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ON BASIC FUZZY KOROVKIN THEORY

GEORGE A. ANASTASSIOU

Abstract. We prove the basic fuzzy Korovkin theorem via a fuzzy Shisha—
Mond inequality given here. This determines the degree of convergence
with rates of a sequence of fuzzy positive linear operators to the fuzzy unit
operator. The surprising fact is that only the real case Korovkin assump-
tions are enough for the validity of the fuzzy Korovkin theorem, along with
a natural realization condition fulfilled by the sequence of fuzzy positive
linear operators. The last condition is fulfilled by almost all operators

defined via fuzzy summation or fuzzy integration.

0. Introduction

Motivation for this work are the references [1], [2], [5], [6]. Our results Theo-
rems 3 and 4 are simple, basic and very general, directly transferring the real case of
the convergence with rates of positive linear operators to the unit, to the fuzzy one.
The same real assumptions are kept here in the fuzzy setting, and they are the only
assumptions we make along with the very natural and general realization condition
(1). Condition (1) is fulfilled by almost all example — fuzzy positive operators, that
is, by most fuzzy summation and fuzzy integration operators. At each step of our
work we provide an example to justify our method. To the best of our knowledge our

theorems are the first general fuzzy Korovkin type results.

1. Background

We start with
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Definition 1 (see [8]). Let p: R — [0, 1] with the following properties:

(i) is normal, i.e., Iz € R; p(xg) = 1.
(ii) p(Ax+ (1 —N)y) > min{p(z), u(y)}, Yo,y € R, VA € [0,1] (p is called a
convex fuzzy subset).
(iil) p is upper semicontinuous on R, i.e., Vg € R and Ve > 0, 3 neighborhood
V(zo): plz) < plzo) + ¢, Vo € V(o).
(iv) The set supp(u) is compact in R (where supp(u) := {z € R; u(z) > 0}).

We call u a fuzzy real number. Denote the set of all y with Rz.
E.g., X(4,} € Ry, for any zg € R, where X[,y is the characteristic function
at zg.

For 0 <r <1 and u € Rr define [u]" := {z € R: p(x) > r} and

[1]° = {z € R: p(x) > 0}.

Then it is well known [3] that for each r € [0,1], [u]" is a closed and bounded interval
of R. For u,v € Rg and A € R, we define uniquely the sum u @ v and the product
A®u by

[weo]" =[u"+ ", Aou" =Au",  Vrel01]

where [u]” + [v]” means the usual addition of two intervals (as subsets of R) and A[u]”
means the usual product between a scalar and a subset of R (see, e.g., [4]). Notice
lou=wand it holdsu@v=v®u, A\OQu=u®A If 0 <r <ry <1 then
[u]"2 C [u]™. Actually [u]" = [u(f),ugf)], where u") < u(l), u™, u(f) eR, Vre[0,1].

We denote u 3 v iff u(_r) < v(_T) and usrr) < U_(:), all r € [0,1]. Define
D: R]: X R]: — R+

by

D) = sup max{fu” — o], ju? — o]},
rel0,1]
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where [v]" = [v(f), US:)]; u,v € Ry. We have that D is a metric on Rg. Then (Rx, D)

is a complete metric space, see [7], with the properties
Dud®w,vdw) = D(u,v), Yuv,weRg,
Dkou,koOv) = |k|D(u,v), Yu,v€Rg, Vk € R,
Dusv,wde) < D(u,w)+ D(v,e), Yu,v,w,ec Reg.

Let f,g: [a,b] — Rz, [a,b] C R, be fuzzy real number valued functions. The distance
between f, g is defined by
D*(f.9) == sup D(f(x),g(x)).
z€[a,b]
Here >_" stands for the fuzzy summation.

We use the following

Definition 2. Let f: [a,b] — Rz be a fuzzy real number valued function. We define
the (first) fuzzy modulus of continuity of f by
F)f §) = D
w1 (fv ) T sup (f(x)v f(y))a

z,y€la,b]
|z—y|<

any 0 < d <b—a.

