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TWO EXISTENCE RESULTS FOR VARIATIONAL INEQUALITIES

D. INOAN and J. KOLUMBAN

Dedicated to Professor Stefan Cobzas at his GOth annwersary

Abstract. In this paper we prove the existence of solutions for some varia-
tional inequalities, governed by two-variables set-valued mappings, in both

stationary and evolution cases.

1. Introduction

Operators with two variables, having monotonicity properties with respect
to one of the variables and continuity properties with respect to the other one, have
been studied since more than 40 years (see [6], [13]). Such kind of operators appear
in the theory of nonlinear elliptic operators in divergence form, which are monotone
only in the highest order terms, and satisfy a compactness condition for the lower
order terms (see [14]).

Existence results for variational inequalities governed by such operators were
established in papers like [3], [5].

In this paper we continue some ideas from [5] for a more general class of
variational problems, which includes, as a particular case, hemivariational inequalities.

The mathematical theory of hemivariational inequalities was introduced by
P.D. Panagiatopoulos (see [11]) and studied by many authors (see for instance [9],
[10]).

The main result of this paper is stated in Section 2 (Theorem 5). It gives

sufficient conditions for the existence of solutions for a variational inequality governed
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by set-valued mappings of two variables, using the classical Ky Fan intersection the-
orem. Then, in Section 3, we use this result to study a class of evolution variational
inequalities.

The same method that we applied can be used, when ® = 0, to prove a similar
result, where (H1) is replaced by a condition of Karamardian pseudomontonicity (see
5).

If A is a mapping of one variable, Brézis pseudomonotone, similar results on

evolution hemivariational inequalities were established in [7] and [8].

2. An existence result for a stationary variational inequality

In what follows, V' is a real Banach space, V* is its dual and (-, -) is the usual
duality pairing.

Let C' C V be a nonempty, closed, convex set and let A: C' x C — 2¥" be a
set-valued mapping. Let @ : C x V — RU {400} be a weakly upper semi-continuous
function, sublinear in the second variable. We suppose that for each u € C and for
each v € To(u) +u we have (u,v —u) € D(®), where by Te(u) we denote the tangent
cone of C' at w.

Consider the following variational problem:

(VI) Find uw € C such that sup (v—wu,f)+ ®(u,v—u) >0, VveC.
feEA(u,u)

In what follows the set-valued mapping A will have the following properties:
(H1) sup (u—w,f)+ ®(v,u—v) >0 implies that
feA(v,v)
sup (u—w, f)+ ®(v,u —v) >0, for each u,v € C,
feA(uw)
(H2) For each v € C, A(-,v) : C — 2V is upper semi-continuous from the line

segments of C' to V*,

(H3) For each u € C, A(u,-) : C — 2V is weakly upper semi-continuous (from V
with the weak topology, to V* with the norm topology),

(H4) A(u,v) is compact, for each u,v € C.

Remark 1. The hypothesis (H1) is true, for example, when it takes place
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(H1’) sup (u—w,f)> sup {(u—wv,f), for each u,v € C,
feA(u,v) feA(v,v)

in particular, when A is monotone with respect to the first variable, as it was consid-
ered in [3].
Remark 2. Several particular cases of (VI) are:

I) Suppose V is a reflexive Banach space, densely and compactly embedded
into a separable Hilbert space H (then V. C H C V* is an evolution triple). Let
J : H — R be a locally Lipschitz function, and by J°(u;v) denote the generalized

Clarke derivative of J, at the point u, in the direction v:

J%(u;v) = limsup J(w+ev) - J(w).
I £
It is well known (see [4]) that JO(-;+) is sublinear in the second variable and globally
upper semi-continuous. This means we can take ® = J|?/.

