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FUNCTIONAL-DIFFERENTIAL EQUATIONS OF MIXED TYPE,
VIA WEAKLY PICARD OPERATORS

OLARU ION MARIAN

Abstract. In this paper we apply the weakly Picard operators technique
to study the following second order functional differential equations of

mixed type

t+h

-2 (t) = f(t,z(t), / x(s)ds, / x(s)ds), t € [a,b],h > 0.

t

1. Introduction
The purpose of this paper is to study,the following boundary value problem:

t+h

—2"(t) = f(t,x(t), / z(s)ds, / x(s)ds), t€ la,b],h > 0. (1)
“h

t

(2)

Where:
(H1) f € C(la,b] x R®R).
(H2) There exists Ly > 0 such that:

3

|f(tau17u27u3) - f(tavlvv27v3)‘ < Lf Z |ul — Vi,
=1
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OLARU ION MARIAN
for all t € [a,b],u;,v; € R,i=1,3.
(H3) ¢ € C([a = h,a]), ¢ € C([b, b+ h]).
Let G be the Green function of the following problem:

—

I
o o >

x(a) .
x(b)

From the definition of the Green function we have that,the problem (1)4( 2),
z € C([a — h,b+ h]) N C?%([a,b]), is equivalent with the fixed point equation:

o(t), tela—h,q
b s s+h
z(t) =< wlp,¥)(t) + [G(t,s)f(s,z(s), Ih z(uw)du, [ z(u)du))ds, t€ [a,b]
Y(t), t € [b,b+h]
(3)
z € C([la — h,b+ h]), where:
Wl B)(1) = 5= ) + - ola)

The equation (1) is equivalent with:

z(t), tela—h,a
wizliq — h, o>, b+ n)+

b s s+h . (4)
+ [G(t,s)f(s,2(s), [ z(u)du, [ z(u)du)ds, tE€ |a,b]

s—h s

z(t), te[b,b+ hl

We consider the following operators:
B¢, Ef : C(la—h,b+h]) = C([a — h,b+ h])

where:
By(x)(t) :=second part of (3)
and
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FUNCTIONAL-DIFFERENTIAL EQUATIONS OF MIXED TYPE

E¢(z)(t) :=second part of (4).
We denote by X := C([a — h,b+ h]).
Let be

Xew =€ X 1@ lg—p,a)= &2 lp,b 4= ¥}

Then
X = U X«M/)
¢ € C([a— h,al)
Y e C([b,b+ h])

is a partition of X.

2. Weakly Picard operators

Led (X, d) be a metric space and A : X — X an operator. We shall use the
following notations:

Fy:={x € X | A(z) = z}- the fixed point set of A.

I(A) ={Y c X | AY) C,Y # 0}-the family of the nonempty invariant
subsets of A.

A"l i= Ao A" A =1x, A=A, neN.

Definition 2.1. [1],[2] An operator A is weakly Picard operator (WPO) if the se-

quence
(A™())nen
converges , for all x € X and the limit (which depend on x ) is a fized point of A.

Definition 2.2. [1],[2] If the operator A is WPO and Fa = {x*} then by definition

A is Picard operator.

Definition 2.3. [1],[2] If A is WPO, then we consider the operator

A® X - X, A®(x) = lim A" (z).

n—oo

We remark that A (X) = Fjy.
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Definition 2.4. [1],[2] Let be A an WPO and ¢ > 0.The operator A is c-WPO if
d(z, A*(z)) < c-d(x, A(z)).

We have the following characterization of the WPOs:

Theorem 2.1. [1],[2]Let (X, d) be a metric space and A : X — X an operator. The
operator A is WPO (c-WPO) if and only if there exists a partition of X,

X:UX,\

AEA
such that
(a) Xx € I(4)
(b) A| Xy : X\ — X\ is a Picard (c-Picard) operator, for all A € A.
For the class of c-WPOs we have the following data dependence result:

Theorem 2.2. [1],[2] Let (X,d) be a metric space and A; : X — X,i = 1,2 an

operator. We suppose that :

(i) the operator A; is ¢; — WPO, i =1,2.
(ii) there exists n > o such that

d(Ai(z), As(z)) <n,(V)z € X.

Then

H(Fa,,Fa,) <nmax{ci,ca}.

Here stands for Hausdorff-Pompeiu functional.
We have:
Lemma 2.1. [1],[2] Let(X,d, <) be an ordered metric space and A : X — X an

operator such that:

a)A is monotone increasing.
b)A is WPO.

Then the operator A is monotone increasing.
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Lemma 2.2. [1],[2] Let (X,d, <) be an ordered metric space and A,B,C : X — X
such that:

(i)A<B<C.

(i) the operators A,B,C are W.P.Os.

(i41) the operator B is monotone increasing.

Then
r<y<z= A®(x) < B®(y) < C(2).
Lemma 2.3. [1],[2]Let (X, d, <) be an ordered metric space, A : X — X an operator
and z,y € X such that
r<yz<A),y > Ay).

