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A NEW SEQUENCE SPACE DEFINED BY A MODULUS

YAVUZ ALTIN, MAHMUT ISIK, AND RIFAT COLAK

Abstract. The idea of difference sequence spaces was introduced by
Kizmaz [8] and this concept was generalized by Et and Colak [6]. In
this paper we define the space £(A™, f,p,q,s) on a seminormed complex
linear space by using modulus function and we give various properties and
some inclusion relations on this space. Furthermore we study some of its

properties, solidity, symmetricity etc.

1. Introduction

Let w denote the space of all sequences, and let £, ¢ and ¢y be the linear
spaces of bounded, convergent and null sequences x = (zj) with complex terms,
respectively, normed by ||z||., = supy |zx|, where £ € N = {1,2,3,...}, the set of

positive integers. Kizmaz [8] defined the sequence spaces
X(A) ={z = (zx) : (Azg) € X}

for X = 4o, ¢ and ¢y, where Az = (Azy) = (T — Ti41)-

The sequence spaces £ (A™), ¢(A™), ¢o(A™) have been introduced by Et
and Colak [6]. These sequence spaces are BK spaces (Banach coordinate spaces) with
norm

m
lzlla = lwil + 1A™ 2]l ,

=0
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where m € N, A%z = (z), Az = (2 — 2p11), A™x = (A" oy, — A™ 7 L1ap 1), and

SO
The operators

are defined by
L k=1
(Alx)k:Alxk:xk—ka, (Z x)k: >y, (k=0,1,...),
j=1

A™ — Al ° Am—l7 Zm — Zl Ozm—l (m > 2)

and

Y Moam=amo Y " =id
the identity on w (see [10]).

It is trivial that the generalized difference operator A™ is a linear operator.
Recently, spectral properties of the difference operator were given by Malafosse [9],
Altay and Bagar [1].

Subsequently difference sequence spaces have been studied by various authors:
(Colak, Et and Malkowsky [4], Et [5], Mursaleen [8]).

The notion of a modulus function was introduced by Nakano [14] in 1953.
We recall that a modulus f is a function from [0, 00) to [0, 00) such that

i) f(x) =0 if and only if z = 0,

it) f(x+y) < f(x)+ fly), for all z > 0, y > 0,

i11) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous on [0,00). A modulus may be bounded
or unbounded. For example, f(z) = 2P, (0 < p < 1) is unbounded and f (z) = {75
is bounded. Maddox [12] and Ruckle [16] used a modulus function to construct some

sequence spaces.
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After then some sequence spaces, defined by a modulus function, were intro-
duced and studied by Bilgin [3], Pehlivan and Fisher [15], Waszak [17], Bhardwaj [2]

and many others.

Proposition 1.1. Let f be a modulus and let 0 < § < 1. Then for each z > § we have
f(x) <2f(1)5 1z, [15].

Let p = (px) be a sequence of strictly positive real numbers. Let X be a
seminormed space over the field C of complex numbers with the seminorm ¢q. We

introduce the following set of X - valued sequences

E(Am,f,pq,s) = {(E = (xk) 1Tk € X7 Zk_s[f(q(Amxk))]pk <0, s Z O}

k=1
where f is a modulus. For different seminormed spaces X we get different sequence
spaces £(A™, f,p,q, s). Throughout the paper without writing X we use the notation
LA™ f,p,q,s) for any but the same seminormed space X, unless otherwise indicated.
The following inequality will be used throughout this paper.
Let p = (px) be a sequence of strictly positive real numbers with 0 < py <

supy, pr = H < 0o. Then for ay, b, € C , we have
|ay, + by ["* < C {lag|™ + |bg |7}, (1)

where C' = max (1,27 1) (see for instance [11]).

The set £(A™, f,p,q,s) is not a subset of ¢, for m > 2, in case X = C or
X = R, the set of real numbers. For this let X = C, s =0, f(x) = =, ¢(z) = ||
and pp = 1 for all k € N. If 2, = k for all k € N, then (xx) € £(A™, f,p,q,s) and

(zk) & loo-

Definition 1.2. Let X be a sequence space. Then X is called

a) Solid (or normal ) if (agxy) € X whenever (z1) € X for all sequences (o)
of scalars with |a| <1,

b) Symmetric if (z) € X implies (acﬂ(k)) € X, where 7 (k) is a permutation
of N [7].
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Definition 1.3. Let p, ¢ be seminorms on a vector space X. Then p is said to
be stronger than ¢ if whenever (z,,) is a sequence such that p(z,) — 0, then also
q(xz,) — 0. If each one stronger then the other one, then p and ¢ are said to be

equivalent [18].

Lemma 1.4. Let p and ¢ be seminorms on a linear space X. Then p is stronger than
q if and only if there exists a constant M > 0 such that ¢ (z) < Mp(z) for all z € X
[18].

2. Main results

In this section we will give some results on the sequence space £(A™, f,p, q, s),

those characterize the structure of the space £(A™, f,p,q, s).

