on I

We define a bilinear form associated with A by
(u,v)q = / (VuVu + b(x)uv)dz.
Q

A weak solution of the problem (Py ,) is a function u € W2(€;vg, v1), such

that for every v € WH2(Q;vg,v1) we have

(w0)a =X [ faula))ota)de = A [ glo, u@)o(@)dr =0,
Q r
Furthermore we consider the following assumptions:

(A) we assume that A defines a continuous bilinear form (-,-)4 on

W12(Q; vg,v1) and satisfies the ellipticity condition
(u,uyq > 2K||u|\30w1 for every u € W2 (Q; vg, v1), (5)

with some positive constant K > 0;

(F1) f:Q xR — R is a Carathéodory function with f(-,0) = 0 and
(@, )| < folz) + fu(2)|s]"~" for z € Q, s €R,

where 2 < p < and fy, f1 are positive measurable functions satis-

2N
N -2’ )
fying fo € L7 1(Qw™7), fo(x) < Crw(z) and fi(z) < Crw(z) for a.e.

x € ), with an appropiate constant C';

. f(zys) ) .
F2) lim =0, uniformly in z € Q;
(F3) lim (@.5) _ 0, uniformly in z € Q,

s=o0 fo(x)ls|?

max F(-,s) € L'(Q), for all M > 0, where
|sl<M

Fla) = [ " fw,5)ds

(F4) there exist xg € Q, sgp € R and Ry > 0 such that min F(x,s9) > 0.

|z—zo| <R

(G1) Let g : T x R — R be a a Carathéodory function with g(-,0) = 0 and

lg(z,8)| < go(x) + g1(2)|s]7!, forz €T, s€R
35



by

ILDIKO ILONA MEZEI

2N — 1)
N - 2 (17 1
tions satisfying go € LT (T;wTq), go(z) < Cyw(z) and g1(z) <

where 2 < ¢ < and gg,g1 are positive measurable func-

Cyw(z), a.e. z €T, with an appropiate constant Cy;

(G2) lim 9(z, 5) =0, uniformly in z € I}
s—0 go(x)|s]
G(z,s)
im ———
s=Fe0 go(z)]s]

‘rr|1<aj>v<[G(-,s) € LYT), for every M > 0, where G(z,5) =

/O“ g(x, s)ds.

Next, we introduce the functionals Jp, Jg, J, : W2 (Q;v9,v1) — R, defined

(G3)

= 0, uniformly for z € T,

Ju(uw) = Jr(u) + pJa(u)

and the energy functional &£y ,(u) : W12(Q;v0,v1) — R associated to (Py ), defined

by

Exl) = 5 w)a — A, (w).

The main result of this paper is the following

Theorem 1.1. We suppose that the assumption (A) is satisfied and the functions
f:OxR—>Randg:T xR — R satisfy the conditions (F1) — (F4) and (G1) — (G3)

respectively.

36

(a) Then there exists Ao > 0 such that to every A €]\, +00[ it corresponds
a nonempty open interval I C R such that for every u € I the problem
(Pa,) has at least two distinct, nontrivial weak solutions wy , and v,

with the property

EA,#(UA#) <0< 5)\_#(1))\,#).

(b) Then there exists pup > 0 such that to every p € [—po, fto] it corresponds

a nonempty open interval Iy, €]0,4o00[ and a number o, > 0 for which
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(Px,) has at least two distinct, nontrivial weak solutions: ui,“ and ui“,

with the property

max{””%\,u”’l)o,vlv ||u§\,,u||vo,vl} S O-LH

whenever A € T'y,.

2. Preliminaries

In this section we denote by p’ and ¢’ the conjugates of p respective g, i.e.