We suppose that

(i) A is W.P.O;

(ii) A is monotone increasing.

Then
(a) @ < A%(z) < A%(y) < y;

(b) A (x) is the minimal fized point of A in [x,y] and A>®(y) is the mazimal
fized point of A in [z,y]

3. Boundary value problem
We consider the problem (1)+(2)
Theorem 3.1. We suppose that

(a) The conditions (Hy) — (Hs) are satisfied.
(b) LLs(b—a)2(1+2h) <1

Then the problem (1)+(2) has a unique solution in X.

Proof.The problem (1)+(2) is equivalent with the fixed point equation

Bf(z) =z,v € X.
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From the condition (H3) we have

By (z)(t) = By(y)(®)] <

b s s+h s s+h
< [ Gt st [ swdn [ stwdn-fsus), [ ywde [ yidids <
a s—h S s—h s

b s+h

<Ly [G9lin) -y + [ lotw) ~ywldu+ [ fow) - ylwldulds <
s—h

a S

<L

< b a?le - ylol +2n),

for all z,y € Xy 4.
Then By is Picard operator on X, .

From this we have the conclusion.

Remark 3.1. From the Theorem 3.1,using the Theorem 2.1, we have that the operator
Ey is W.P.O and F, () Xy,y = {2}, ,} where xf, , is the unique solution of (1)+(2).

4. Inequalities of Caplygin type
We have
Theorem 4.1. We suppose that
(a) The conditions (Hy) — (H3) are satisfied;

(b) (b —a)2(1+2n) < 1;

(c) the operator f(t,-,-,) : R3 — R is monotone increasing for all t € [a,b];

Let © be a solution of the corresponding equation (1) and y a solution of the inequality

t t+h
() < F(ty(t), / y(s)ds, / y(s)ds).
t—h t

Then
y(t) <z(t),V)t€la—h,aUbb+h]l =y <z
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Proof. In the terms of the operator E; we have that
z = Ey¢(z),
y < Ef(y)

W g —n,al¥ oo+ 1) <@ g g np® lp, b4 n))-
On the other hand, from the condition (c), using Lemma 2.1 we have that

the operator E%° is monotone increasing.

From this using Lemma 2.3 we have that
y < Ef(y) = Ef(u(y)) < B (w(x)) = =,

where, for z € X,

2(t) , t€la—h,a
15(2)2 w(2|[a—h,h]’zl[b,b+h]) s tE[a,b]
A(t) telbb+h]

5. Data dependence: Monotony

Now we shall study the monotony of the solutions of the equation (1) with

respect to initial conditions.We have

Theorem 5.1. Let f; € C([a,b]xR3 R),i = 1,3 be as in the Theorem 3.1. We suppose
that

(a) fa(t,-, ") : R® — R is monotone increasing;
(b) f1 < fo < f

Let x;, be a solution of the equation

t+h

—x”(t):fi(t,x(t),/x(s)ds,/ax(s)ds), =13
—h t

t
If
x1(t) < @ao(t) < m3(t), (V)t € [a — hya] U [b, b+ k]
then
1 < a2 < 3.
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Proof. The operators Ey, are W.P.O.s. From the condition (a) the operator Ey,
is monotone increasing. From (b) it follows that Ey < Ejy, < E;, .We remark that
x; = EF(w(2)), i = 1,3.
Now the proof follows from Lemma 2.2.
Theorem 5.2. We consider the equation (1) under conditions of the Theorem 3.1.
Let x,y be two solutions of the equations (1). We suppose that [ is monotone increas-
ing. If
z(t) <y(t), (V)t€la—h,a)lUb,b+h],

then

x <y,

on [a— h,b+ hl.
Proof. The operator E; is W.P.O. Because f is monotone increasing we obtain that

Ey is monotone increasing. From Lemma 2.1 we have that E?° is increasing. It

follows that E°(w(z)) < E$°(w(y)) and x < y.

6. Data dependence: continuity

Next, for i = 1,2, we consider the equations:

t

t+h
~a"(0) = flta(o), [ a(s)ds. [ als)ds) (5)

t—h
Theorem 6.1. Let fi and fo be as in the Theorem 3.1.Let S; be the solutions set of
the equation (5) corresponding to f;,i=1,2.
If n > 0 is such that

|f1(t,u,v,w) - fg(t,U,U,U))‘ < UE
for allt € [a,b],u,v,w € R,
then

n(b— a)?
8—L(b—a)2(1+ 2h)

H(Sq,852) <
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where L := max{Ly,, Ly, }.

Proof.In the conditions of the Theorem 3.1 the operators Ey,,i = 1,2 are ¢; —

W.P.O.s, with

ci=(1—a;) "

where,

Q; = é - Ly, (b—a)*(1 + 2h).
From

|Ep, (2)(t) = Ep, (2)(8)] <
b s s+h s s+h
< /G(t,s)|f1(s,x(s),/ x(u)du,/ x(u)du)—fg(s,x(s),/ x(u)du,/ x(u)du)|ds <
a s—h s s—h s
b
< [ at.opis <0

a

using the Theorem 2.2, we have the conclusions.