Theorem 2.1. The sequence space £(A™, f,p,q, s) is a linear space over C .
Proof. Let x,y € L(A™, f,p,q,s). For A\, u € C, there exist positive integers M, and
N, such that |A] < M, and |p| < N,,. Since f is subadditive, ¢ is a seminorm and

A™ is linear

> ETF (@A™ g + p))) 1P < Zk FON a(A™ 1)) + f(lpl g(A™ 1))
k=1
M)TS T [f(g(A™ )P+ C (N TR [f(g(A™yw) < oo
k=1 k=1

This proves that ¢(A™, f,p,q,s) is a linear space.

Theorem 2.2. ((A™, f,p,q,s) is a paranormed space (not totally paranormed),

= {Z Kl (q(Amm)J“}
k=1

where H = suppy < oo and M =max (1, H).
Proof. Clearly ga (0) = 0 and ga (z) = ga (—x), where 8 = (0,6,0,...) and is the

paranormed by

S

zero of X.
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It also follows from (1), Minkowski’s inequality and the definition of f that

ga is subadditive. Now for a complex number A, by inequality
IAIP* < max (1, |)\|H)

and the definition of modulus f, we have

L
M

ga (Aa) = (Z K1 g (AMM)}“)
k=1

(1+ A 94 (2)

IN

where [|A]] denotes the integer part of A, hence A — 0, x — 6 imply Az — 6 and also
x — 6, X fixed imply Az — 6.
Now suppose A\, — 0 and z is a fixed point in £ (A™, f,p,q,s). Given € > 0,

let K be such that
S R a@ra) < (5)
k=K+1
Hence we have

( > K [f(q(Amwkm“) <.

k=K+1
Since f is continuous on [0, 00)

K
h(t) =Yk [f (a((A™ (tzp)))]™*

k=1

is continuous at 0. Therefore, there exists 0 < 6 < 1 such that |\,| < § implies

(Z KIS (q(m%k))}”) <
k=1

DO ™

for n > N. Hence
1
e

(Z E L <q<AnAmzk>>]Pk> <e
k=1

for n > N. Therefore g (Az) — 0 as A — 0.

Theorem 2.3. Let f, fi and fo be modulus functions, ¢,q; and g seminorms and

S, 81,82 > 0 real numbers.
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i) If s > 1, then £ (A™, f1,p,q,8) CL(A™, fo f1,p,q,5),
ii) €(A™, f1,p,q,8) NL(A™, f2,p,q,5) S LA™, f1 + f2,p.4,5)
iii) £(A™, f,p, q1,8) NL(A™, f,p.q2,5) S LA™, f,p.q1 + g2, 5),
iv) If ¢; is stronger than go then ¢ (A™, f,p,q1,5) C L(A™, f,p,q2,5),
v) If 51 < s9, then £(A™, f,p,q,81) CL(A™, f,p,q,s2).
Proof. 1) Let x, € £ (A™, f1,p,¢,5). Let € > 0 and choose ¢ with 0 < § < 1 such that
f(t) <efor0<t<d. Write ty, = f1(¢(A™xy)) and consider
Zk’_s[ (tg)]P* = Zk )P + Zk_é[f(tk)]pk
k=1 2
where the first summation is over t; < 0 and the second over t; > 4. Since f is

continuous, we have

o0

Zk *[f (tx)]P* <max 1 et Zk—é 2)
) < D[+ (5)] < 2f(1 )%

%:ks (tr) Pk<max< ( ))Zk (3)

By ( ) and ( ) we haveZ(Am flap7Q7 ) Cf(Am foflap7qa3)'
ii) Let x =z € £(A™, f1,p,q,8)NL(A™, fa,p,q,s). Then using (1) it can be
shown that xx € £(A™, f1 + f2,p, ¢, s). Hence £ (A™, f1,p,q,5) NE(A™, fa,p,q,5) C

E(Am7 fl + f2)p7qa S) -
iii) The proof of (iii) is similar to the proof of (ii) by using the inequality

and for £ > 0 we use the fact that

173

'
tk<k<1+[6

0

By the definition of f we have for t; > §,

B2 [+ g2) (A™ap)™ < CE™° [f (o (A™2))]™ + CE7° [f (g2 (A" )™

where C' = max (1,2H-1),

(iv) and (v) follows easily.
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We get the following sequence spaces from £(A™, f,p, q, s) by choosing some
of the special p, f, and s :
For f(x) =« we get

NE

UA™,p,q,s) = {ar cw(X): Y k*lg(A™z)|* < o0, s> 0} ;

>
Il

1

for pi, = 1, for all k&, we get

LA™ fq,8) = {x cw(X): Zk_s[f (q(A™z))] < o0, 5 > 0} :

k=1

for s = 0 we get

LA™, f,p,q) = {x € w(X) : Y _[f (q(A™zy))]P* < o0 } ;

k=1

for f(x) =« and s = 0 we get

NE

LA™ p,q) = {1: cw(X): [q(A™x)]P* < o0 } ;

k=1

for pi, = 1, for all k, and s = 0 we get

«a™, f.q) = {:c ew(X): Y f(a(A™ar) < oo };
k=1
for f(z) =z, pr = 1, for all k, and s = 0 we have
LA™, q) = {x cw(X): iq(Amxk) < 00 } .
k=1