/ p

p:ﬁandq’: 4

q—1°
The following result deals with the Nemytskii operator of a Carathéodory
function h : Q@ x R — R, which is the function defined by Np(u) = h(x,u(z)). Then

we have the following result.
Lemma 2.1. Assume that the conditions (F1), (G1) are satisfied. Then the Ne-
mytskii operators Ny : LP(Q{w) — Lﬁ(Q;wﬁ), Np : LP(Q;w) — LY(Q),
Ny : LY(Tiw) — L#(F;wl%q) and Np : L9(T;w) — LY(T') are bounded and contin-
uous.
Proof. We will use the following result: for all s € (0,00) there is a constant Cs > 0
such that
(x+y)° < Cy(x® 4+ y°), for any z,y € (0,00). (6)

To prove that Ny is bounded, we choose an arbitrary set A C LP(Q; w) and
prove that Ny(A) is bounded. For this, let v € A be an arbitrary element and we
claim that Ny(u) is bounded in Lﬁ(ﬂ;wﬁ). Using the (F1) condition, the (6),
the Holder’s inequalities, we have

% / 1
1N (w)]? 4,=/ﬂﬂamwwwupﬂmS
%,Q,wl—P Q

S/ (fO(fIJ)+f1($>|u<$)|p_1)p,w(x) lipd;p S
Q

’ xp/wl' 1ip x 1:Cp/ux (p*l)p/wxﬁ "
scp(/ﬂfo() () d+/9f()\()| (x) d)g

<0y (04 [ S ur u) ™ o)) -
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p,w?

— CyC + Cp / [u(@)Pw(a)dz = CpC + Cp ¥ |ul ]
Q

where in the last inequality we used that f, € LP%I(Q; wﬁ) , S0 there exists C' >
0 such that /fo(x)ﬁw(x)ﬁdx < C. Since u € A C LP(Q;w), we have that
(][} . i ﬁnis‘ze, therefore Ny is bounded. Then the continuity follows from standard
properties of the Nemytskii operators.

In the same way we obtain for v € LP(Q; w)

/ﬂm@wmwms/Xﬁ@mmm+ﬁmmmeWx:
Q Q

=/mmmwﬁwmmmﬁM+/ﬁmmwwms
Q Q

S<Ah@WM@SMO;<AU@WM@®>AH%AW@WMMMS

a1
< OV |ullp, 0w+ Crllull} o0

therefore Nr is bounded. For the operators N, and Ng the arguments are identical,

therefore we omit the details here. O

Lemma 2.2. [5] The energy functional €y ,, is Fréchet differentiable in W2 (; vg, v1)

and its derivative is given by

(Exu(w),v) = (u,v)a — /\/Qf(m»u(m))v(x)dw - AM/FQ(HT,U(@)U(%)CZF- (7)
for every v € WH2(;v9,v1).

Remark 2.1. Due to this result, one can see, that the critical points of &, are

exactly the weak solutions of (P ).

Lemma 2.3. Suppose that the conditions (F2), (F3), (G2) and (G3) are satisfied.
Then, for every X > 0 and p € R the functional £y, is coercive and bounded from

below on W2(Q;vg,v1).

Proof. Let us fix A > 0 and p € R arbitrarily and a, b > 0 such that

AaCyC3 o + Apu[bCyC3 - < K.
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By the conditions (F2),(F3) and (G2),(G3) there exist the positive functions k, €
LY(Q;w) and ky € LY(T;w) such that

|F(x,8)| < afo(z)|s|® + ko(2)w(x), VY(z,s) € QxR
|G(x, 5)| < bgo(z)|s]® + kp(z)w(x), Y(z,s)€QxR.