II) Consider the same evolution triple as above. Let S be a bounded and open
subset of RN, let T : H — L?(2,R*) be a linear and continuous operator, and let
j: QxRF = R be a Caratheodory function, locally Lipschitz with respect to the second
variable. Denote by j°(x,y)(h) the partial generalized Clarke derivative,

y / th o /
Pley)h) = tmsup 20Y TR 2 V),
y'—y,t—0% t

Suppose that there exist hy € L?(Q) and hy € L>(Q) such that

Iz]] < hi(x) + ho(2)||yll , a.e. x € Q, forally € Rk, 2 € 0j(x,y), where

0j(z,y) = {2 € R",(2,h) < j°(z.y)(h), Yh € R"}.

It is proved in [12], that the mapping
(u,w) €V xV > / 3%, Tu(z))(Tw(x))dz is weakly upper semi-continuous.
Q

Then we can take ®(u,w) = / 3%z, Tu(z)) (Tw(z))dz.
III) An example of a s(z'zngle—valued mapping that satisfies (H1’), (H2)-(H4) is
the following (see [14]): A : HE(Q) — (HL(2))*, defined by
(Afu,0),w) = [ G v(a), Vula) Vo@)ds + [ gola,o(o), Vola)u(o)dz,
Q Q
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where Q0 is a bounded domain in RN and the functions g;i + 2 xR x RY — R,
G = (g1,--.,9n) have the properties:
(P1) gj(x,n,&) is measurable in & € Q and continuous in (n,£) € R x RN, for
7=0,...,N,
(P2) |gj(x,n,&)| < c(k(z) + |n| + ||£]]), with k € L?(Q), a.e. z € Q, for every n € R,
§ERY,

N
(P3) Z(gj(x,n,g)—gj(x,n,é))(ﬁj—gj) >0, a.e. © €, foreveryn € R, £ # € € RV,

=1
We formulate also a coercivity condition:

(H5) There exists K C C, weakly compact, and ug € C such that
sup (up —u, f) + ®(u,ug —u) <0,
feA(u,u)
for each u € C'\ K.
In the study of existence of a solution for the problem (VI), the following

lemmas will be needed.

Lemma 3. (marginal function lemma)[l] Let X and Y be two topological spaces,
G : X — 2YV a set-valued mapping and g : X x Y — R. Denote h : X — R,
h(z) = sup g(z,y) the marginal function. If the following conditions
y?;(wg) s u.s.c. on X XY,

(b) G(xg) is compact for some xg € X,

(c) G is u.s.c. at xo,
are satisfied, then h is u.s.c. at .
Lemma 4. [KyFan](see [2]) Let X be a topological vector space, H a subset of X and
F: H — 2% a set-valued mapping with F(x) closed for every x € H, such that:

(a) F(xo) is compact for some xg € H,

n
(b) for every x1,xa,...,x, € H, co{z1,29,...,2,} C UF(xz)
i=1

Then m F(z) #0.
zeX
Theorem 5. In the hypotheses (H1)-(H5), the problem (VI) has at least one solution.

Proof. Following the idea from [5], we divide the proof in several steps:
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a) For each w € C' we denote:

Aj(w)={uelC| sup (w—u,f)+®(u,w—u)>0}
feEA(u,u)

It is obvious that ﬂ A;(w) is the set of solutions of the problem (VI).

wel
We verify the conditions of Ky Fan’s Lemma for F(w) = w-clA;(w) (the

weak closure). Consider ug € C, the element from the coercivity condition (H5). This
condition implies that A;(up) C K. But K is weakly compact and so w-clA;(ug) is
also weakly compact.

b) Let wy,...,w, € C.

n n
We want to prove that co{ws,...,w,} C U Aj(w;) C U w-clA; (w;).
i=1 i=1
Suppose that this is not true, that is there exist Ai,..., A, > 0, with
n

