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Abstract. In this paper we are interested in a logarithmic modification of

the Jacobi weight function, i.e., we study the following moment functional

Lα,β(p) =
∫ 1

−1
p(x)(1− x)α(1 + x)β log(1− x2) dx, p ∈ P, where α, β > −1

and P is the space of all algebraic polynomials. We give the recurrence

relations for the modified moments µk = Lα,β(qk), k ∈ N0, in the cases

when qk is a sequence of monic Chebyshev polynomials of the first and sec-

ond kind. In particular, when α = β = `− 1/2, ` ∈ N0, we derive explicit

formulae for the modified moments. As an application of these modified

moments, the numerical construction of coefficients in the three-term re-

currence relation for polynomials orthogonal with respect the functional

Lα,β and the corresponding Gaussian quadratures are presented.

1. Introduction

We consider the moment functional

Lα,β(p) =
∫ 1

−1

p(x)(1− x)α(1 + x)β log(1− x2) dx, α, β > −1, (1.1)

on the space of all algebraic polynomials P. In (1.1) we recognize the Jacobi weight

function wα,β(x) = (1 − x)α(1 + x)β . Recently, in [1], there appeared an interest in

a construction of numerical methods for integration of an integral which appears in

the moment functional L±1/2,±1/2.
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In this paper we give a stable numerical procedure which can be used for

the construction of polynomials orthogonal with respect to the moment functional

Lα,β , as well as a stable numerical method for the corresponding quadrature rules for

computing the mentioned integrals (Section 3).

These procedures are enabled by finding the recurrence relations for modified

moments Lα,β(qk), k ∈ N0, with respect to the polynomial sequences qk = Tk and

qk = Uk, where Tk and Uk are the monic Chebyshev polynomials of the first and

second kind, respectively (Section 2). In the case when α = β = ` − 1/2, ` ∈ N0,

we derive explicit formulae for these modified moments. The procedure for finding

modified moments are loosely connected with an earlier work of Piessens (see [8]).

2. Modified moments

First we introduce the modified moments of the Jacobi weight function with

respect to the monic Chebyshev polynomials Tn and Un, n ∈ N0, of the first and the

second kind, respectively. We use the following notation

mα,β
n =

∫ 1

−1

wα,β(x)Tn(x) dx (2.2)

and

eα,β
n =

∫ 1

−1

wα,β(x)Un(x) dx. (2.3)

We have the following lemma.

Lemma 2.1. Modified moments of the Jacobi weight, given in (2.2) and (2.3), satisfy

the following recurrence relations

mα,β
n+1 =

β − α

n + α + β + 2
mα,β

n +
1
4

n− α− β − 2
n + α + β + 2

(1 + δn−1,0)m
α,β
n−1, n ∈ N,

and

eα,β
n+1 =

β − α

n + α + β + 2
eα,β
n +

1
4

n− α− β

n + α + β + 2
eα,β
n−1, n ∈ N.

In both cases initial conditions are the same

mα,β
0 = eα,β

0 = 2α+β+1B(1 + α, 1 + β),

mα,β
1 = eα,β

1 = 2α+β+1 β − α

α + β + 2
B(1 + α, 1 + β).
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Proof. We are going to need the following identity (see [2, p. 142])

(1− x2)T ′
k(x) = −kTk+1(x) +

k(1 + δk−1,0)
4

Tk−1(x), k ∈ N,

satisfied by the monic Chebyshev polynomials of the first kind. Here, δk,m is the

Kronecker’s delta. Integrating this identity with respect to the Jacobi weight, and

using an integration by parts, we have

−kmα,β
k+1 +

k(1 + δk−1,0)
4

mα,β
k−1 =

∫ 1

−1

(1− x2)wα,β(x)T ′
k(x)dx

= −
∫ 1

−1

(−x(α + β + 2) + β − α)wα,β(x)Tk(x)dx

= −(β − α)mα,β
k + (α + β + 2)

(
mα,β

k+1 +
1 + δk−1,0

4
mα,β

k−1

)
,

where we used the three-term recurrence relation for the monic Chebyshev polyno-

mials of the first kind

Tk+1(x) = xTk(x)− 1 + δk−1,0

4
Tk−1(x).

Similarly, for the monic Chebyshev polynomials of the second kind we have

the following identity (see [2, p. 144])

(1− x2)U ′
k(x) = −kUk+1(x) +

k + 2
4

Uk−1(x), k ∈ N.

