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A NEW SEQUENCE SPACE DEFINED BY A MODULUS

YAVUZ ALTIN, MAHMUT IŞIK, AND RIFAT ÇOLAK

Abstract. The idea of difference sequence spaces was introduced by

Kızmaz [8] and this concept was generalized by Et and Çolak [6]. In

this paper we define the space `(∆m, f, p, q, s) on a seminormed complex

linear space by using modulus function and we give various properties and

some inclusion relations on this space. Furthermore we study some of its

properties, solidity, symmetricity etc.

1. Introduction

Let w denote the space of all sequences, and let `∞, c and c0 be the linear

spaces of bounded, convergent and null sequences x = (xk) with complex terms,

respectively, normed by ‖x‖∞ = supk |xk| , where k ∈ N = {1, 2, 3, ...} , the set of

positive integers. Kızmaz [8] defined the sequence spaces

X(∆) = {x = (xk) : (∆xk) ∈ X}

for X = `∞, c and c0, where ∆x = (∆xk) = (xk − xk+1).

The sequence spaces `∞(∆m), c(∆m), c0(∆m) have been introduced by Et

and Çolak [6]. These sequence spaces are BK spaces (Banach coordinate spaces) with

norm

‖x‖∆ =
m∑

i=0

|xi|+ ‖∆mx‖∞ ,
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where m ∈ N,∆0x = (xk), ∆x = (xk − xk+1), ∆mx = (∆m−1xk −∆m−1xk+1), and

so

∆mxk =
m∑

v=0

(−1)v

(
m

v

)
xk+v.

The operators

∆m,
∑m : w → w

are defined by

(
∆1x

)
k

= ∆1xk = xk − xk+1,
(∑1

x
)

k
=

k−1∑
j=1

xj , (k = 0, 1, . . .) ,

∆m = ∆1 ◦∆m−1,
∑m =

∑1 ◦
∑m−1 (m ≥ 2)

and ∑m
◦∆m = ∆m ◦

∑m
= id

the identity on w (see [10]).

It is trivial that the generalized difference operator ∆m is a linear operator.

Recently, spectral properties of the difference operator were given by Malafosse [9],

Altay and Başar [1].

Subsequently difference sequence spaces have been studied by various authors:

(Çolak, Et and Malkowsky [4], Et [5], Mursaleen [8]).

The notion of a modulus function was introduced by Nakano [14] in 1953.

We recall that a modulus f is a function from [0,∞) to [0,∞) such that

i) f(x) = 0 if and only if x = 0,

ii) f(x + y) ≤ f(x) + f(y), for all x ≥ 0, y ≥ 0,

iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous on [0,∞) . A modulus may be bounded

or unbounded. For example, f (x) = xp, (0 < p ≤ 1) is unbounded and f (x) = x
1+x

is bounded. Maddox [12] and Ruckle [16] used a modulus function to construct some

sequence spaces.
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After then some sequence spaces, defined by a modulus function, were intro-

duced and studied by Bilgin [3], Pehlivan and Fisher [15], Waszak [17], Bhardwaj [2]

and many others.

Proposition 1.1. Let f be a modulus and let 0 < δ < 1. Then for each x ≥ δ we have

f (x) ≤ 2f (1) δ−1x, [15].

Let p = (pk) be a sequence of strictly positive real numbers. Let X be a

seminormed space over the field C of complex numbers with the seminorm q. We

introduce the following set of X - valued sequences

`(∆m, f, p, q, s) =

{
x = (xk) : xk ∈ X,

∞∑
k=1

k−s[f(q(∆mxk))]pk < ∞ , s ≥ 0

}

where f is a modulus. For different seminormed spaces X we get different sequence

spaces `(∆m, f, p, q, s). Throughout the paper without writing X we use the notation

`(∆m, f, p, q, s) for any but the same seminormed space X, unless otherwise indicated.

The following inequality will be used throughout this paper.

Let p = (pk) be a sequence of strictly positive real numbers with 0 < pk ≤

supk pk = H < ∞. Then for ak, bk ∈ C , we have

|ak + bk|pk ≤ C {|ak|pk + |bk|pk} , (1)

where C = max (1, 2H−1) (see for instance [11]).

The set `(∆m, f, p, q, s) is not a subset of `∞ for m ≥ 2, in case X = C or

X = R, the set of real numbers. For this let X = C, s = 0, f (x) = x, q (x) = |x|

and pk = 1 for all k ∈ N. If xk = k for all k ∈ N, then (xk) ∈ `(∆m, f, p, q, s) and

(xk) /∈ `∞.