7. Smooth dependence on parameters

Consider the following boundary value problem with parameter

¢ t+h
-2 (t) = f(t,z(t), / x(s)ds, / z(s)ds; \),t € [a,b],\ € J (6)
t=h t

We suppose that
(C1) J C R, a compact interval;
(Cy) f € C¥a,b] x R? x J,R);
(C3) There exists Ly > 0 such that:

0
|877j:(tau17u27u3;A)| S Lfa
for all t € [a,b],u; € R,i=1,3.
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(Ca) ¢ € C(la—h,a]), v € C([b, b+ h]).
(Cs) sLp(b—a)? <1
In the above conditions from Theorem 3.1 we have that the problem (6)+(7)
has a unique solution, z*(-; ).

Now we prove that z*(¢,-) € C''(J).For this we consider the equation

t t+h
a6, ) = (21, N), / (s, N)ds, / (s, \)ds; \), (8)
t=h t
for all t € [a,b],\ € J,xz € C([a — h,b+ h] x J).
The problem (8)+(7) is equivalent with
(1), tela—h,al, e J
b
w(ep, ¥)(t) + [ G(t,5)f(s,x(s,N),
J}(t,)\) = s as-i—h : (9)
| x(u, N)du, [ z(u,N)du)ds, telab,AeJ
s—h s
x(t), tebb+hl,AeJ

We consider the operator

B:C(la—hb+h] x J) — C([a—h,b+h] x J),

where
B(x)(t) =second part of (9).
Let X := C(Ja — h,b+ h] x J) and let, ||-||, be the Chebyshev norm on X. It

is clear that in the condition (C7) — (C5) the operator B is Picard operator.
Ox

oA

*

Let ™ be the unique fixed point of B.We suppose that there exists .Then

for (9) we have that

ox*

a(ta /\) =
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0, tela—h,al, e J
b s s+h
JG(t, s)g—i(s,x*(s, N, fh x*(u, \)du, f " (u, \)du)-
~%(s,)\)ds+
b s s+h
+ [ G(t,s) 5L (5,27 (s, \), fhaﬁ(u,A)du,.f 2*(u, \)du)-
%—”c)\*(u, A)duds+
s—h
b s s+h
—|—fG(t,s)§—£(s,x*(s,/\), fh z*(u, N)du, [ z*(u, \)du)-
s+h . o
%(u,)\)duds—i—
Sb s s+h
+ [ G(t, ) 2L (s,2%(s, ), fh z*(u, Ndu, [ 2*(u,N)du)ds, t€ [a,b],\€J
0, telbb+hl

This relation suggest us to consider the following operator
C: XxX—X

(z,y) — C(z,y),

where
Clx,y)(t,A) =

0, t€la—h,al,AeJ
b s s+h

fG(t,s)a%fl(s,x(s,)\), | z(u, N)du, [ x(u,N)du)-

a s—h s
y(s, A)ds+

b . S s+h
—&—fG(t,s)aa—JQ(s,x(s,)\), | x(u, N)du, [ x(u,N)du)-

a s—h s
- [ y(u, N)duds+

S_bh s s+h
+fG(t,s)§fs(s,x(s,)\), [ z(u,N)du, [ x(u,\)du)-

a s—h s

s+h
- [ ylu, N)duds+

Sb s s+h
—&—fG(t,s)%(s,:ﬁ(s,)\), | x(u, N)du, [ xz(u,N)du)ds, te€[a,b],\eJ

a s—h s

0, tebbthhed
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In this way we have that the operator

A: X xX —XxX

(z,y) — (B(x), C(z,y)),

where B is Picard operator and C(z,-) : X — X is a a— contraction, with

a=Ly(1+2h) (b;a)2.

From the theorem of fibre contraction(see [1],[5]) we have that the operator A is a

Picard operator.So the sequences
Tn41 = B(I’n)7

Yn+1 = C(xnv yn)7

converges uniformly (with respect to t € [a — h,b+ h], A € J) to (z*,y*) € Fa, for all
z0,Y0 € C(la — h,b+ h] x J).
83:0

If we take, zg =0, yo = o 0, then, y1 = %'

By induction,we prove that

_ Oz,

Thus
. .
T, — x¥, as n — oo, uniformly,

On
O

— y* as n — oo, uniformly.
These imply that there exists 86—“”; and, %L; =y*.
From the above consideration, we have that
Theorem 7.1. Consider the problem (7)+(8) in the conditions (C1) — (Cs).Then
(a) The problem, (7)+(8), has in C([a — h,b+ h]) a unique solution x*.
(b) x*(t,-) € C1(J),(V)t € [a — h,b+ h].
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