Integrating this identity with respect to the Jacobi weight we get

−keα,β
k+1 +

k + 1
4

eα,β
k−1 =

∫ 1

−1

(1− x2)wα,β(x)U ′
k(x)dx

= −
∫ 1

−1

(−x(α + β + 2) + β − α)wα,β(x)Uk(x)dx

= −(β − α)eα,β
k + (α + β + 2)

(
eα,β
k+1 +

1
4
eα,β
k−1

)
,

where we used the three-term recurrence relation for the monic Chebyshev polyno-

mials of the second kind

Un+1(x) = xUn(x)− 1
4
Un−1(x).

Regarding the initial conditions, mα,β
0 and mα,β

1 are first two moments of the

Jacobi weight function. �
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GRADIMIR V. MILOVANOVIĆ AND ALEKSANDAR S. CVETKOVIĆ

Now, for the functional Lα,β given by (1.1), we introduce the modified mo-

ments with respect to the monic Chebyshev polynomials in the following forms

µα,β
n =

∫ 1

−1

wα,β(x) log(1− x2)Tn(x)dx, n ∈ N0, (2.4)

and

ηα,β
n =

∫ 1

−1

wα,β(x) log(1− x2)Un(x)dx, n ∈ N0, (2.5)

where Tn and Un, n ∈ N, are sequences of the monic Chebyshev polynomials of the

first and second kind, respectively.

Theorem 2.1. The sequences of the modified moments µα,β
n and ηα,β

n , n ∈ N, satisfy

the following recurrence relations

µα,β
n+1 =

β − α

n + α + β + 2
µα,β

n +
1 + δn−1,0

4
n− α− β − 2
n + α + β + 2

µα,β
n−1

− 2
n + α + β + 2

(
mα,β

n+1 +
1 + δn−1,0

4
mα,β

n−1

)
, (2.6)

µα,β
1 =

β − α

α + β + 2
µα,β

0 − 2
α + β + 2

mα,β
1

and

ηα,β
n+1 =

β − α

n + α + β + 2
ηα,β

n +
1
4

n− α− β − 2
n + α + β + 2

ηα,β
n−1

− 2
n + α + β + 2

(
eα,β
n+1 +

1
4
eα,β
n−1

)
, (2.7)

ηα,β
1 =

β − α

α + β + 2
ηα,β
0 − 2

α + β + 2
eα,β
1 .
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Proof. Using the same identities as in the proof of Lemma 2.1, we have

−kµα,β
k+1 +

k(1 + δk−1,0)
4

µα,β
k−1 =

∫ 1

−1

(1− x2)wα,β(x) log(1− x2)T ′
k(x) dx

= −
∫ 1

−1

[−x(α + β + 2) + β − α]wα,β(x) log(1− x2)Tk(x) dx

+2
∫ 1

−1

wα,β(x)xTk(x) dx

= (α + β + 2)
(

µα+β
k+1 +

1 + δk−1,0

4
µα,β

k−1

)
− (β − α)µα,β

k

+2
(

mα,β
k+1 +

1 + δk−1,0

4
mα,β

k−1

)
.

Similarly, for the monic Chebyshev polynomials of the second kind we have

−kηα,β
k+1 +

k + 2
4

ηα,β
k−1 =

∫ 1

−1

(1− x2)wα,β(x) log(1− x2)U ′
k(x) dx

= −
∫ 1

−1

[−x(α + β + 2) + β − α]wα,β(x) log(1− x2)Uk(x) dx

+2
∫ 1

−1

wα,β(x)xUk(x) dx

= (α + β + 2)
(

ηα+β
k+1 +

1
4
ηα,β

k−1

)
− (β − α)ηα,β

k + 2
(

eα,β
k+1 +

1
4
eα,β
k−1

)
,

which gives (2.7).

For the first moment and the Chebyshev polynomials of the first kind, we

have

(β−α)µα,β
0 − (α + β + 2)µα,β

1 =
∫ 1

−1

(β − α− x(α + β + 2))wα,β(x) log(1− x2)dx

=
∫ 1

−1

(wα+1,β+1(x))′ log(1− x2)dx = 2
∫ 1

−1

wα,β(x)xdx = 2mα,β
1 ,

and the proof transfers verbatim to the case of the Chebyshev polynomials of the

second kind. �
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Especially for α = β = −1/2, it was shown (see [1], [3]) that

µ−1/2,−1/2
n =

∫ 1

−1

log(1− x2)√
1− x2

Tn(x)dx =


−2π log 2, n = 0,

− π

2n−1n
, n 6= 0.