Definition 1.2. Let X be a sequence space. Then X is called

a) Solid (or normal ) if (αkxk) ∈ X whenever (xk) ∈ X for all sequences (αk)

of scalars with |αk| ≤ 1,

b) Symmetric if (xk) ∈ X implies
(
xπ(k)

)
∈ X, where π (k) is a permutation

of N [7].
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Definition 1.3. Let p, q be seminorms on a vector space X. Then p is said to

be stronger than q if whenever (xn) is a sequence such that p(xn) → 0, then also

q(xn) → 0. If each one stronger then the other one, then p and q are said to be

equivalent [18].

Lemma 1.4. Let p and q be seminorms on a linear space X. Then p is stronger than

q if and only if there exists a constant M ≥ 0 such that q (x) ≤ Mp (x) for all x ∈ X

[18].

2. Main results

In this section we will give some results on the sequence space `(∆m, f, p, q, s),

those characterize the structure of the space `(∆m, f, p, q, s).

Theorem 2.1. The sequence space `(∆m, f, p, q, s) is a linear space over C .

Proof. Let x, y ∈ `(∆m, f, p, q, s). For λ, µ ∈ C, there exist positive integers Mλ and

Nµ such that |λ| ≤ Mλ and |µ| ≤ Nµ. Since f is subadditive, q is a seminorm and

∆m is linear
∞∑

k=1

k−s[f(q(∆m(λxk + µyk)))]pk ≤
∞∑

k=1

k−s[f(|λ| q(∆mxk)) + f(|µ| q(∆myk))]pk

≤ C (Mλ)H
∞∑

k=1

k−s[f(q(∆mxk)]pk + C (Nµ)H
∞∑

k=1

k−s[f(q(∆myk)]pk < ∞.

This proves that `(∆m, f, p, q, s) is a linear space.

Theorem 2.2. `(∆m, f, p, q, s) is a paranormed space (not totally paranormed),

paranormed by

g∆ (x) =

{ ∞∑
k=1

k−s [f (q(∆mxk))]pk

} 1
M

where H = sup pk < ∞ and M = max (1,H) .

Proof. Clearly g∆ (θ) = 0 and g∆ (x) = g∆ (−x) , where θ = (θ, θ, θ, ...) and is the

zero of X.
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It also follows from (1), Minkowski’s inequality and the definition of f that

g∆ is subadditive. Now for a complex number λ, by inequality

|λ|pk ≤ max
(
1, |λ|H

)
and the definition of modulus f, we have

g∆ (λx) =

( ∞∑
k=1

k−s [f (q (λ∆mxk))]pk

) 1
M

≤ (1 + [|λ|])
H
M .g∆ (x)

where [|λ|] denotes the integer part of λ, hence λ → 0, x → θ imply λx → θ and also

x → θ, λ fixed imply λx → θ.

Now suppose λn → 0 and x is a fixed point in ` (∆m, f, p, q, s) . Given ε > 0,

let K be such that
∞∑

k=K+1

k−s [f (q (∆mxk))]pk <
(ε

2

)M

.

Hence we have ( ∞∑
k=K+1

k−s [f (q(∆mxk))]pk

) 1
M

<
ε

2
.

Since f is continuous on [0,∞)

h (t) =
K∑

k=1

k−s [f (q((∆m (txk))))]pk

is continuous at 0. Therefore, there exists 0 < δ < 1 such that |λn| < δ implies(
K∑

k=1

k−s [f (q(λn∆mxk))]pk

)
<

ε

2
.

for n > N. Hence ( ∞∑
k=1

k−s [f (q(λn∆mxk))]pk

) 1
M

< ε

for n > N. Therefore g (λx) → 0 as λ → 0.

Theorem 2.3. Let f, f1 and f2 be modulus functions, q, q1 and q2 seminorms and

s, s1, s2 ≥ 0 real numbers.
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i) If s > 1, then ` (∆m, f1, p, q, s) ⊆ ` (∆m, f ◦ f1, p, q, s) ,

ii) ` (∆m, f1, p, q, s) ∩ ` (∆m, f2, p, q, s) ⊆ ` (∆m, f1 + f2, p, q, s) ,

iii) ` (∆m, f, p, q1, s) ∩ ` (∆m, f, p, q2, s) ⊆ ` (∆m, f, p, q1 + q2, s) ,

iv) If q1 is stronger than q2 then ` (∆m, f, p, q1, s) ⊆ ` (∆m, f, p, q2, s) ,

v) If s1 ≤ s2, then ` (∆m, f, p, q, s1) ⊆ ` (∆m, f, p, q, s2) .