Thus, for every u € WH2(Q; vg, v1) we obtain

1

Explu) = §<u,u>A—)\/QF(QU?u(x))dx—)\u/FG(x,u(w)dx) >

Y

Klulfy, = [ afol@fute)de = [ hula)u(a)ds -
Al [ bao(a)u(o)Par = Al [ kafe)ola)ar >

Kl[ul[3y,0, = AaCrl[ul[3,0,. — Allkal

Vo,V1

Y

1,Qw —

=AluloCllull3 r o = Mlpall[Ko 1,00 >

v

(K — XaCyC3 ¢ — AulbCyC3 ) 1ull%, ., —

Vo,V1
—Mlkallr.0.w = Alpll[Fl1,0,w-

Since k, € L'(Qw), ky € LY (T;w), we have that ||ka||1.0.w, ||kb||1.rw are finite.
Therefore &), is bounded from below on WLQ(Q; Vg, v1) and EA,M(U) — 00, whenever
[|1t||vy,0, — 00. Hence & ,, is coercive. O
Lemma 2.4. &, : Wh2(Q;v9,v1) — R satisfies the Palais-Smale condition on
Wh2(Q;v9,v1), for every X > 0 and p € R.
Proof. Let {u,} C WY2(Q;vg,v1) be an arbitrary Palais-Smale sequence for Exp, lee.

(a) {Ex,p(un)} is bounded;

(b) & . (un) — 0.

We have to prove that {u,} contains a strongly convergent subsequence. Since
Exu is coercive, we have that {u,} is bounded. W2(€2;vp,v1) is a reflexive Banach
space, so taking a subsequence if necessary (denoted in the same way), we get an
element u € W2(; v, v1) such that u,, — u weakly in W12(Q;vg,v1). Because the
embeddings (1) and (2) are compact for 2 < p < 2N/(N—-2),2 < ¢ < 2(N—-1)/(N-2),
we have that u, — wu strongly in L?(Q;w) and LY(T;w).
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From the condition (b) we have that ’(Ef\,u(un), ‘u7> < ¢, for every

[unllvg,vq

e > 0 and large n € N. Then
st} + A () uno)de 4 i | oo ()<
Then we have
2K [t — ull?, oy < (o — gt — ) < [ttt — ) ] + {2, 0 — 4] <
< 2el[ttn — Ul gy +
/ £ (@, u(@)) (un (@) — u(@))do| +

+A +A

f (2, un(2)) (un(x) — u(x))dx

Al \ / 9, () (i () — u(az))dr\ P \ [ ot ut) (o) - u<:c>>dr' .

Using the Holder’s inequality we get

f (@, un (@) (un(2) = u(z))de
Q

< [ [t u@ye
<</Q|f(x,un(w))p/w( _pdx> </ [un(z) = u(@)Pw(z )dx> B

1
'Y

= ([ 1P w5 ) o =l

and arguing in the same way for g, we obtain

<

(un(z) — ul@))w(z)?

1
a7

of < ([ 1ot unanl v ™5ar) = e

Since € > 0 is arbitrary, ||u, — u||po,w and ||u, — ul|q e tend to zero and

/|f(x,un(m))|p,w(x)ﬁdx, /|g(x,un(x))|q/w(3:)flqu are bounded (by Lemma
Q r

/ 02 4n (2)) (tn () —
N

2.1, using that {u,} is bounded), it follows that ||u, — u||v,, tends to zero. O

Lemma 2.5. [3, Lemma 3.2] Assume that (F4) is satisfied. Then there exist an
up € WH2(Q; v, v1) such that Jp(ug) > 0.

Let us define m = / |G(z,up(x))|dT, Ag =
()\ - )\())JF(U()) > 0.
40
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Lemma 2.6. For A > Ao and |u| €]0, u}] we have

inf £ <0.
uEWléI(IQ;UO,Ul) A’H(U)

Proof. Tt is sufficient to prove, that for A > Ao and |u| €]0, u3] we have &y ,,(uo) < 0.
Indeed,

1
Expluo) = S(uo,uo)a — AJr(uo) — Apda(uo) <
2

< AoJr(uo) — AR (uo) + Mplm =

= (Ao = A)Jp(ug) + Alulm =

AL +m)ps
A — Ao

= —(L4+m)Aux + Alplm =

— o-N) + Mulm =

= —Aux —mA(u3 — |pf) <0.

for all A > Ao and |u| €]0, 3] O

Lemma 2.7. For every A\ > Ao and p €]0,uy], the functional &, satisfies the

Mountain Pass geometry.