Definition 3. Let f: [a,b] CR — Rz. We say that f is fuzzy continuous at xg € [a, b
iff whenever z,, — xo, then D(f(z,), f(x0)) — 0, as n — oo, n € N. We call f fuzzy
continuous iff it is fuzzy continuous Vz € [a,b] and we denote the space of fuzzy
continuous functions by Cx([a, b]).

The space Cz([a, b]) is only a cone and not a vector space, however any finite
linear combination of its elements with scalars in R belongs there.

Denote [f]" = [f", f_(g)] and we mean
(@) = [ (@), £ (@)], Vzela,b], allrel0,1].

Let f,g € Cx([a,b]) we say that f is fuzzy larger than g pointwise and we denote
it by f % g iff f(2) 5 g(@) iff /7 (x) > ¢ (2) and f7(2) > ¢ (@), Va € [a,0],
vr e (0,1, iff £70 > g™ f > gl v e [0,1].
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Let L be a map from Cx([a,b]) into itself, we call it a fuzzy linear operator
iff
Lt ® fi®ea® fo) =1 © L(f1) ® c2 @ L(f2),
for any ¢1,co € R, fi1, fo € Cx([a,b]). We say that L is a fuzzy positive linear operator
iff for f,g € Crr([ab]) with f 2 g we get L(f) z Llg) iff (L(f))" > (L(g))"” and
(LT > (L) on [a,b] for all € [0, 1].

Example 1. Let f € Cx([0,1]), we define the fuzzy Bernstein operator

(BY() () = Zn: (Z):Ek(l e R f (?’j) , Yz el0,1, neN.

k=0

This is a fuzzy positive linear operator.

We mention the very interesting with rates approximation motivating this

work.

Theorem 1 (see p. 642, [2], S. Gal). If f € Cx(]0,1]), then

D*(BP(f), f) _g 7 (f, f)’ YneN
i.e.
lim D*(Br(L]:)(f)7f) =0,

n—oo

that is B,Sf) f— f, n— oo in fuzzy uniform convergence.

The last fact comes by the property that wg}—)( f,0) — 0 as § — 0, whenever
f € Cx([a,b]).

We need to use

Theorem 2 (Shisha and Mond (1968), [6]). Let [a,b] C R. Let (Ly,)nen be a sequence
of positive linear operators from C([a,b]) into itself. For n =1,2,..., suppose I~/n(1)
is bounded. Let f € C([a,b]). Then forn=1,2,..., we have

Hznf - f”oo < Hf”m”ffnl - 1”00 + Hin(l) + 1||oowl(fa Mn)a

where wy is the standard real modulus of continuity and

o 1= Lt = @)
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and || - |leo stands for the sup-norm over [a,b]. In particular, if L,(1) =1 then

[Lnf = flloo < 2w1(f, tin)-

Note. One can easily see ([6]), for n =1,2,...,

o < (Ln(t))(@) = 22| + 2[|(Ln (D) (@) = 2|, + [ (La (1)) (@) = 1|,

where ¢ := max(|al, |b]).

Assuming that L, (1) == 1, L, (id) —= id, L, (id*) — id? (id is the identity
map), n — oo, uniformly, then from Theorem 2’s main inequality we get L, (f) — f,
Vf € C([a,b]), that is the famous Korovkin theorem (see [5]) in the real case.

We finally need
Lemma 1. Let f € Cx([a,b]), [a,b] CR. Then it holds

wg}-) (fv 6) = Sl[lp | max{wl (f&”‘), 6)v w1 (fJ(:)a 6)}a
rel0,1

forany 0 < § <b—a.