Proof. i) Let xk ∈ ` (∆m, f1, p, q, s) . Let ε > 0 and choose δ with 0 < δ < 1 such that

f (t) < ε for 0 ≤ t ≤ δ. Write tk = f1(q(∆mxk)) and consider

∞∑
k=1

k−s[f(tk)]pk =
∑
1

k−s[f(tk)]pk +
∑
2

k−s[f(tk)]pk

where the first summation is over tk ≤ δ and the second over tk > δ. Since f is

continuous, we have ∑
1

k−s[f(tk)]pk < max
(
1, εH

) ∞∑
k=1

k−s (2)

and for tk > δ we use the fact that

tk <
tk
δ

< 1 +
[∣∣∣∣ tkδ

∣∣∣∣] .

By the definition of f we have for tk > δ,

f(tk) ≤ f(1)[1 +
(

tk
δ

)
] ≤ 2f(1)

tk
δ

∑
2

k−s[f(tk)]pk ≤ max

(
1,

(
2f(1)

δ

)H
) ∞∑

k=1

k−s[tk]pk < ∞. (3)

By (2) and (3) we have ` (∆m, f1, p, q, s) ⊆ ` (∆m, f ◦ f1, p, q, s) .

ii) Let x = xk ∈ ` (∆m, f1, p, q, s)∩` (∆m, f2, p, q, s) . Then using (1) it can be

shown that xk ∈ ` (∆m, f1 + f2, p, q, s). Hence ` (∆m, f1, p, q, s) ∩ ` (∆m, f2, p, q, s) ⊆

` (∆m, f1 + f2, p, q, s) .

iii) The proof of (iii) is similar to the proof of (ii) by using the inequality

k−s [f(q1 + q2) (∆mxk)]pk ≤ Ck−s [f (q1 (∆mxk))]pk + Ck−s [f (q2 (∆mxk))]pk

where C = max (1, 2H−1).

(iv) and (v) follows easily.
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We get the following sequence spaces from `(∆m, f, p, q, s) by choosing some

of the special p, f, and s :

For f (x) = x we get

`(∆m, p, q, s) =

{
x ∈ w(X) :

∞∑
k=1

k−s[q(∆mxk)]pk < ∞ , s ≥ 0

}
;

for pk = 1, for all k, we get

`(∆m, f, q, s) =

{
x ∈ w(X) :

∞∑
k=1

k−s[f (q(∆mxk))] < ∞ , s ≥ 0

}
;

for s = 0 we get

`(∆m, f, p, q) =

{
x ∈ w(X) :

∞∑
k=1

[f (q(∆mxk))]pk < ∞

}
;

for f(x) = x and s = 0 we get

`(∆m, p, q) =

{
x ∈ w(X) :

∞∑
k=1

[q(∆mxk)]pk < ∞

}
;

for pk = 1, for all k, and s = 0 we get

`(∆m, f, q) =

{
x ∈ w(X) :

∞∑
k=1

f (q(∆mxk)) < ∞

}
;

for f (x) = x, pk = 1, for all k, and s = 0 we have

`(∆m, q) =

{
x ∈ w(X) :

∞∑
k=1

q(∆mxk) < ∞

}
.

Corallary 2.4. i) If s > 1 then for any modulus f we have

`(∆m, p, q, s) ⊆ ` (∆m, f, p, q, s) ,

ii) If q1 and q2 are equivalent seminorms then

`(∆m, f, p, q1, s) = ` (∆m, f, p, q2, s) ,

iii) `(∆m, f, p, q) ⊆ ` (∆m, f, p, q, s) ,

iv) `(∆m, p, q) ⊆ ` (∆m, p, q, s) ,

v) `(∆m, f, q) ⊆ ` (∆m, f, q, s) .

Proof. i) If f1(t) = t in Theorem 2.3 (i), then the result follows easily.
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ii) It follows from Theorem 2.3 (iv).

iii) If we take s1 = 0 and s2 = s in Theorem 2.3 (vi), then we get `(∆m, f, p, q)

⊆ ` (∆m, f, p, q, s) .

iv) If we take s1 = 0, s2 = s, and f(t) = t in Theorem 2.3 (vi), then we get

`(∆m, p, q) ⊆ ` (∆m, p, q, s) .

v) If we take s1 = 0 , s2 = s, and pk = 1 for all k, in Theorem 2.3 (vi) then

`(∆m, f, q) ⊆ ` (∆m, f, q, s) .

Theorem 2.5. `(∆m−1, f, q, s) ⊂ `(∆m, f, q, s) for m ≥ 1 and the inclusion is strict.

In general `(∆i, f, q, s) ⊂ `(∆m, f, q, s) for all i = 1, 2, 3, ...,m − 1 and the inclusions

are strict.