Proof. From the assumptions (F1), (F2), (G1) and (G2) results the existence of ¢;(¢),

¢2(€) > 0 such that, for every € > 0 we have

£ < Efof@)ls] + a1 @ AEI, for2 < p < (®)
o2, )] < 2g0(x)s] + E2(e)gr ()]s, for 2 < g < 20— L) (9)

Then integrating with respect to the second variable, from 0 to u(z), we get the
existence of ¢1(¢), ca(g) > 0 such that, for every £ > 0 we have

(10)

(e, u(@)] < fo()lu(@)? + e (€ @) ()P, for2 < p< 2o,

2(N —1)

N2 (11)

41
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Fix A > Ag and p €]0, u}[, then using the (10)and (11) inequalities for every u €

W12(Q;vg,v1) we have

Explu) = %<u7u>A — N (u) >

KJul2,,, A / Pz, u(z))|dz — Al / Gz, u(z))|dr >

= Klull3, o, = ACrllull3 0.0 — Acr(€)Crllull} g, =

Y

—AluleCyllull3p.m = Alule2(e)Cyllullg g, >

vV

(K = XeCyC3 g = AluleCyC3 p) [[ull

Vo,V1

= Aaa(©)CrCp gllull}, o, — Alplea(€)CoC pllull, o, -

Vo,V1

Using the notations A = (K — AeC;C3 o — NpleCyC3 1), B = Ae1(e)CrCh g, C =
Alple2(e)CyCy v, we get

Expu(u) = (A= Bllull73, = Cllulli 5 ull;

Vo,V1 Vo,V1 Vo,v1 "

K 1 :
We choose € € }O, 2 NC;CT T, O ) [, so A > 0. Now, let [ : R, — R be
the function defined by I(t) = A — Bt?=2 — Ct?~2. We can see, that [(0) = A > 0, so
because [ is continuous, there exists an €* > 0 such that I(¢) > 0, for every ¢ €]0,&*[.

< min{€*7 ||U0||v0,v1}, we

Then for every u € W12(Q;vg,v1), with [[ullv,.0, = €
have &£y, (u) > (A, u,e*) > 0. From Lemma 2.6 we have &, ,,(ug) < 0.

Therefore the functional &) , satisfies the Mountain Pass geometry, meaning
that &£, satisfies the conditions of the Mountain Pass Theorem (see Theorem 3.1).

O

Lemma 2.8. For every pn € Ry, we have

i sup{J,(u) : &
p—0 P
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2N
Proof. Fix arbitrarily € > 0 and p € }2, N5 [, q € }2,
-D

and (11) and the ellipticity condition (A), it follows that

% [, then from (10)

Ju(u) = Jp(u)+pJa(u) <

IN

e (CrC3a + ulCoyC3r) NJull3y v, +€1()CrCy g llull?, o, +

+ |plea()CyCgpllullfy o, <

Vo,V1 —

(u,u) 4 (u,u) A 5
< 5(Cf022,9+|ﬂ|0g022,r) oK +e1(e)CrCy oK +
¢ o (Lema)’
+ |/,I/|CQ(€) 9~q,I' 2K .

Therefore, we have

Sup{J(u) 3 (u,uba < p} <

CyC2, + |plC,C2 c1(e)CiCP, o
SE( 2,0 | | g 2,F)p+ J; ’QP§+\N|
K K3 K
Since p > 2, ¢ > 2, dividing this last inequality with p and taking the limit whenever

p — 0, we have the required equality.

Lemma 2.9. We assume that the conditions (F1)-(F3) and (G1)-(G3) are satisfied.

Then the functional J, = Jrp + pJg is sequentially weakly continuous.