(2.8)

Actually, the explicit expressions can be given in the case α = β = `− 1/2, ` ∈ N0.

Theorem 2.2. If α = β = `− 1/2, ` ∈ N0, then

µ`−1/2,`−1/2
n =

21−n−2`

1 + δn,0

[
`−1∑
k=0

(−1)`−k

(
2`

k

) (
1 + δ2(`−k)+n,0

21−2(`−k)−n
µ
−1/2,−1/2
2(`−k)+n

+
1 + δ|2(`−k)−n|,0

21−|2(`−k)−n| µ
−1/2,−1/2
|2(`−k)−n|

)
+

(
2`

`

)
1 + δn,0

21−n
µ−1/2,−1/2

n

]
,

and if ` ∈ N we have

η`−1/2,`−1/2
n =

1
2n+2`−1

`−1∑
k=0

(−1)`+k−1

(
2`− 1

k

) (
1 + δ|n−2(`−k)+2|,0

21−|n−2(`−k)+2| µ
−1/2,−1/2
|n−2(`−k)+2|

−
1 + δn+2(`−k),0

21−n−2(`−k)
µ
−1/2,−1/2
n+2(`−k)

)
,

for n ∈ N0.

Proof. In order to prove these formulas we interpret the equation (2.8) into

the following form

µ−1/2,−1/2
n =

1
2n−2(1 + δn,0)

∫ π

0

sin2(−1/2)+1 φ log sinφ cos nφ dφ

=
1

2n−2(1 + δn,0)

∫ π

0

log sin φ cos nφ dφ,

which can be obtained from the previous using the substitution x = cos φ. With the

same substitution, we get

µ`−1/2,`−1/2
n =

22−n

1 + δn,0

∫ π

0

sin2(`−1/2)+1 φ log sin φ cos nφ dφ

=
22−n

1 + δn,0

∫ 1

−1

log sin φ cos nφ
1

22`

[
`−1∑
k=0

2
(

2n

k

)
cos νφ +

(
2n

n

)]
dφ

=
21−n−2`

1 + δn,0

[
`−1∑
k=0

(−1)`−k

(
2`

k

) (
1 + δν+n,0

21−ν−n
µ
−1/2,−1/2
ν+n

+
1 + δ|ν−n|,0

21−|ν−n| µ
−1/2,−1/2
|ν−n|

)
+

(
2`

`

)
1 + δn,0

21−n
µ−1/2,−1/2

n

]
,
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and also

η`−1/2,`−1/2
n =

1
2n−1

∫ π

0

sin2(`−1/2) φ log sinφ sin(n + 1)φ dφ

=
1

2n+2`−2

∫ π

0

log sin φ sin(n + 1)φ

[
`−1∑
k=0

(−1)`+k−1

(
2`− 1

k

)
sin(ν − 1)φ

]
dφ

=
1

2n+2`−1

`−1∑
k=0

(−1)`+k−1

(
2`− 1

k

) (
1 + δ|n−ν+2|,0

21−|n−ν+2| µ
−1/2,−1/2
|n−ν+2|

− 1 + δn+ν,0

21−n−ν
µ
−1/2,−1/2
n+ν

)
,

where ν = 2(`− k). In the previous derivations we used identities

2n−1(1 + δn,0)Tn(cos φ) = cos nφ, 2nUn(cos φ) =
sin(n + 1)φ

sinφ
, n ∈ N0

(see [2, pp. 140-145]). �

3. Numerical construction

The monic polynomials πk(x), k ∈ N0, orthogonal with respect to the func-

tional Lα,β given by (1.1), satisfy the three-term recurrence relation

πk+1(x) = (x− αk)πk(x)− βkπk−1(x), k = 0, 1, . . . , (3.9)

π0(x) = 1, π−1(x) = 0,

with αk ∈ R and βk > 0. Let µk = Lα,β(xk), k ∈ N0, be the corresponding moments.