Proof. Let x ∈ `(∆m−1, f, q, s). Then we have

∞∑
k=1

k−sf
(
q(∆m−1xk)

)
< ∞. (4)

Since (k + 1)−s < k−s ≤ 2s(k + 1)−s for all k ∈ N we get the following

inequality

k−sf
(
q(∆m−1xk+1)

)
≤ 2s(k + 1)−sf

(
q(∆m−1xk+1)

)
. (5)

(4) and (5) together imply that

∞∑
k=1

k−sf
(
q(∆m−1xk+1)

)
< ∞. (6)

Since f is increasing, f(x + y) ≤ f(x) + f(y) and q is a seminorm, from (4)

and (6) we get

∞∑
k=1

k−sf (q(∆mxk)) =
∞∑

k=1

k−sf
(
q(∆m−1xk −∆m−1xk+1)

)
≤

∞∑
k=1

k−sf
(
q(∆m−1xk)

)
+
∞∑

k=1

k−sf
(
q(∆m−1xk+1)

)
¡ ∞.

Thus `(∆m−1, f, q, s) ⊂ `(∆m, f, q, s).

In general `(∆i, f, q, s) ⊂ `(∆m, f, q, s) for i = 1, 2, 3, ...,m− 1 and the inclu-

sions are strict. For this consider the following example.
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Example 2.1. Let X = C, f(x) = x , q(x) = |x| , s = 0. Consider the sequence

(xk) =
(
km−1

)
. Then (xk) ∈ `(∆m, f, q, s) but (xk) /∈ `(∆m−1, f, q, s), since ∆mxk =

0 and ∆m−1xk = (−1)m−1 (m− 1)! for all k ∈ N.

Theorem 2.6. The sequence space ` (∆m, f, p, q, s) is not solid.

Proof. To show that the space is not solid in general, consider the following example.

Example 2.2. Let X = C, f(x) = x , q(x) = |x| , m = 2, s = 0 and pk = 1 for all

k ∈ N. Then x = (xk) = (k) ∈ ` (∆m, f, p, q, s) but αx = (αkxk) /∈ ` (∆m, f, p, q, s)

for αk = (−1)k for all k ∈ N. Hence ` (∆m, f, p, q, s) is not solid.

Theorem 2.7. i) Let 0 < tk ≤ rk < ∞ for each k ∈ N. Then

` (∆m, f, t, q) ⊆ `(∆m, f, r, q),

ii) ` (∆m, f, q) ⊆ `(∆m, f, q, s),

iii) ` (∆m, f, t, q) ⊆ `(∆m, f, t, q, s).

Proof. i) If x ∈ ` (∆m, f, t, q) then, for all sufficiently large k,

[f (q (∆mxk))]tk ≤ 1

and so

[f (q (∆mxk))]rk ≤ [f (q (∆mxk))]tk .

This completes the proof.

The proof of (ii) and (iii) is trivial.

Theorem 2.8. i) If 0 < pk ≤ 1 for each k ∈ N, then ` (∆m, f, p, q) ⊆ `(∆m, f, q),

ii) If pk ≥ 1 for all k ∈ N, then `(∆m, f, q) ⊆ ` (∆m, f, p, q) .

Proof. i) If we take pk = tk and rk = 1 for all k ∈ N, in Theorem 2.7 (i), then

` (∆m, f, p, q) ⊆ `(∆m, f, q).

ii) If we take pk = rk and tk = 1 for all k ∈ N, in Theorem 2.7 (i), then

`(∆m, f, q) ⊆ ` (∆m, f, p, q) .

Theorem 2.9. The sequence space ` (∆m, f, p, q, s) is not symmetric.
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Proof. To show that the space is not symmetric, consider the following example.

Example 2.3. Let X = C , f(x) = x, q = |x|, s = 0 and pk = 1 for all k ∈ N. Then

the sequence (xk) = (k) belongs to ` (∆m, f, p, q, s) . Let (yk) be a rearrangement of

(xk) , which is defined as follows:

yk = (x1, x2, x4, x3, x9, x5, x16, x6, x25, x7, x36, x8, x49, x10, ...)

then the sequence (yk) does not belong to ` (∆m, f, p, q, s) .
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[1] Altay, B. and Başar, F., On the spectrum of difference operator ∆ on c0 and c, Inform.

Sci. 168(1-4), (2004), 217-224.

[2] Bhardwaj, Vinod K., A generalization of a sequence space of Ruckle, Bull. Calcutta

Math. Soc., 95(5)(2003), 411-420.

[3] Bilgin, T., The sequence space `(p, f, q, s) on seminormed spaces, Bull. Calcutta Math.

Soc., 86(4)(1994), 295-304.
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