Proof. Let z,y € [a,b]: |z —y| <, 0 <6 <b—a. Then we have
D@ fw) = swp max{|(f@)” ~ (@)L = (Fw)T1}

< sup max{wl(fy),5),w1(f(r),5)}.
rel0,1]

Thus

Ww(f,8) < s1[1p]max{wl(ffr)ﬁ),wl(ff),5)}~
rel0,1

For any r € [0,1] and any z,y € [a,b]: |z — y| < 6 we see that

W (1,6) = D(f(x), f() = [(F @)D = N | (@) — ).

Therefore
wi(f,6) <P (f,8), vrelo 1.
Hence
s i (77, 0), (7,00} < wf7(7,9),
proving the claim. O
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Note. For f € Cx([a,b]) we get that f is fuzzy bounded and wi}—)(f, d) is finite for
all0 < 6 <b—a. Also f{"”) are continuous on [a,b] and wi (f{",8) are finite too, all
r € [0,1].

2. Main Results

We present the fuzzy analog of Shisha—Mond inequality of Theorem 2.

Theorem 3. Let {L,}nen be a sequence of fuzzy positive linear operators from
Cx([a,b]) into itself, [a,b] C R. We assume that there exists a corresponding se-

quence { Ly }nen of positive linear operators from C([a,b]) into itself with the property

(La(1)V = L (s, (1)

respectively, ¥r € [0,1], Vf € Cx([a,b)). We assume that {L,(1)}nen is bounded.

Then for n € N we have
D*(Lnf, ) < [Enl = s D*(£,8) + | En(1) + 1locw (f, i), (2)

where
= (| Lal(t = 20 @) )", 3)

Vf e Cx([a,b]), 6 := X{oy the neutral element for &. If L,1=1,n€N, then

D* (L f, ) < 205 (f, i) (4)

Note. The fuzzy Bernstein operators B,(L]:) and the real corresponding ones B,, acting

on Cx([0,1]) and C([0,1]), respectively, fulfill assumption (1).

We present now the Fuzzy Korovkin Theorem.

Theorem 4. Let {L,}nen be a sequence of fuzzy positive linear operators from
Cx(la,b]) into itself, [a,b] € R. We assume that there exists a corresponding se-

quence {En}neN of positive linear operators from C([a,b]) into itself with the property

(Lo = L), (1)
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respectively, ¥r € [0,1], Vf € Cx([a,b]). Furthermore assume that

Ln(1) 51, Lyn(id) % id, Ly(id?) - id?,
as n — 0o, uniformly. Then
D*(L,f,f) — 0, as n — 0o,

for any f € Cx([a,b]), i.e. Lnf o, f, that is L, — I unit operator in the fuzzy

sense, as n — Q.
Proof. Use of (2), property of (3), etc. O
Example for Theorem 4 the fuzzy Bernstein operators B,(l}-).

Proof of Theorem 3. We would like to estimate
D*(Lnfv f) = s?pb]D((Lnf)(x),f(z))
xrE|a,

= swp sup max{[(L./)"(z) — (/)@ |(Laf)T () = () ()]}

z€[a,b] r€[0,1]

= sup sup max{[L,(f"(z) = (N @), | La(f7)(x) — (HT (@)}

z€la,b] r€[0,1]
= o max{ | L /" = T oos 12 £ = £ 100}
rel0,

(by Theorem 2)

< s maxc{ (| f" el Zal = Lloo + [1Zn (1) + 1l sowr (£, 1)),
re|0,
N L 1—1 L(1)+1 (r)
(Hf+ Hoo” n Hoo"‘” n( )+ ||oow1(f+ 7!%))}
< |l = 1o sup max(| £ oo 1157 100)
r€(0,1]
+ 1L (1) + 1| oo Sl[f)pl] maxc{wr (f7, ) w1 (£, 1)}
re|0,
(by Lemma 1)
T * ~ T F
= | Lnl = 1D (f,8) + | Ln (1) + 1] oc\) (f, 1)
proving (2). O
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Application 1. Let f € C#([0,1]) then by applying (2) we obtain

*(R(F F 1
D(BT(L )faf)§2w§)<f72\/ﬁ>, Vn € N. (5)
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