Proof. We argue by contradiction. Let u,, be a sequence from W12(Q; vg,v;) weakly

convergent to some u € W12(Q;vg,v1) and d > 0 such that
| (wn) — Ju(u)] > d, forallneN.
At the same time we have
Tufu) =T < [ 1P un(a)) = P ula)lde +
+ 1l [ 16, un(@)) = Glo. (@)l

In the sequel, we will estimate the previous two integrals. For this end, first we use
the Mean Value Theorem for the function F' on the interval (u,(x),u(x)), then we
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make use of the (3), (8) and the Holder inequalities. So, there exists a 6 €]0, 1] such
that

/Q |F(I, Un(l’)) — F(I, ’U,(:E))|d1; =
- /Q If(z, (1 = O)up(z) + Ou(z))||un () — u(z)|de <

IN

¢ / Fol@) (1 = )un () + Bu()|[un () — u(z)|dz +
Q

+ o) / A@)I = 0)un (@) + 0u(@)P un(z) — u(@)]dz <

< ¢ / Fol@) ([t ()] + (@) ) tn () — ()| dz +
+é1(e) /Q F1(@) (Jun (@) P71+ Ju(@) [P un(2) — u(z)|de <
< &0y / Jun (2) — u(@)|w(z) Tw(@)? (lun (2)] + [u(z)])dz +
Q

.
'Y

+61(€)Cf/9\un(x)—U(x)lw(x)%w(x) (lun (@) P~ + Ju(2)P~) do <

2y ([ lunlo) - )Pute) )i’ ~
(/|un e dx) ([ dx>
e { [ ot - spuiers)’
(/Iu @] w ) # ([ @7 wwa )‘}']g

IN
U
)

+

< écf”un_UH2Qw(HunHZQw+||un|‘29w)+
P
+er(e)Crllun = ull ([l el ) <
< 5CfC§,nHun = Ulug,vy ([[nlvg,0r + [©]lvg,e1) +

+61(2)CrCy g Mun = ullp.w ([l By s, + ullfs,) -

Since wu,, is weakly convergent to u € W12(2;v9,v1), we can assume without loss of
generality that there exist a constant M > 0 such that
44
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unllvg,v, < M and ||un — ul|vy,v, <M, for all m € N.

Then we have

|F(z,un(z)) — Fx,u(z))| < 2éC’fCQ2’QM2 + 2&1(5)Cf05’61Mp_1||un — | p.w-
Arguing as above for the function G, we obtain

|G(z,up(z)) — G(z,u(zx))] < QéC’gC’QQ’FMQ + 262(6)CgCg’}1Mq*1||un — g, -
Therefore

d < |Jp(un) = Ju(u)| < 26M?(CC3 o + CyC3 p)+
+2¢ (5)Cfcg,?21Mp71Hun = ullp.ow + 262(5)0903}1Mq71||un = ullg,rw-

Because the embeddings (1) and (2) are compact for 2 < p < 2N/(N —2), 2 < ¢ <

2(N—-1)/(N—-2), it follows that ||u, —u||p,,w — 0 and ||u, —ul|qr,w — 0. Therefore,

if £ > 0 is sufficiently small and n € N is large enough, we have
d < [Ju(un) = Ju(u)| < d,
which is a contradiction.

3. Proof of Theorem 1.1

For the reader’s convenience we recall here the Mountain Pass Theorem used

in the proof of Theorem 1.1 (a).

Theorem 3.1. [6, Theorem 2.2] Let E be a Banach space and I € C'(E,R) a
functional, satisfying the Palais-Smale condition. Suppose 1(0) =0 and

(a) there are constants o > 0 and p > 0 such that I(u) > «, for every
lull = p;

(b) there is an e € E with |le|| > p and I(e) < 0.

Then the number

‘T ;Iellf“vergriz[ab},(l]) 1),
where
I'={g€C([0,1], E) : g(0) = 0,9(1) = e},
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18 a critical value of I, with ¢ > «.

The main tool in the proof of Theorem 1.1 (b) is the following refinement of

a B. Ricceri-type critical point theorem ([7], [8]) established by G. Bonanno in [1].