The first 2n moments µ0, µ1, . . . , µ2n−1 uniquely determine the first n recurrence

coefficients αk = αk(Lα,β) and βk = βk(Lα,β), k = 0, 1, . . . , n− 1, in (3.9). However,

the corresponding map

[µ0 µ1 µ2 . . . µ2n−1]T 7→ [α0 β0 α1 β1 . . . αn−1 βn−1]T

is severely ill-conditioned when n is large. Namely, this map is very sensitive with

respect to small perturbations in moment information (the first 2n moments). An

analysis of such maps in details can be found in the recent book of Gautschi [4,

Chapter 2].
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For the numerical construction of the coefficients αk and βk in (3.9), for

k ≤ n−1, we use the modified Chebyshev algorithm (see [6], [2, pp. 112-115], [4, pp. 76-

78]). In fact, it is a generalization from ordinary to modified moments of an algorithm

due to Chebyshev. Thus, instead of ordinary moments µk, k = 0, 1, . . . , 2n−1, we use

the so-called modified moments Mk = Lα,β(qk), where {qk(x)}k∈N0 (deg qk(x) = k)

is a given system of polynomials chosen to be close in some sense to the desired

orthogonal polynomials {πk}k∈N0 . Then, the corresponding map

[M0 M1 M2 . . . M2n−1]T 7→ [α0 β0 α1 β1 . . . αn−1 βn−1]T,

can become remarkably well-conditioned, especially for measures supported on a finite

interval as is our case.

We suppose that the polynomials qk are also monic and satisfy a three-term

recurrence relation

qk+1(x) = (x− ak)qk(x)− bkqk−1(x), k = 0, 1, . . . ,

where q−1(x) = 0 and q0(x) = 1, with given coefficients an ∈ R and bk ≥ 0. In the

case ak = bk = 0, we have the monomials qk(x) = xk, and mk reduce to the ordinary

moments µk (k ∈ N0).

Following Gautschi [4, pp. 76-78], we introduce the “mixed moments”

σk,i = Lα,β(πk(x)qi(x)), k, i ≥ −1. (3.10)

Here, σ0,i = Mi, σ−1,i = 0 and, because of orthogonality, σk,i = 0 for k > i. Also, we

take σ0,0 = M0 =: β0.

Starting with

α0 = a0 +
M1

M0
, β0 = M0,

the mixed moments (3.10) and the recursive coefficients αk and βk can be generated,

for k = 1, . . . , n− 1, by

σk,i = σk−1,i+1 − (αk−1 − ai)σk−1,i − βk−1σk−2,i + biσk−1,i−1, i = k, . . . , 2n− k− 1,

and

αk = ak +
σk,k+1

σk,k
− σk−1,k

σk−1,k−1
, βk =

σk,k

σk−1,k−1
.
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Using Theorem 2.1 and Lemma 2.1, we calculate the modified moments of

the functionals Lα,β . Using an implementation of the modified Chebyshev algorithm

given in [7] we can construct the three-term recurrence coefficients of the monic poly-

nomials πk orthogonal with respect to Lα,β . In Table 3.1 we present the coefficients

βk for k ≤ 39 for polynomials orthogonal with respect the functionals L−1/2,−1/2 (sec-

ond column) and L1/2,1/2 (third column). Numbers in parenthesis indicate decimal

exponents. Note that αk = 0, k ∈ N0, due to the symmetry of the weights. Also,

we give the coefficients αk and βk, k ≤ 39 (columns four and five in the same table),

for polynomials orthogonal with respect to the linear functional L1/2,−1/2. For the

computation of the integral µα,β
0 which is needed to start the computation according

to recurrence relations given in Theorem 2.1, we refer to [5].

We report that computations are completely numerically stable, i.e., using

this algorithm the precision of results are practically the same as the precision of the

input data.

Finally, we are in the position to give an example. We consider the compu-

tation of the integral

I =
∫ 1

−1

√
1− x

1 + x

4
1 + 4x2

log(1− x2) dx (3.11)

= −4.15464458276047008962153413668307918164 . . . .

The construction of Gaussian quadrature rules for the linear functional L1/2,−1/2 can

be performed numerically stable using Q-algorithm (see [9]) with three-term recur-

rence coefficients given in Table 3.1. Table 3.2 holds relative errors of the application

of Gaussian quadrature rules with 10, 20, 30 and 40 points, as we inspect the conver-

gence is evident.

n 10 20 30 40

rel. err. 1(−5) 5(−10) 3(−14) m.p.
Table 3.2. Relative error in the computation of the integral (3.11),

using Gaussian quadrature rules with n nodes

152



LOGARITHMIC MODIFICATION OF THE JACOBI WEIGHT FUNCTION

Acknowledgements. The authors were supported in part by the Serbian

Ministry of Science (Project #144004G).

References

[1] Monegato, G., Strozzi, A., The numerical evaluation of two integral transforms, J. Com-

put. Appl. Math. (2006), doi: 10.1016/j.cam.2006.11.009

[2] Milovanović, G.V., Numerical Analysis, Part I, Naučna knjiga, Beograd 1991.
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