Z;:l Aj = 1 such that @ = Z)\jwj ¢ Ai(w;), for every i = 1,n, which implies
j=1

for each f € A(w,w) and i = 1,n.
For a fixed f € A(w,w), we have, using the previous inequality and the

sublinearity of ®,
0 <(w—w, f) + ®(w, w — )
<ZAwJ ZAwar(I) Z)\wj Z)\w
J=1 Jj=1

< Aj(w; —w, f) + X\ ® (w0, w; —w) <0,

M s

Il
-

J

n

which is a contradiction. This gives us that co{ws,...,w,} C U w-clA; (w;). We
i=1

obtain, by Lemma 4,

ﬂ w-clAp (w) # 0. (1)

wel
¢) Denote, for w € C

Ay(w)={ue K| sup {(w—u,f)+®(u;w—u)>0}
feA(w,u)
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We will prove that

weC wel

Let u € C, u € As(w), for every w € C. Fix v € C and consider v; = tv+(1—t)u € C,
for each ¢ € [0,1]. From u € As(v;) we get:
sup (v —u, f) + ®(u, vy —u) >0, Vte[0,1]
fGA(vt,u)
and further, using the fact that ®(u,-) is positively homogeneous and dividing by ¢

sup (v—u, f)+P(u,v—u) >0, Vte(0,1]. (3)
fEA(vy,u)

Define G : [0,1] — 2V, G(t) = A(vs,u). According to (H2), this is upper semi-
continuous and according to (H4), G(0) = A(u, u) is compact. The mapping (f,v) €
V* XV — (v—u,f) is continuous for V with the weak topology and V* with the
norm topology. Applying Lemma 3 we have that h(t) = sup (v — u, f) is upper

FEG(?)
semi-continuous at 0, that is

limsup sup (v—u,f)< sup (v—u,f).
t—0  feA(ve,u) feA(u,u)

From this and from (3) it follows that w is a solution for (VI), that is

ue [ Ar(w).

wel

d) At the final step we prove that

[ w-cldi(w) € (1) Az(w). (4)

wel wel

From step (a) we have that ﬂ w-cld; (w) C K.

weC
Let u € C, arbitrarily fixed and let v € w-clA;(u). We will prove that

v € Az(u). From v € w-clA;(u), there exists a net {v;} in A;(u) such that v; — v.
The fact that v; € A;(u) means that
sup <U—Uj,f>+q)(11j,u—vj)20,Vje],
fEA(vj,v;)
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and using hypothesis (H1),

sup (u—vj, f) +@(vj,u—v;) >0, Vjel,
fEA(u,v;)
In order to use Lemma 3 we notice that the mapping (f,z) € V* x V= (u — z, f) is
continuous, A(u, ) is weakly upper semi-continuous and A(u,v) is compact. It follows
that h(z) = sup (u— z, f) is weakly upper semi-continuous at v, that implies

feA(u,z)

limsup sup (u—wv;, f) < sup (u—wo,f).
vi v fEA(u,v;) FeA(u,v)

On the other side, limsup ®(v;,u — v;) < ®(v,u — v). Further on, we have
v

v
0 <limsup{ sup (u—wj;, )+ ®(v;,u—v;)}
vi—v fEA(u,v;)

<limsup sup (u—wj,f)+limsup ®(v;,u — v;)

vi—v  feA(u,v;) v —v
< sup (u—w, f)+(v,u—v),
feA(u,w)
which means that v € Ay(u), for every u € C. This proves (4). From (2), (1) and (4)

we get ﬂ A1 (w) # 0, which concludes the proof.
weC

Remark 6. (see [5]) If in addition to the previous hypotheses, A(u,u) is a convex

set, then w is also a solution of the following problem:
Findu e C and f € A(u,u) such that (v —u, f) + ®(u,v —u) >0, Vv e C.

Remark 7. From step (d) of the proof, it is clear that hypothesis (H1) can be re-
placed with the supposition that the ”diagonal” mapping A(-,-) is weakly upper semi-
continuous (from V with the weak topology to V* with the norm topology).

Remark 8. A similar result can be obtained, for variational inequalities, by consid-
ering C CV*, A: C x C — V, where V* is equipped with the weak* topology and V
with the norm topology (see [5]).
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3. An evolution variational inequality

Consider the following evolution variational inequality:

(EVI) weC (v—u,Luy+ sup (v—u,f)+P(u,v—u)>0, VoveCl,
feA(u,u)

where C' C V' is nonempty, convex, closed,

A:V xV — 2V satisfies the hypotheses (H1’), (H2)-(H4) and L : D(L) C
V — V* is a closed densely linear maximal monotone operator.