Theorem 3.2. Let X be a separable and reflexive real Banach space and let @, J :
X — R be two continuously Gdateauz differentiable functionals. Assume that there
exists xog € X such that ®(xg) = J(x9) =0 and ®(z) > 0 for every x € X, and there

exists x1 € X, p > 0 such that

(i) p < ®(x1) and sup J(x) < pJ(ml) . Further put
P(z)<p (I)(xl)
_— ¢p
p'](xl) — sup J(z)

Q(71)  Ba)<p

with ¢ > 1, assume that the functional ® — \J is sequentially weakly lower semicon-
tinuous, satisfies the Palais-Smale condition and

(i1) “ml%Ln:Lm[q)(x) — A (x)] = 400, for every X € [0,al.

Then there is an open interval A C [0,a] and a number o > 0 such that for
each A € A, the equation ®'(x) — AJ'(x) = 0 admits at least three distinct solutions

in X, having norm less than o.

Proof of Theorem 1.1 (a). Fix A > A\ and p €]0, p}[= I. From the Lemma
2.3 and Lemma 2.4 we have that the functional £, , is bounded from below and
satisfies the (PS)-condition. Then €&, , achieves its infimum, i.e. there exists an
element wuy , € W'?(Q;vg,v1) such that &y ,(ux,) = inf Expu(v) (seel6,

veEW1L:2(Q;v0,v1)
Theorem 2.7]). So &} ,(ux ) =0 and by Lemma 2.6, we have &) ,(ux,) <O0.

On the other hand, there exists an element vy , € Wh2(Q;v9,v1) such that
Euoa) = 0 and & (o) = (A p,e*) > 0 (by Lemma 2.7 and Theorem 3.1),
which completes the proof. O
Proof of Theorem 1.1 (b). Let ug € WH2(Q;vg,v1) be the function from Lemma 2.5
and fix

Jr(uo)

MO = T U (uo)|
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Then for every p € [—po, to] we have

Ju(uo) = Jr(uo) + pJg(ug) > I (uo)

—— > 0.
1+ Jg(uo)|

Now, we apply the Theorem 3.2 of Bonanno, by choosing X = W12(Q;vg, v1),

1
O(u) = §<u,u>A and J = J,, for p € [—po, po).

Taking account the lema 2.8 and the inequalities J,(ug) > 0, ®(uo) > 0, we
can choose for every p € [—po, po] a p, > 0 so small that

1

Pu < §<UO7UO>A = ®(up) (12)

sup(u(u) s < pu} _ Juuo)
Pu (I)(UQ)

Now, choosing 1 = ug, 0 =0, ( =1+ p, and

(13)

a=a, = L+ Pu
T Ju(wo)  sup{Ju(w):ii(wu)a<pu}’
<1>(U0) Pu

all the assumptions of the Theorem 3.2 are verified. Then, there is an open interval
A, C [0,a,] and a number ¢, > 0 such that for any A € A, the functional £y, =
® — \J, admits at least three distinct critical points: u} , € Wh?(Q;vg,v1), (i €
{1,2,3}), having norms less than o,,.

We can see, that w = 0 is a solution of the problem (Pj ,,). So if we are looking
for nontrivial solutions, we can affirm that (Py ,) has at least two distinct, nontrivial
solutions in W12(Q;vg,v1), having norms less than oy, concluding the proof of the
Theorem 1.1.

Remark. As an example, we consider the weight functions (see [5])

|z]|72, if = € RN\ By
vo(w) = w(z) = ;
1, ifx e B1

vi(z) = 1,Vz € RV,

where By = {x € RN : |jz]| < 1}. For these functions the embeddings
Wh2(Q;v9,1) — LP(Q;w) and WH2(Q;vg,1) «— L4(I';w) are compact, if 2 < p <
2N/(N =2),2 < q<2(N-1)/(N—2). Assuming that f and g satisfy the conditions
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(F1)-(F4), (G1)-(G3) respectively and A defines a bilinear form with (A), we can

apply the Theorem 1.1.
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