Corallary 2.4. i) If s > 1 then for any modulus f we have

U(A™,p,q,5) CL(A™, f,p.q,s),
ii) If ¢; and ¢o are equivalent seminorms then
A™, f,p.qu,8) = L(A™, f,p,q2,5),
iii) £(A™, f,p,q) € L(A™, f,p,q,5),
iv) {(A™,p.q) CL(A™,p,q,s),

v) LA™, f.q) SL(A™, f,q,5).
Proof. 1) If f1(t) =t in Theorem 2.3 (i), then the result follows easily.
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ii) Tt follows from Theorem 2.3 (iv).

iii) If we take s; = 0 and s3 = s in Theorem 2.3 (vi), then we get £(A™, f,p, q)
C LA™, f,p,q;5).

iv) If we take s;1 =0, s = s, and f(t) = ¢ in Theorem 2.3 (vi), then we get
U(A™,p,q) S L(A™,p,q,s).

v) If we take s;1 =0, s = s, and px = 1 for all k, in Theorem 2.3 (vi) then
LA™, f,q) CL(A™, f,q,s).

Theorem 2.5. ((A™7L, f q,5) CL(A™, f,q,s) for m > 1 and the inclusion is strict.
In general £(A% f,q,s) C U(A™, f,q,s) for all i = 1,2,3,...,m — 1 and the inclusions
are strict.

Proof. Let x € /(A™1, f,q,5). Then we have
D kT f (q(A™ ) < o (4)
k=1

Since (k+1)7° < k=° < 2°(k+ 1)7° for all £k € N we get the following

inequality
k= (@A™ apg)) < 2°(k + 1) 7 f (¢(A™ ) - (5)

(4) and (5) together imply that
Z k= f (q(A™ tap41)) < oo (6)
k=1

Since f is increasing, f(x +y) < f(x) + f(y) and ¢ is a seminorm, from (4)
and (6) we get

Zk_sf(Q(Amxk)) = Zk_sf (A" zp — AT ey y)
=1 k=1

< D ORTF (AT ) + Y kT (a(AT k) oo
k=1 k=1

Thus ((A™, f.q,5) C LA™, f.q,s).
In general £(A%, f,q,s) C L(A™, f,q,s) for i =1,2,3,...,m — 1 and the inclu-
sions are strict. For this consider the following example.
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Example 2.1. Let X =C, f(z) =z, q(z) = |z| , s = 0. Consider the sequence
(zg) = (km_l) . Then (zx) € L(A™, f,q,5) but (z1) & L(A™ L, f,q,5), since A™xy, =
0 and A™ 1z, = (1) (m — 1)! for all k € N.

Theorem 2.6. The sequence space £ (A™, f,p,q,s) is not solid.

Proof. To show that the space is not solid in general, consider the following example.

Example 2.2. Let X =C, f(z) =2, q(z) =|z| , m =2, s =0 and p; = 1 for all
k € N. Then z = (xk) - (k) € Z(Amvfapaq,s) but az = (Oékak) ¢ K(Am,f,p,q,s)
for a, = (—=1)F for all k € N. Hence £ (A™, f,p, q, ) is not solid.

Theorem 2.7. i) Let 0 < t; < r < oo for each k € N. Then
C(A™, f.t.q) C LA™, f,1q),

11) E (Ama f7 Q> g K(AHL7 f7 q, 8)7
iii) £(A™, f,t,q) C LA™, f,t,q,s).
Proof. 1) If x € £(A™, f,t,q) then, for all sufficiently large k,
[f (q(A™a)]™ <1
and so
[f (g (A™2i )™ < [f (g (A™ )] .

This completes the proof.
The proof of (i) and (iii) is trivial.

Theorem 2.8. i) If 0 < p; <1 for each k € N, then ¢ (A™, f,p,q) CL(A™, f,q),
ii) If pr, > 1 for all k € N, then £(A™, f,q) CL(A™, f,p,q).
Proof. 1) If we take py = ¢ and 7, = 1 for all k£ € N, in Theorem 2.7 (i), then

C(A™, f,p.q) CUA™, [, q).
ii) If we take py = r and t; = 1 for all k € N, in Theorem 2.7 (i), then

LA™, f,q) CLA™, f,p,q) -

Theorem 2.9. The sequence space £ (A™, f,p, g, s) is not symmetric.

11
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Proof. To show that the space is not symmetric, consider the following example.

Example 2.3. Let X =C, f(z) =z, g=|z|, s=0 and px = 1 for all k € N. Then

the sequence (zx) = (k) belongs to £ (A™, f,p,q,s). Let (yr) be a rearrangement of

(zk), which is defined as follows:

Yk = (3017952»554,$3,$9733573316,966796257557,3636,96‘8,9649,30107 )

then the sequence (yi) does not belong to £ (A™, f,p,q,s).
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