It is known that, in these conditions, W = D(L), endowed with the graph

norm ||ullw = ||ullv + || Lu||y+, is a reflexive Banach space. Denote C' = C'N D(L); it

is a convex, closed, nonempty set.
Hypothesis (H5) will be replaced by
(H5’) There exists K C C, weak compact, and uy € C such that
(uop —u, Lu) + sup (up —u, f) + ®(u,up —u) <0,
feEA(u,u)

for each u € C'\ K.

Theorem 9. In the hypotheses (H1’), (H2)-(H}) and (H5’), the problem (EVI) has

at least one solution.

Proof. We have that W is densely embedded in V. Denoting ¢ : W — V the
natural embedding of W in V and i* : V* — W* its adjoint, we define the operator
B:CxC —2"" by

B(u,v) = L(u) + A(u,v), Y u,v € C,

where L : W — W*, L =i* o L o, that is

(v, L(w))wxw+ = (v, " (L)) wxw+ = (iv, L(iu))yxv+, VY u,v € W.

The same, f € A(u,v) means that f = ¢*f, with f € A(iu,iv) C V*, that is
(w, ww= = (w,#* flwxw= = (iw, flvv-.
With these notations, problem (EVI) can be written:
ue C =CnND(L)such that  sup (v —u,g) + @ (u,v —u) >0, Vv e C
g€ B(u,u)
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We will prove that the operator B defined above satisfies the hypotheses (H1’)-(H4),
in the space W with the weak topology and W* with the norm topology.

(H1’) Let u,v € C, fixed. If g € B(u,v) then g = L(u) + f, with f € A(u,v)
that is f = i*h, h € A(iu,iv). We have, taking account of the monotonicity of L and
of (H1):

sup  (u — v, g)wxw+ = (iu — v, L(iu))yxv+ + sup  (iu —iv, h)yxy+

g€B(u,v) heA(iu,iv)
> (iu— v, L(iv))yxy= + sup (v —iv,h)yxv = sup (u— v, @)wxw=-
hGA(iv,iv) gEB(v,v)

(H2) For each v € W fixed, B(-,v) : C — 2V’ is upper semi-continuous from
the line segments in C' to W*.

Indeed, let uy,us € C arbitrarily fixed, w; = tug + (1 —t)usg, for t € [0,1] and
define G : [0,1] — W* by G(t) = B(uy,v) = L(u;) + A(uy,v).

The upper semi-continuity of G at t = 0 follows from the upper semi-
continuity of A(-,4v) and from the continuity of L from W to W*.

(H3) The weak upper semi-continuity of B(u,-): C' — 2V, for u € C fixed,
is a consequence of the fact that L(u) does not depend on v and of the weak upper
semi-continuity of A(u,-) at an arbitrary point of V.

(H4) We want to prove that, for each u,v € C, B(u,v) is compact. Consider
a sequence {f,} in B(u,v) C W*, f, = i(u) + gn, with g, = i*hy, h, € A(iu,iv).
Since A(iu,iv) is compact, there exists a subsequence (denoted in the same way),
hp — h € A(iu,iv), in V*. Then f, — L(u) 4+ i*h € B(u,v).

The fact that @ is weakly upper semi-continuous in the topology of V' implies
directly that it is also upper semi-continuous in the topology of W, because u; — u
in W means u; — v in V and L(u;) — L(u) in V*.

All the hypotheses (H1’), (H2)-(H4) being satisfied and having also (H5’), we

can apply Theorem 5 and conclude the proof.

Remark 10. The following particular case is frequently used: Let U be a real reflexive
Banach space, densely and compactly imbedded into a separable Hilbert space H, U C
H C U*, i.e. an evolution triple. (For example H}(Q) C L?(Q) ¢ H~1(Q), where Q
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is a bounded domain in RN, H}(Q) is the well known Sobolev space and H~'(Q) is

its dual). Let V = L*(0,7;U) and V* = L?*(0,7;U*) the dual of V. In this case, L
2.

can be the differentiation operator —

dt?’
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